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PREFACE. 



Two thousand years have now rolled away since Euclid's 
Elements were first used in the School of Alexandria, and to 
this day they continue to be esteemed the best introduction 
to mathematical science. They have been adopted as the 
basis of geometrical instruction in every part of the globe to 
which the light of science has penetrated ; and, while in every 
other department of human knowledge there have been al- 
most as many manuals as schools, in this, and in this only, 
one work has, by common consent, been adopted as an uni- 
versal standard. Euclid has been translated into the languages 
of England, France, Grermany, Spain, Italy, Holland, Sweden, 
Denmark, Russia, Egypt, Turkey, Arabia, Persia, and China. 
This unprecedented unanimity in the adoption of one Work as 
the basis of instruction, has not arisen from the absence of 
other Treatises on the same subject. Some of the most 
eminent mathematicians have written, either original Treatises, 
or modifications and supposed improvements of the Elements; 
but still the " Elements'' themselves have been invariably 
preferred. To what can a preference so universal be attributed, 
if not to that singular perspicuity of arrangement, and that 
rigorous exactitude of demonstration, in which this celebrated 
Treatise has never been surpassed ? * To this,* says Playfair, 
* is added every association which can render a Work venerable. 
It is the production of a man distinguished among the first 
instructors of the human race. It was almost the first ray of 
light which penetrated the darkness of the middle ages ; and 
men still view with gratitude and affection the torch which 
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rekindled the sacred fire, vfhen it ^as nearly extinguished upon 
earth.' 

It must not, however, be concealed, that, excellent as this 
Work is, many, whose opinions are entitled to respect, conceive 
that it needs much impi-ovement ; and some even think that 
it might be superseded with advantage by other Treatises. 
The Elements, as Dr. Robert Simson left them, are certainly 
inadequate to the purposes of instruction, in the present im- 
proved state of science. The demonstrations are characterised 
by prolixity, and are not always expressed in the most happy 
phraseology. The formalities and paraphernalia of rigour are 
so ostentatiously put forward, as almost to hide the reality. 
Endless and perplexing repetitions, which do not confer greater 
exactitude on the reasoning, render the demonstrations in- 
volved and obscure, and conceal from the view of the student 
the consecution of evidence. Independent of this defect, it 
is to be considered that the " Elements" contain only the 
naked leading truths of Geometry. Numerous inferences 
may be drawn, which, though not necessary as links of the 
great chain, and therefore subordinate in importance, are still 
useful, not only as exercises for the mind, but in many of the 
most striking physical applications. These, however, are 
wholly omitted by Simson, and not supplied by Playfair. 

When I undertook to prepare an elementary geometrical 
text-book for students in, and preparing for, the University of 
London, I wished to render it useful in places of education 
generally. In this undertaking, an alternative was presented, 
either to produce an original Treatise on Geometry, or to 
modify Simson's Euclid, so as to supply all that was necessary, 
and to remove all that was superfluous ; to elucidate what was 
obscure, and to abridge what was prolix ; to retain geometrical 
rigour and real exactitude, but to reject the obtrusive and 
verbose display of them. The consciousness of inability to 
originate any work, which would bear even a remote compa- 
rison with that of the ancient Greek Geometer, would have 
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been reason sufficient to decide upon the part I should take, 
were there no other considerations to direct my choice. Other 
considerations, however, there were, and some which seemed 
of great weight* The question was not, whether an elemen« 
tary Treatise might not be framed superior to the '* Elements,'' 
as given by Simson and Playfair ; but whether an original 
Treatise could be produced superior to what these Elements 
would become, when all the improvements of which they were 
susceptible had been made, and when all that was found defi- 
cient had been supplied. Let us for the present admit, that 
a new Work were written on a plan different from that of 
Euclid, constructed upon different principles, built upon 
different data, and exhibiting the leading results of geome- 
trical science in a different order. Let us wave also the great 
improbability, that even an experienced instructor should exe- 
cute a Work superior to that which has been stamped with 
the approbation of ages, and consecrated, as it were, by the 
collective suffrage of the whole civilized globe. Still it may be 
questioned whether, on the whole, any real advantage would 
be gained. It is certain that all would not agree in their deci- 
sion on the merits of such a Work. Euclid once superseded, 
every teacher would esteem his own Work the best, and every 
school would have its own class-book. All that rigour and 
exactitude, which have so long excited the admiration of men 
of science, would be at an end. These very words would lose 
all definite meaning. Every school would have a different 
standard ; matter of assumption in one, being matter of demon- 
stration in others, until, at length, Geometby, in the anciait 
sense of the word, would be altogether frittered away, or be 
only considered as a particular application of Arithmetic and 
Algebra. 

Independently of the disadvantages which would attend the 
introduction of a great number of different geometrical class- 
books into the schools, nearly all of which must be expected 
to be of a very inferior order, inconveniences of another kind 
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would, I conceive, be produced by allowing Euclid's Elements 
to fall into disuse. Hitherto Euclid has been an universal 
standard of geometrical science. His arrangement of prin- 
ciples is registered in the memory of every mathematician of 
the present times, and is referred to in the works of every 
mathematician of past ages. The books of Euclid and their 
propositions are as familiar to the minds of all who have been 
engaged in scientific pursuits, as the letters of the alphabet. 
The same species of inconvenience, differing only in degree, 
would arise from disturbing this universal arrangement of 
geometrical principles as would be produced by changing the 
names and power of the letters. It is very probable, nay it is 
certain, that a better classification of simple sounds and ar- 
ticulations could be found than the commonly received vowels 
and consonants ; yet who would advocate a change ? 

In expressing my sentiments respecting Euclid's Work, as 
compared with others which have been proposed to supersede 
it, I may perhaps be censured for an undue degree of confi- 
dence in a case where some respectable opinions are opposed 
to mine. Were I not supported in the most unqualified de- 
gree by authorities ancient and modern, the force of which 
seems almost irresistible, I should feel justly obnoxious to this 
charge. The objections which have been from time to time 
brought against this Work, and which are still sometimes re- 
peated, may be reduced to two classes ; those against the 
arrangement, and those against the reasoning. My business 
is not to show that Euclid is perfect either in the one respect 
or the other, but to show that no other elementary writer has 
approached so near to perfection in both. It is important to 
observe, that validity of reasoning and rigour of demonstration 
are objects which a geometer should never lose sight of, and 
to which arrangement and every other consideration must be 
subordinate. Leibnitz, an authority of great weight on such 
a subject, and not the less so as being one of the fathers of 
modern analysis^ has declared that the geometers who have 
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disapproved of Euclid's arrangement have vainly attempted to 
change it without weakening the force of the demonstrations. 
Their unavailing attempts, he consklers to be the strongest 
proof of the difficulty of substituting for the chain formed by 
the ancient geometer, any other equally strong and valid.* 
Wolf also acknowledges how futile it is to attempt to arrange 
geometrical truths in a natural or absolutely methodical order, 
without either taking for granted what has not been previously 
established, or relaxing in a great degree the rigour of demon- 
stration.f One of the favourite arrangements of those who 
object to that of Euclid, has consisted in establishing all the 
properties of straight lines considered without reference to 
their length, intersecting obliquely and at right angles, as well 
as the properties of parallel lines, before the more complex 
magnitudes called triangles are considered. In attempting 
this, it is curious to observe the difficulties into which these 
authors fall, and the expedients to which they are compelled 
to resort. Some find it necessary to prove that every point 
on a perpendicular to a given right line is equally distant from 
two points taken on the given right line, at equal distances 
from the point where the perpendicular meets it. ^ They 
imagine,' says Montuda^ * that they prove . this by saying 
that the perpendicular does not lean more to one side than 
the other.' Again, to prove that equal chords of a circle sub- 
tend equal arcs, they say that the uniformity of the circle 
produces this effect : that two circles intersect in no more than 
two points, and that a perpendicular is the shortest distance 
of a point from a right line, are propositions which they 
dispose of very summarily, by appealing to the evidence of 
the senses. They prefer an imperfect demonstration, or no 
demonstration at all, to any infringement of the order which 
they have assumed. 

• ' There is a kind of puerility in this affectation of not men- 
tioning a particular modification of magnitude, triangles, for 

* Montucla, torn. i. p. 205. t Element. Math. torn. v. c. 3. art. 8. 
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example, until we have first treated of lines and angles ; for 
if any degree of geometrical rigour be required, as many and 
as long demonstrations are necessary as if we had at once 
commenced with triangles, which, though- more complex 
modifications of magnitude, are still so simple that the student 
does not require to be led by degrees to them. Some have 
even gone so far as to think that this affectation of a natural 
and absolutely methodical order contracts the mind by ha- 
bituating it to a process of investigation contrary to that of 
discovery/* 

The mathematicians who have attempted to improve the 
reasoning of Euclid, have not been more successful than those 
who have tried to reform his arrangement. Of the various 
objections which have been brought against Euclid's reasoning 
two only are worthy of notice, viz. those respecting the twelfth 
axiom of the first book, which is sometimes called EuclidCs 
postulate^ and those which relate to his doctrine of proportion. 
On the former, I have enlarged so fully in Appendix II. that 
little remains to be said here. I have there shown that what 
is really assumed by Euclid, is, that ' two right lines which 
diverge from the same point cannot be both parallel to the 
same right line ;' or that ' more than one parallel cannot be 
drawn through a given point to a given right Une.' The 
geometers who have attempted to improve this theory, have all 
either committed illogicisms or assumed theorems less evident 
than that which has just been expressed, and which seems to 
me as evident as several of the other axioms. In the Ap- 
pendix I have stated at length some of the theories of parallels 
which have been proposed to supersede that of Euclid, and 
have shown their defects. Numerous have been the attempts 
to demonstrate the twelfth axiom by the aid of the first 
twenty-eight propositions. Ptolemy, Proclus, Nasireddin, 
Clavius, Wallis, Saccheri, and a cloud of editors and com- 
mentators of former and later times, have assailed the problem 
without success. 

* MoBtocla, p. 206. 
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The second source of objection, on the score of reasoning, is 
the definition of four proportional magnitudes prefixed to the 
fifth book. By this definition, four magnitudes will be pro- 
portional if there be any equimultiples of the first and third 
which are respectively equal to equimultiples of the second 
and fourth. This is the common popular notion of propor- 
tion. But it is necessary to render the term more general in 
its geometrical application. Four magnitudes are frequently 
so related, that no equimultiples of the first and third are 
equal respectively to other equimultiples of the second and 
fourth, but yet have all the other properties of proportional 
quantities, and therefore it is necessary that they should be 
brought under the same definition. Euclid adapted his defi- 
nition to embrace these, by declaring four magnitudes to be 
proportional, when every pair of equimultiples of the first and 
third were both greater, equal to, or less than equimultiples of 
the second and fourth. I agree with Playfair, in thinking that 
no other definition has ever been given from which the pro- 
perties of proportionals can be deduced by reasonings, which, 
at the same time that they are perfectly rigorous, are also 
simple and direct. Were we content with a definition which 
would only include commensurate magnitudes, no difficulty 
would remain. But such a definition would be useless ; for in 
almost the first instance in which it should be applied, the 
reasoning would either be inconclusive, or the result would not 
be sufficiently general. 

In the second and fifth books, in addition to Euclid's 
demonstrations, I have in most instances given others which 
are rendered more clear and concise by the use of a few 
of the symbols of algebra, the signification of which is 
fully explained, and which the student will find no difficulty 
in comprehending. The nature of the reasoning, however, is 
essentially the same, the language alone in which it is 
expressed being different. 

The commentary and deductions are distinguished from the 
text of the Elements, by being printed in a smaller character ; 
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and those articles iu each book which are marked thus *^* 
the student is advised to omit until the second reading. 

No part of Euclid^s Elements has obtained the same cele- 
brity, or been so universally studied as the first six books. 
The seventh, eighth, and ninth books treat of the Theory of 
Numbers, and the tenth is devoted to the Theory o( Incbiii* 
mensurable Quantities. Instead of the eleventh and twelfth 
books, I have added a Treatise on Solid Geometry more suited 
to the present state of mathematical knowledge. For much of 
the materials of this treatise I am indebted to Legendre*s 
Geometry. 

Appendix I. contains a short Essay on the Ancient Geo- 
metrical Analysis, which may be read with advantage after the 
sixth book. The Second Appendix contains an account of the 
Theories of Parallels. 

I have directed that the cuts of this work shall be published 
separately, in a small size, for the convenience of students 
who are taught in classes where the use of the book itself is 
not permitted. 



33, Perry Street, Bedford Square, 
May, 1828. 
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DEFINITIONS. 

A point is that which has no parts. 

A line is length without breadth. 

The extremities of a line are points. 

A right line is that which lies evenly 
between its extremities. 

(5) V. A surface is that which has length and 

breadth only. 

(6) VI. The extremities of a surface are lines. 

(7) VII. A plane surface is that which lies evenly between its 

extremities. 

(8) These definitions require some elucidation. The object of 
Geometry * is the properties of figure, and figure is defined to be the 
relation which subsists between the boundaries of space. Space or 
magnitude is of three kinds, line, surface, and solid. It may be here 
observed, once for all, that the terms used in geometrical science, are 
not designed to signify any real, material or physical existences. They 
signify certain abstracted notions or conceptions of the mind, derived, 
without doubt, originally from material objects by the senses, but 
subsequently'corrected, modified, and, as it were, purified by the opera- 
tions of the imderstanding. Thus, it is certain, that nothing exactly 
conformable to the geometrical notion of a right line ever existed ; 
no edge, which the finest tool of an artist can construct, is so com- 
pletely firee firom inequalities as to entitle it to be considered as a 
mathematical right line. Nevertheless, the first notion of such an 
edge being obtained by the senses, the process of mind by which we 
reject the inequalities incident upon the nicest mechanical produc- 
tion» and substitute for them, mentally, that perfect evenness which 
constitutes the essence of a right line, is by no means difficult. In 

♦ Prom yJf, term ; and f*in^Wf mtntura. 
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like manner, if a pen be drawn over this paper an effect is produced, 
which, in common language, would be called a line, right or curved, as 
the case may be. This, however, cannot, in the strict geometrical 
sense of the term, be a line at all, since it has breadth as well as 
length ; for if it had not it could not be made evident to the senses. 
But having first obtained this rude and incorrect notion of a line, we 
can imagine that, while its length remain unaltered, it may be in- 
finitely attenuated until it ceases altogether to have breadth, and thus 
we obtain the exact conception of a mathematical line. 

The different modes of ma^silude are ideas so extremely uncom- 
poundcd that their names do not admit of definition properly so called 
at all.* We may, however, assist the student to form correct notions 
of the true meaning of these terms, although we may not give rigorous 
logical definitions of them. 

A notion being obtained by the senses of the smallest magnitude 
distinctly perceptible, this is called a physical point. If this point 
were indivisible even in idea^ it would be strictly what is called a 
mathematical point. But this is not the case. No material substance 
can assume a magnitude so small that a smaller may not be imagined. 
The mind, however, having obtained the notion of an extremely minute 
magnitude, may proceed without limit in a mental diminution of it ; 
and that state at which it would arrive if this diminution were in- 
finitely continued, is a mathematical point.'f 

The introduction of the idea of motion into geometry has been ob- 
jected to as being foreign to that science. Nevertheless, it seems 
very doubtful whether we may not derive firom motion the most dis- 
tinct ideas of the modes of magnitude. If a mathematical point be 
conceived to move in space, and to mark its course by a trace or track, 
that trace or track will be a mathematical line. As the moving point 
has no magnitude, so it is evident that its track can have no breadth 
or thickness. The places of the point at the beginning and end of it9 
motion, are the extremities of the line, which are therefore points. 
The third of the preceding definitions is not properly a definitiop, but 
is a proposition, the truth of which may be inferred from the first two 
definitions. 

As a mathematical line may be conceived to proceed from the motion 
of a mathematical point, so a physical line may be conceived to be 
generated by the motion of a physical point 

In the same manner as the motion of a point determines the idea 
of a line, the motion of a line may give the idea of a surface. If a 
mathematical line be conceived to move, and to leave in the space 
through which it passes a trace or track, this trace or track will be a 
surface ; and since the line has no breadth, the surface can have no 
thickness. The initial and final position of the moving line are two 
boundaries or extremities of the surface, and the other extremities 
are the lines traeed by the extreme points of the line whose motion 
produced the surface. 

* The name of a simple idea cannot be defined, because the several terms which 
compose a definition signifying several diflferent ideas can by no means express an idea 
which has no manner of composition. — Locke. 

f The P)'^hagoreaQ definiticn of a point, is 'a monad having potitian* 
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The sixth definition is therefore liable to the same objection as the 
third. It is not properly a definition, but a principle, the truth of 
which may be derived from the fiflh and preceding definitions. 

It is scarcely necessary to observe, that the validity of the objec- 
tion against introducing motion as a principle into the Elements of 
Geometry, is not here disputed, nor is it introduced as such. The 
preceding observations are designed merely as illustrations to assist 
the student in forming correct notions of the true mathematical sig- 
nifications of the different modes of magnitude. With the same view 
we shall continue to refer to the same mechanical idea of motion, and 
desire our observations always to be understood in the same sense. 

The fourth definition, that of a right or straight line, is objection- 
able, as being unintelligible ; and the same may be said of the defi- 
nition (seventh) of a plane surface. Those who do not know 
what the words * straight line^ and ' plane surface' mean, will never 
collect their meaning from these definitions ; and to those who do 
know the meaning of those terms, definitions are useless. The 
meaning of the terms * right line' and ' plane surface' are only to 
be made known by an appeal to experience, and the evidence of 
the senses, assisted, as was before observed, by the power of the 
mind called abstraction. If a perfectly flexible string be pulled by 
its extremities in opposite directions, it will assume, between the 
two points of tension, a certain position. Were we to speak without 
the rigorous exactitude of geometry, we should say that it formed a 
straight line. But upon consideration, it is plain that the string has 
weight, and that its weight produces a flexure in it, the convexity of 
which will be turned towards the surface of the earth. If we conceive 
the weight of the string to be extremely small, that flexure will be 
proportionably small, and if, by the process of abstraction, we conceive, 
the string to have no weight, the flexure will altogether disappear, and 
the string will be accurately a straight line. 

A straight line is also sometimes defined * to be the shortest way 
between two points.' This is the definition g^ven by Archimedes, and 
afler him by Legendre in his Geometry ; but Euclid considers this as 
a property to be proved. In this sense, a straight line may be con- 
ceived to be that which is traced by one point moving towards another, 
which is quiescent. 

Plato defines a straight line to be that whose extremity hides all 
the rest, the eye being placed in the continuation of the line. 

Probably the best definition of a plane surface is, that it is such a 
surface that the right line, which joins every two points which can be 
assumed upon it, lies entirely in the surface. This definition, ori- 
ginally given by Hero^ is substituted for Euclid's by R. Simson and 
Legendre. 

Plato defined a plane surface to be one whose extremities hide all 
the intermediate parts, the eye being placed in its continuation. 

It has been also defined as ' th^ smallest surface which can be 
contained between g^ven extremities.' 

Every line which is not a straight line, or composed of straight 
lines, is called a curve. Every surface which is not a plane, or 
oomposed of planes, is called a airved surface, 

B 2 
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(9) VIII. A plane angle is the inclination of two lines to one 

another, in a plane, which meet together, but are 
not in the same direction. 

This definition, which is designed to include the inclination of 
curves as well as right lines, is omitted in some editions of the Ele- 
ments, as being useless. 



(10) IX. A plane rectilinear angle is the inclination 

of two right lines to one another, which 
meet together, but are not in the same 
right line. 

(11) X. When a right line standing on another 

right line makes the adjacent angles 
equal, each of these angles is called a 
right angle, and each of theee lines is 
said to be perpendicular to the other. 

(12) XI. An obtiLse angle is an angle greater 

than a right angle. _ 



y 
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(13) XII. An a/cute angle is an angle less than a 

right angle. 




(14) Angles might not improperly be considered as a fourth 
species of magnitude. Angular magnitude evidently consists of 
parts, and must therefore be admitted to be a species of quantity. 
The student must not suppose that the magnitude of an angle is 
afiected by the length of the right lines which include it, and of 
whose mutual divergence it is the measure. These lines, which are 
called the ndtB or the leg^ of the angle, are supposed to be of indefi- 
nite length* To illustrate the nature of angular magnitude, we shall 
again recur to motion. Let C be supposed to be the extremity of a 
right line C A, extending indefinitely in the 
direction C A. Through the same point C, 1 

let another indefinite right line C Aq be con- ^^ 

ceived to be drawn ; and suppose this right 
line to revolve in the same plane round its 




extremity C, it being supposed at the begin- ' 
ning of its motion to coincide with C A. 
As it revolves from C A© to C A„ C Aj, 
C A„ &c., its divergence from C A, or, what is the same, the an^fe 
it makes with C A, continually increases. The line continuing to 
revolve, and successively assuming the positions C Aj, C Ai, C At, 
C A4, &c., will at length coincide with the continuation C A, of 
the line C Ao on the opposite side of the point C. When it assumes 
this position, it is considered by Euclid to have no inclination to C Ac, 
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!and to form no angle with it. Nevertheless, when the student ad- 
vances further in mathematical science, he will find, that not only the 
line C A5 is considered to form an angle with C A«, but even when the 
revolving line continues its motion past C A5 ; as for instance, to C A«» 
it is still considered as forming an angle with C Ao; and this angle is 
measured in the direction A«» A9, A4, &c. to A^. 

The point where the sides of an angle meet is called the verUg 
of the angle. 

Superposition is the process by which one magnitude may be con- 
ceived to be placed upon another, so as exactly to cover it, or so that 
every part of each shall exactly coincide with every part of the other. 

It is evident that any magnitudes which admit of superposition must 
be equal, or rather this may be considered as the definition of equality* 
Two angles are therefore equal when they admit of superposition. 
This may be determined thus ; if the angles ABC 
and A' H' Cf are those whose equality is to be 
ascertained, let the vertex B' be conceived to be 
placed upon the vertex B, and the side B' A' on 
the side B A, and let the remaining side B' C be 




B 



A 



placed at the same side of B A with B C. If under 
these circumstances B' C lie upon, or coincide with B C, the angles 
admit of superposition, and are equal, but otherwise not. If the side 
B^ C fall between B C and B A, the angle B^ is said to be less than 
the angle B, and if the side B C fall between B' C^ and B A, the angle 
B' is said to be greater than B. 

As soon as the revolving line assumes such a position C A, that the 
angle A C A3 is equal to the angle As C A9, fcach of those angles 
is called a right angle. 

An angle is sometimes expressed simply by the letter placed at its 
vertex, as we have done in comparing the angles B and B'. But when 
the same point, as C, is the vertex of more angles than one, it is neces- 
sary to use the three letters expressing the side* as A C As, A. C A », 
the letter at the vertex being always placed in the middle. 

When a line is extended, prolonged, or has its length increased, it 
is said to be produced, and the increase of length which it receives is 
called its produced part, or its production. Thus, 

if the right line AB be prolonged to A B', it is a j af 

said to be produced through the extremity B, 
jand B B' is called its production or produced part. 

Two lines which meet and cross each other are said to intersect, and 
the point or points where they meet are called points of intersection. It 
is assumed as a self-evident truth, that two right lines can only inter- 
sect in one point. Curves, howevier, may intersect each other, or right 
lines, in several points. 

Two right lines which intersect, or whose productions intersect, are 
-said to be inclined to each other, and their inclination is measured by 
the angle which they include. The angle included by two right lines 
is sometimes called the angle under those lines ; and right lines which 
include equal angles are said to be equally inclined to each other. 
\ It may be observed, that in general when right lines or plane sur- 
faces are spoken of in Geometry, they are considered as extended or 
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produced indeffaiitely. Whenever a detenniaate portion: of a right 
line is spoken of, it is gfenerally called a finite right line. When a 
right line is said to be given^ it is generally meant that its position or 
direction on a plane is g^ven. But when k finite right line is given, 
it is understood^ that not only its position, but its length is given. 
These distinctions are not always rigorously observed^ but it never 
happens that any difficulty arises, as the meaning of the words is 
always sufficiently plain from the context. 

When the direction alone of a line is given, the line is sometimes 
said to be gifoen in position, and when the length alone is given, it is 
said to be given in magnitude. 

By the inclination of two finite right lines which do not meet, is 
meant the angle which would be contained under these lines if pro* 
duced until they intersect. 

(15) XIIL A. term or boundary is the extremity of any 

thing. 

This definition might be omitted as useless. 

(16) XIV. A figure is a surface, inclosed on all sides by a 

line or lines. 

The entire length of the line or lines, which inclose a figure, is called 
its perimeter. 

A figure whose surface is a plane is called a plane figure. The 
first six books of the Elements treat of plane figures only. 

(17) XV. A circle is a plane figure, bounded 

by one continued line, called its 
circumference, or periphery ; and 
having a certain point within it, 
from which all right lines drawn 
to its circumference, are equal. 

If a right line of a g^ven length revolve in the same plane round 
one of its extremities as a fixed point, the other extremity will de- 
scribe the circumference of a circle, of which the centre is the fixed 
extremity. 

(18) XVI. This point (from which the equal lines are 

drawn) is called the centre of the circle. 

(19) A line drawn from the centre of a circle to its circumference 
is called a radius. 

(20"; XVII. A diameter of a circle is a right line drawn 

through the centre, terminated both ways in 
the circumference. 

(21) XVIII. A semicircle is the figure contained by the dia- 
meter, and the part of the circle cut ofi^ by 
the diameter. 
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(22) From the definition of a circle, it folloiirs immediately, that 
a line drawn from the centre to any point within the circle is less than 
the radius ; and a line from the centre to any point without the circle 
is greater than the radius. Also, every point, whose distance from 
the centre is legs than the radius, must be u>Uhin the circle ; every 
point whose distance from the centre is equal to the radius must be 
on the circle ; and every point, whose distance from the centre ia 
greater than the radius, is imtholU the circle. 

The word * semicircle,' in Def. XVIII., assumes, that a diameter 
divides the circle into two equal parts. This may be easily proved 
by supposing the two parts, into which the circle is thus divided^ 
placed one upon the other, so that they shall lie at the same side of 
their common diameter : then if the arcs of the circle which bound 
them do not coincide, let a radius be supposed to be drawn, intersect- 
ing them. Thus, the radius of the one will be a part of the radius of 
the other; and therefore, two radii of the same circle are uiiequal« 
which is contrary to the definition of a circle. (17.) 

(23) XIX. A segment of a circle is a figure contained by ft 

right line, and the part of the circumference 
which it cuts ofi^. 

(24) XX. A figure contained by right lines only, is called a 

rectilinear figure. 

The lines which include the figure are called its sides, 

(25) XXI. A triangle is a rectilinear figure included by 

three sides. 

A triangle is the most simple of all rectilinear figures, since less than 
three right lines cannot form any figure. All other rectilinear figures 
may be resolved into triangles by drawing right lines fit>m any poini 
within them to their several vertices. The triangle is therefore, in 
effect^ the element of all rectilinear figures ; and on its properties, the 
properties of all other rectilinear figures depend. Accordingly, th^ 
gpreater part of the first book is devoted to the developement of the 
properties of this figure. 

(26) XXII. A quadrilateral figure is one 

which is bounded by four sides. " "^dX\ _ "i T" 

The right lines, Aijgfy Q)D, con- 
necting the vertices of the 
opposite angles of a quadrilateral figure, are 
called its diagonals, 

(27) XXIII. A polygon is a rectiKnear figure, bounded by 

more than four sides. 

Polygons are called pentagons, hexagons, heptagons, &c., according 
as they arje bounded by five, six, seven, or more sides. A line joining 
the vertices of any two angles which are not adjacent is called a 
diagonal of the polygon. 
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(28) XXIV. A triangle, whose three sides are 

equal, is said to be equilateraL 

In general, all rectilinear figures whose sides are equal, 
inay be said to be equilateral. 

Two rectilmear figures, whose sides are respectiyely equal each to 
each, are said to be mutually equilateral. Thus, if two triangles have 
each sides of three, four, and five feet in length, they are mutuaily 
equUaienzl, although neither of them is an equilateral triangle. 

In the same way a rectilinear figure having all its an^es equal, is 
said to be equiangular, and two rectilinear figures whose several 
angles are ^qual each to each, are said to be mutuaUy equiangular, 

(29) XXV. A triangle which has only two sides 

equal is called an isosceles triangle. 





The equal sides are generally called the sides, to distinguish them 
firom the third side, which is called the hose* 

(30) . XXVI. A scalene triangle is one which has no two 

sides equal. 

(31) XXVII. A right-angled triangle is that which 

has a right angle. 

That side of a right-angled triangle which is opposite to the right 
angle is called the hypotenuse. 

(32) XXVIII. An obtuse-angled triangle is that Ay^ 

which has an obtuse angle. 

(33) XXIX. An acute-angled triangle is that which PV 

has three acute angles. L^ 

It will appear hereafter, that a triangle cannot have more than one 
angle right or obtuse, but may have all its angles acute. 



(34) XXX. An equilateral quadrilateral figure 

is called a lozenge. 



(35) XXXI. An equiangular lozenge is called a 

square. 



We have ventured to change the definition of a square as given in 
the text. A lozenge, called by Euclid a rhombus, when equiangular, 
must have alt its angles right, as will appear hereafler. Euclid's de 
finition, which is ' a lozenge all whose angles are right,' therefore. 
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contains more than suffiaent for a definition, inasmuch as, had the 
ang^les heen merely defined to be equal, they might be proved to be 
right. To effect this change in the definition of a square, we have 
transposed the order of the last two definitions. 



(35) XXXII. An oblong is a quadrilateral, whose 

angles are all right, but whose sides 
are not equal. 

This term is not used in the Elements, and therefore the definition 
might have been omitted. The same figure is defined in the second 
book, and called a rectangle. It would appear that this circumstance 
of defining the same figure twice must be an oversight. 

(36) XXXIIL A rhomboid is a quadrilateral, / y^ 

whose opposite sides are equal. / / 

This definition and the term rhomboid are superseded by the term 
paraUelogramy which is a quadrilateral, whose opposite sides are 
parallel. It will be proved hereafter, that if the opposite sides of a 
quadrilateral be equal, it must be a parallelogram. Hence, a distinct 
denomination for such a figure is useless. 

(37) XXXIV. All other quadrilateral figures are called 

trapeziums. 

As quadrilateral Jigure is a sufficiently concise and distinct denomi- 
nation, we shall restrict the application of the term trapezium to 
those quadrilaterals which have two sides parallel. 

(38) XXXV. Parallel right lines are such as ^__ 

are in the same plane, and 

which, being produced continually in both 
directions, would never meet. 

It should be observed, that the circumstance of two right lines, 
which are produced indefinitely, never meeting, is not sufficient to 
establish their parallelism. For two right lines which are not in 
the same plane can never meet^ and yet are not parallel. Two 
things are indispensably necessary to establish the parallelism of two 
right lines, 1^, that they be in the same plane, and 2^ that when in- 
definitely produced, they never meet. As in the first six books of the 
Elements all the lines which are considered are supposed to be in 
the same plane^ it will be only necessary to attend to the latter crite- 
rion of parallelism. 



POSTULATES. 

(39) I. Let it be granted that a right line may be drawn 

from any one point to any other point. 
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(40) II. Let it be granted that a finite right line may be 

produced to any length in a right line. 

(41) III. Let it be granted that a circle may be described 

with any centre at any distance from that centre. 

(42) The object of the postulates is to declare, that the only 
instruments, the use of which is permitted in Geometry, are the rule 
and compass. The rule is an instrument which is used to direct the 
pen or pencil in drawing a right line ; but it should be observed, that 
the geometrical rule is not supposed to be divided or graduated^ and» 
consequently, it does not enable us to draw a right line of any pro- 
posed length. Neither is it permitted to place any permanent mark 
or marks on any part of the rule, or we should be able bv it to solve 
the second proposition of the first book, which is to draw from a given 
point a right line eqiud to another given right line. This might be 
done by placing the rule on the given right line, and marking its 
tetremities on the rule, then placing the mark corresponding to one 
extremity at the given point, and drawing the pen along the rule to 
the second mark. This^ however, is not intended to be granted by the 
postulates. 

The third postulate concedes the use of the compass, which is an 
instrument composed of two straight and equal legs united at one 
extremity by a joints so constructed that the legs can be opened or 
closed so as to form any proposed angle. The other extremities are 
points, and when the legs have been opened to any degree of diver- 
jgence, the extremity of one of them being fixed at a pointy and the 
extremity of the other being moved around it in the same plane will 
describe a circle, since the distance between the points is supposed to 
remain unchanged. The fixed point is the centre ; and the distance 
between the points, the radius of the circle. 

It is not intended to be conceded by the third postulate that a circle 
can be described round a given centre with a radius of a given length ; 
in other words, k is not granted that the legs of the compass can be 
opened until the distance between their points shall equal a given 
line. 



AXIOMS. 

(43) I. Magnitudes which are equal to the same are eqoal 

to each other. 

(44) II. If equals be added to equals the sums will be 

equal. 

(45) III. If equals be taken away from equals the re- 

mainders will be equal. 

(46) IV. If equals be added to unequals the sums wiU be 

unequal. 
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(47) V, If equals be taken away fit)m uneqnals the re- 

mainders will be unequal. 

(48) VI. The doubles of the same or equal magnitudes are 

equal. 

(49) VII. The halres of the same or equal magnitudes are 

equal. 

(50) VIII. Magnitudes which coincide with one another, or 

exactly fill the same space, are equal. 

(51) IX. The whole is greater than its part. 

(52) X. Two right lines cannot include a space. 

^53) XL All right angles are equal. 

^54) XH. If two right lines (A B, C D) meet a thiid right 

line (A C) so as to make the 

two interior angles (B A C and :: 

D C A) on the same side less 

than two right angles, these two * 

right lines will meet if they be 

I)roduced on that side on which the angles are 
ess than two right angles. 

(5b) l^e geometrical axioms are certain general propositions, 
the truth of which is taken to be self-evident, and incapable of 
being established by demonstration. According to the spirit of this 
science, the number of axioms should be as limited as possible. A pro- 
position* however self-evident, has no title to be taken as an axiom, if 
its truth can be deduced from axioms already admitted. We have a 
remarkable instance of the rigid adherence to this principle in the 
twentieth proposition of the first book, where it is proved that * two 
sides of a triangle taken together are greater than the third ;' a pro- 
position which is quite as self-evident as any of the received axioms, 
and much more self-evident than several of them. 

On the other hand, if the truth of a proposition cannot be established 
by demonstration, we are compelled to take it as an axiom, even though 
it be not setf-evident. Such is the case with the twelfth axiom. We 
shall postpone our observations on this axiom, however, for the present, 
and have to request that the student will omit it until he comes to read 
the commentary on the twenty-eighth proposition. 

Two magnitudes are said to be eqttal when they are capable of 
exactly covering one another, or filling the same space. In the most 
ordinarv practical cases we use this test for determining equality ; we 
apply the two things to be compared one to the other, and imme- 
diately infer their equality firom their coincidence. 

By the aid of this definition of equality we conceive that the second 
and third axioms might easily be deduced fi'om the first. We shall 
not however pursue the discussion here. 
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The fourth and fiflh axioms do not seem to express all that they 
should or might express. Afier equals are added to, or subtracted from 
unequals, the inequality is declared to remain ; but it should also be 
-declared, that the magnitude which was the greater before the addition 
or subtraction continues still to be the greater, and that its excess over 
the lesser magnitude has suffered no change. This might be expressed 
thus, ■* the difference of two unequal quantities is not changed by the 
addition or subtraction of equal quantities to or from both.' 

It is not difficult to deduce the sixth and seventh axioms from the 
preceding ones. 

The eighth axiom is more properly a definition of the meaning of 
equal magnitudes. 

The tenth axiom may be presented under various forms. It is 
equivalent to stating, that only one right line can be drawn between 
two given points. For if two different right lines could be drawn from 
one given point to another, these two right lines would evidently en- 
close a space between them. It is also equivalent to stating, that two 
Tight lines indefinitely produced cannot intersect each other in more 
than one point ; for if they intersected at a second point, the parts 
between the two points would enclose a space. It is also equivalent 
to stating that a rectilinear figure cannot have less than three sides. 

The eleventh axiom evidently admits of proof. 
Let A B and £ F be perpendicular to D C and H G ; 
the right angles B A C and BAD are equal by 
(11), as also the right angles FEG and FEH. 
But to prove that the right angle F E G is equal to 
the right angle B A C, let the point £ be conceived 
to be placed upon A, and the line H £ G on D A C, 
the perpendiculars E F and A B lying at the same 
side of the coincident lines, these perpendicular 
will coincide, and therefore the angle F £ G is equal to'B A C. For 
if E F do not coincide with A B let it take any other position as A K. 
Since A K is perpendicular to D C, the angle K A C is equal to the 
angle K A D, and therefore K A C is greater than the angle B A D • 
but since B A is perpendicular to A D the angle B A D is equal to 
BAG, therefore K A C is greater than BAG, that is, a part is greater 
than the whole, which is absurd. Therefore E F must coincide 
with A B. 

The postulates may be considered as axioms. The first postulate, 
which declares the possibility of one right line joining two given points, 
is as much an axiom as the tenth axiom, which declares the impossi- 
bility of more than one right line joining them. 

In like manner, the second postulate which grants the power of pro- 
ducing a line may be considered as an axiom, declaring that every 
finite straight line may have another placed at its extremity so as to 
form with it one continued straight line. In fact, the straight line thus 
placed will be its production. This postulate is assumed as an axiom 
in the fourteenth proposition of the first book. 

(56) Those results which are obtained in geometry by a process 
of reasoning are called propositions. Geometrical propositions are of 
two species, problems and theorems. 
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A problem is a proposition in which something is proposed to be 
done ; as a line to .be drawn under some given conditions, some figure 
to be constructed, &c. The solution of the problem consists in show- 
ing how the thing required may be done by the aid of the rule and 
compass. The demonstration consists in proving that the process 
indicated in the solution really attains the required end. 

A theorem is a pioposition in which the truth of some principle is 
asserted. The object of the demonstration is to show how the truth 
of the proposed principle may be deduced from the axioms and defi- 
nitions or other truths previously and independently established. 

A problem is analogous to a postulate, and a theorem to an axiom. 

A postulate is a problem, the solution of which is assumed. 

An axiom is a theorem, the truth of which is granted without de- 
monstration. 

In order to effect the demonstration of a proposition, it frequently 
happens that other lines must be drawn besides those which are 
actually engaged in the enunciation of the proposition itself. The 
drawing of such lines is generally called the construction. 

A corollary is an inference deduced immediately from a proposition. 

A scholium is a note or observation on a proposition not containing 
any inference, or, at least, none of sufficient importance to entitle it to 
the name of a corollary, 

A lemma is a proposition introduced for the purpose of establishing 
some more important proposition* 
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Proposition I. Problem. 

(57) On a given finite right line (A B) to construct an 

equilateral triangle. 

Solution, 

With the centre A and the radius A B let a circle B C D be 
described (41), and with the centre B and 
the radius B A let another circle A C E be 
described. From a point of intersection C of 
these circles let right lines be drawn to tlie 
extremities A and B of the given right line 
^39). The triangle A C B will be that which 
is required. 

Demonstration. 

It is evident that the triangle A C B is constructed on the given 
right line A B. But it is also equilateral ; for the lines A C and 
A B, being radii of the same circle B C D, are equal (17) , and 
also B C and B A, being radii of the same circle ACE, are 
equal. Hence the lines B C and A C, being equal to the same 
line A B, are equal to each other (43). The three sides of 
the triangle ABC are therefore equal, and it is an equilateral 
triangle (28). 

(58) In the solution of this problem it is assumed that the two circles 
intersect, inasmuch as the vertex of the equilateral triangle is a point 
of intersection. This, however, is sufficiently evident if it be considered 
that a circle is a continued line which includes space, and that in the 
present instance each circle passing through the centre of the other 
must have a part of its circumference within that other, and a part 
without it, and must therefore intersect it. 

It follows from the solution, that as many different equilateral 
triangles can be constructed on the same right line as there are points 
in which the two circles intersect. It will hereafler be proved that two 
circles cannot intersect in more than two points, but for the present 
this may be taken for granted. 

Since there are but two points of intersection of the circles, there 
can be but two equilateral triangles constructed on the same finite 
right line, and these are placed on opposite sides of it, their vertices 
being at the points C and F. 

After having read the first book of the elements, the student will 
find no difficulty in proving that the triangles C F E and C DF are 
equilateral. These lines are not in the diagram, but may easily be 
supplied. 
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Proposition II. Problem. 

(59) From a given point (A) to draw a right line equal 

to a given finite right line (B C). 

Solution. 

JjCt a right line be drawn from the riven point A to either 
extremity B of the given finite right line B C (39). 
On the line A B let an equilateral triangle A D B be 
constructed (I). With the centre B find the radius 
B C let a circle be described (41). Let D B be 
produced to meet the circumference of this circle in 
F (40), and with the centre D and the radius D F 
let another circle F L K be described. Let the line D A be pro- 
duced to meet the circumference of this circle in L. The line 
A L is then the required line. 

Demonstration. 

The tines D L and D F are equal, being radii of the same circle 
FL K (17). Also the lines DA and DB are equal, being sides 
of the equilateral triangle B D A. Taking the latter fi-om the 
former, the remainders A L and B F are equal (45). But B F 
and B C are equal, being radii of the same circle F C H (17), 
and since A L and B C are both equal to B F, they are equal to 
each other (43). Hence AL is equal to B C, and is drawn 
from the given point A, and therefore solves the problem. 

*^* The different positions w^^ich the given right line and given 
point may have with respect to each other, are apt to occasion such 
changes in the diagram as to lead the student into error in the execu- 
tion of the construction for the solution of this problem. 

Hence it is necessary that in solving this problem the student 
should be guided by certain general directions, which are independent 
of any particular arrangement which the several lines concerned in the 
solution may assume. If the student is governed by the following 
general directions, no change which the diagram can undergo will 
mislead him. 

1** The ^ven point is to be joined with either extremity of the given 
nght line. (Let us call the extremity with which it is connected, the 
connected extremity of the given right line ; and the line so connecting 
them, the joi?iing line.) 

2^ Tlie centre of the first circle is the connected extremity of the 
given right line ; and its radius, the given right line. 

3° The equilateral triangle mav be constructed on either side of the 
joining line. 

4^ The side of the equilateral triangle which is produced to meet 
the circle, is that side which is opposite to the given point, and it 
is produced through the centre of the first circle till it meets its cir- 
cumference. 

*i^* Article.-; thus marked may be omitted by the student in the first reading. 
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5^ The centre of the second circle is that vertex of the triangle 
which is opposite to the joining line, and its radius is made up of that 
Me of the triangle which is opposite to the given point, and its pro- 
duction which is the radius of the first circle. So that the radius of 
the second circle is the sum of the side of the triangle and the radius 
of the first circle. 

6° The side of the equilateral triangle which is produced through 
the given point to meet the second circle, is that side which is opposite 
to the connected extremity of the given right line, and the production 
of this side is the line which solves the problem ; for the sum of this 
line and the side of the triangle is the radius of the second circle, but 
also the sum of the given right line (which is the radius of the first 
circle) and the side of the triangle is equal to the radius of the second 
circle. The side of the triangle being taken away the remainders are equal. 

As the given point may be joined with either extremity, there may 
be two different joining lines, and as the triangle may be constructed 
on either side of each of these, there may be four different triangles ; 
8o the right line and point being given, there are four different con- 
structions by which the problem may be solved. 

If the student inquires further, he will perceive that the solution may 
be effected also by producing the side of the triangle opposite the 
given point, not through the extremity of the right line but through 
the vertex of the triangle. The various consequences of this variety 
in the construction we leave to the student to trace. 
(60) By the second proposition a right line of a given length can be 
Inflected from a given point P upon any given line A B. 
For from the point P draw a right line of the given 
length (II), and with P as centre, and that line as radius, 
describe a circle. A line drawn from P to any point C, 
where this circle meets the given line A B, will solve the 
problem. 

By this proposition the first may be generalized ; for an isosceles 
triangle may be constructed on a given line as base, and having its 
side of a given length. The construction will remain unaltered, 
except that the radius of each of the circles will be equal to the length 
of the side of the proposed triangle. If this length be not greater 
than half the base, the two circles will not intersect, and no triangle 
can be constructed, as will appear hereafler. 

Proposition III. Problem. 

(61) From the greater (A B), of two given right lines 
to cut off a part equal to the less (C). 

Solution. 

From either extremity A of the greater let a 
right line A D be drawn equal to the less C (II), 
and with the point A as centre, and the radius 
A D let a circle be described ^41). The part A E 
of the greater cut off by this circle will be equal to 
the less C. 
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Demonstration, 

For A E and A D are equal, being radii of the same circle (17) ; 
and C and A D are equal by the construction. Hence A IE and 
C are «qual. 

By a similar construction, the less might be produced until it equal 
the greater. From an extremity of the less let a line equal to the 
greater be drawn, and a circle be described with this line as radius. 
Let the less be produced to meet this circle. 

Proposition IV. Theorem. 

(62) If two triangles (B A C and E D F) have, two sides 
(B A and A C) in the one respectively equal to 
two sides (E D and D F) in the other, and the 
angles (A and D) included by those sides also 
equal ; the bases or remaining sides (B C and 
E F) will be equal, also the angles (B and C) at 
the base of the one will be respectively equal 
to those (E and F) at the base of the otiier 
which are opposed to the equal sides (i. e. B to 
EandCtoF). 

Let the two triangles be conceived to be so placed that the 
vertex of one of the equal angles D shall fall 
upon that of the other A, that one of the sides 
D B containing the given equal angles shall 
fall upon the side A B in the other triangle to 
which it is equal, and that the remaining pair 
of equal sides A C and D F shall lie at the same side of those 
A B and D E which coincide. 

Since then the vertices A and D coincide, and also the equal 
sides A B and D E, the points B and E must coincide. (If 
they did not the sides A B and D E would not be equal.) Also, 
since the side D E faDs on A B, and the sides A C and D F are 
at the same side of A B, and the angles A and D are equal, the 
side D F must fall upon AC ; (for otherwise the angles A and 
D would not be equal.) 

Since the side D F falls on A C, and they are equal, the ex«^ 
tremity F must fall on C. Since the extremities of the bases B C 
and E F coincide, these lines themselves must coincide, for if 
they did not they would include a space (52)* Hence the sides 
B C and E F are equal (50). 

Also, since the sides E D and E F coincide respectively with 
B A and B C, the angles E and B are equal (50), and for a 
similar reason the angles F and C are equal. 
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Since the three sides of the one triangle coincide respectively 
with the three sides of the other, the triangles themselves coincide, 
and are therefore equal (50). 

In the demonstration of this< proposition, the converse of the 
eighth axiom (50) is assumed. Tlie axiom states, that ' if two mag- 
nitudes coincide they must he equal.' In the proposition it is as* 
sumedy that if they be equal they must under certain circumstances 
coincide. For when the point D is placed on A, and the side D E on 
A B, it is assumed that the point E must fall upon B, because A B 
and D E are equal. This may, however, be proved by the combina- 
tion of the eighth and ninth axioms ; for if the point E did not fall 
upon B, but fell either above or below it, we should have either E D 
equal to a part of B A, or B A equal to a part of E D. In either case 
the ninth axiom would be contradicted, as we should have the whole 
equal to its part. 

The same principle may be applied in proving that the side D F 
will fall Upon A C, which is assumed in Euclid's proof. 

In the superposition of the triangles in this proposition, three things 
are to be attended to : 

1° The vertices of the equal angles are to be placed one on the 
other. 

20 fxVo equal sides to be placed one on the other. 

3^ The other two equal sides are to be placed on the. same side of 
those which are laid one upon the other. 

From this arrangement the coincidence of the triangles is inferred. 

It shpuld be ^observed, that this superposition is not assumed to be 
actually effected, for that would require other postulates besides the 
three already stated ; but it is sufficient for the validity of the reason- 
ing, if it be conceived to be possible that the triangles might be so 
placed. By the same principle of superposition, the following 
theorem may be easily demonstrated, * If two triangles have two angles 
in one respectively equal to two angles in the other, and the sides 
lying between those angles also equal, the remaining sides and angles 
will be equal, and also the triangles themselves will be equal.* See 
prop. xxvi. 

This being the first theorem in the Elements, it is necessarily de- 
duced exclusively from the axioms, as the first problem must be from 
the postulates. Subsequent theorems and problems will be deduced 
firoih those previously eBtablish^. 

Proposition V. Theorem. 

(63) The angles (B, C) opposed to the equal sides 
(A C and A B) of an isosceles triangle are 
equal, and if the equal sides be produced 
through th^ extremities (B and C) of the third 
side, the angles (D B C and E C B) formed by 
their produced parts and the third side are 
equal. 
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Let the equal sides A B and A C be produced 
through the extremities B, C of the third side, and 
in the produced part B D of either let any point F 
be assumed, and from the other let A G be cut off 
equal to AF (III). Let the points F and G so 
taken on the produced sides be connected by right 
lines F C and B G with the alternate extremities 
of the third side of the triangle. 

In the triangles F A C and G A B the sides F A and A C 
are respectively equal to G A and A B, and the included angle A 
is common to both triangles. Hence (IV), the line F C is 
equal to B G, the angle A F C to the angle A G B, and the 
angle A C F to the angle A B G. If from the equal lines A F 
and A G, the equal sides A B and A C be taken, the remainders 
B F and C G will be equal. Hence, in the triangles B F C and 
C 6 B, the sides B F and F C are respectively equal to C G and 
G B, and the andes F and G included by diose sides are also 
equal. Hence (iV ), the angles F B C and G C B, which are 
those included by the third side B C and the productions of the 
equal sides A B and A C, are equal. Also, the angles F C B and 
G B C are equal. If these equals be taken from the angles F C A 
and G B A, before proved equal, the remainders, whidi are ti» 
angles ABC and A C B opposed to the equal' sides, will be 
equal. 

(q4) Cor. — Hence, in an equilateral triangle the three amglen 
are equal ; for by this proposition the angles opposed to every 
two equal sides are equal. 

Proposition VI. Theorem. 

(65) If two angles (B and C) of a triangle (B A C) be 
equal, the sides (A C and A B) opposed to them 
are also equal. 

For if the sides be not equal, let one of them A B be greater 
tfum the other, and from it cut off D B equal to A C 
(III), and draw C D. 

Then in the triangles D B C and A C B, the sides 
D B and B C are equal to the sides A C and.C B re- 
spectively, and the angles D B C and A C B are also 
equal ; therefore (IV) the trian^es themselves D B C and A C B 
are e^al, a part equal to the whole, which is absurd ; therefore 
neitber of the sides A B or A C is greater than the otiber ; they 
are therefore equal to one another. 

(66) Cor. — ^Hence every equiangular triangle is also equi- 
lateral, for the sides opposed to every two equal angles are eqod. 

c 2 
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In the construction for this proposition it is necessary that the part 
of the ^eater side which is cut off equal to the less, should be mea- 
sured upon the greater side B A from vertex (B) of the equal angle, 
for othei'W'se the fourth proposition could not be applied to prove. the 
equality of the part with the whole. 

It may be observed generally, that when a part of one line is cut off 
equal to another, it should be distinctly specified from which extre- 
mity the part is to be cut. 

This proposition is what is called by logicians the converse of the 
fifth. It cannot however be inferred from it by the logical operation 
e&Wed conversion ; because, by the established principles of the Aristote- 
lian logic, an universal affirmaiive admits no simple converse. This ob- 
servation applies generally to those propositions in the Elements which 
are converses of preceding ones. 

The demonstration of the sixth is the first instance of indirect proof 
which occurs in the Elements. The force of this species of demon* 
stration consists in showing that a principle is true, because some mani- 
fest absurdity would follow from supposing it to be false. 

This kind of proof is considered inferior to direct demonstration, 
because it only proves that a thing m,ii8t be so, but fails in showing 
why it should be so ; whereas direct proof not only shows that the 
thing is so, but why it is so. Consequently, indirect demonstration is 
never used, except where no direct prpof can be had. It is used gene- 
rally in proving principles which are nearly self-evident, and in the 
Elements is oflenest used in establishing the converse propositions. 
Examples will be seen in the 14th, 19th, 25th, and 40th propositipns of 
this book 

Proposition VII. Theorem. 

(67) On the same right line (A B), and on the same side 
of it, there cannot be constructed two triangles, 
( A C B, A D B) whose conterminous sides (A C 
and A D, B C and B D) are equal. 

If it be possible, let the two tnandes be constructed, and, 
Firtt^ — -Let the vertex of each of the triangles be without the 

other triangle, and draw C D. 

Because the sides AD and AC of the triangle CAD are 

eqnal (hyp.)*, the angles A C D and ADC are equal (V) ; . but 

* The hjfpoihetit means the tuppotiiiong that is, the part of the j^ounciatioa of &e 
proposition in which something is supposed to be granted true, and from which the pro- 
posed conclusion is to be inferred. Thus in the seventh proposition the hypothesis ia^ 
that the triangles stand on the same side of their base, and that their contermiilous sides 
are equal, and the conclusion is a manifest absurdity, which proves that the bypothesif 
must be false. 

In the fourth proposition the hypothesis is, that two sides and the included angle of 
one triangle are respectively equal to two sides and the included angle of the otiier s 
and the conclusion deduced from this hypothesis is, that the remaining side and angles 
ip the one triangle are respectively equal to the remaining side and an^es in the oSier 
triaiggle* 
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AC D is greater than BCD (51), therefore ADC is greater 
than BCD; but the angle B D C is greater than ADC (51), and 
therefore B D C is^ater than BCD; but in the triangle C B D, 
the sides B C and B D are equal (hyp.), therefore the 
angles B D C and BCD are equal (V) ; but the angle 
B D C has been proved to be greater than BCD, which 
is absurd : therefore the triangles constructed upon the 
same right line cannot have their conterminous sides equal, when 
the vertex of each of the triangles is without the other. 

Secondly y—het the vertex D of one triangle be within the 
other ; produce the sides A C and A D, and join C D. 

Because the sides A C and A D of the triangle CAD are 
equal (hyp.), the angles BCD and F D C are equal (V) ; but 
the angle B D C is greater than FD C (51 ), therefore greater than 
EC D ; but E C D is greater than BCD (51), and therefore 
B D C is greater than BCD; but in the triangle C B D, ^ 

the sides B C and B D are equal (hyp.), therefore the 
angles B D C and BCD are equal (V) ; but the angle 
B D C has been proved to be greater than BCD, which 
is absurd: therefore triangles constructed upon the 
same right line cannot have their conterminous sides equal, if the 
vertex of one of them is within the other. 

Thirdly, — Let the vertex D of one triangle be on the side 
A B of the other, and it is evident that the sides AB 
and B D are not equal. 

Therefore in no case can two triangles, whose con- 
terminous sides are equal, be constructed at the same 
side of the given line. 

This proposition seems to. have been introduced into the Elements 
merely for the purpose of establishing that which follows it. The de- 
mcmstration is that form of argument which logicians call a diUmma^ 
and is the only case in which this species of argument occurs in the 
Elements. If two triangles whose conterminous sides are equal could 
stand on the same side of the same base, the vertex of the one must 
necessarily either fall within the other or without it, or on one of the sides 
of it ; accordingly, it is successively proved in the demonstration, that 
to suppose it in any of these positions would lead to a contradiction in 
terms. It is not supposed that the vertex of the one could fall on 
the vertex of the other ; for that would be supposing the two tri- 
angles to be one and the same, whereas they are, by hypothesis, 
different. 

In the Greek text there is but one (the first) of the cases of this pro<- 
position given. It is however conjectured, that the second case must 
have been formerly in the text, because it is the only instance in which 
Euclid uses that part of the fifth proposition which proves the equality 
of the angles below the base. It is argued, that there must have been 
some reason for introducing into the fiflh a principle which follows at 
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once from the thirteentfi; and that none can be asngned except the 
necessity of the principle in the second case of the seventh. The third 
case required to be mentioned only to preserve the complete logical 
form of the argument. 

Proposition VIII. Theorem. 

(68) If two triangles (ABC and EPD) have two 

sides of the one respectively equal to two 
sides of the other (A B to E F and B C to 
F D), and also have the base (A C) equal to 
the base (ED), then the angles (B and F) 
contained by the equal sides are equal. 

For if the equal bases AC, £ D be conceived to be placed one 
upon the other, so that the triangles shall lie 
at the same side of them, and that the equal 
sides A B and £ F, C B and D F be conter- 
minous, the vertex B must fall on the vertex 
F; for to suppose them not coincident 
would contradict the seventh proposition. The sides BA and 
B C being therefore coincident with F E and E D, the angles B 
and F are equal. 

(69) It is evident that in this case all the angles and sides of 
the triangles are respectively equal each to each, and that the trian- 
gles themselves are equal. This appears immediately by the eighth 
axiom. 

In order to remove from the threshold of the Elements a proposition 
so useless, and, to the younger students, so embarrassing as the seventh, 
it would be desirable that the eighth should be establi^ied indepen- 
dently of it. There are several ways in which this might be effected. 
The following proof seems to be liable to no objection, and establishes 
the eighth by the fifUi. 

Let the two equal bases be so applied one J* ? 

upon the other that the equal sides shall be con* y/\ /\ 

tenninous, and that the triangles shall lie at ^-^ — ^" -^ ^ 

opposite ndes of them, and let a right line be 
conceived to be drawn Jdning the vertices. 

1° lict this line intersect the base. 

Let the vertex F fall at G, the side E F in the position A G, and 
D F in the position C G. Hence B A and A G being equal, the angles 
G B A andB G A are equal (V). Also C B and C G being equal, the 
angles C G B and C B G are equal (V). Adding these equals to the 
ibrmer, the angles ABC and AG Care equal; that is, the angles 
£ F D and A B C are equal. 

2^ Let the line G B fall outside the coincident bases, and let A C 
be produced to meet it. 
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The angles G B A apd B G A, ^d also B G 
C and G B C are provecl equal as before ; and 
taking the latter from the former, the remain- 
ders, which are the angles A G C and ABC, 
are equal, but A G C is the angle F. 

3^ Let the Une A G pass through either 
extremity of the base. 

In this case it follows immediately (V) that 
the angles ABC and A G C are equal ; for the 
lines B C and C G must coincide with B G, 
since each has two points upon it (52). 

Henee in every case the angles B and F 
lure equal. 

This iproposition is also sometimes diemon 
strated as follows. 

Conceive the triangle E F D to be applied to A B C, as in Euclid's 
proof. Then, because E F is equal to A B, the 
point F must be in the^ circumference of a cir- 
cle described with A as centre, and A B as 
radius. And for the same reason, F must be 
pn a circunlference with the centre C, and the 

radius C B. The vertex must therefore be at the point where these cir- 
' des meet. But the vertex B^ must be also at that point ; wherefore, &c. 

Proposition IX. Probxem. 

(70) To bisect a given rectilinear angle (B A C). 

Solution. 

Take any point D in the side A B, and from A C 
cut oflF A E equal to A D (III), draw D E, and upon 
it describe an equilateral triangle D FE (I) at the 
side remote from A. The right line joining the 
points A and F bisects the given angle BAG. 

Demonstration, 

Because the sides A D and A E are equal (const.), and the 
side A F is common to the triangles FAD and F A E, and the 
base F D is also equal to F E (const.) ; the angles D A F and 
E A F are equal ( V III), and therefore the right line A F bisects 
the given angle. 

By thiis proposition an angle may be divided into 4, 8, 16, &c. equal 
parts, or, in general, into any number of equal parts which is ex- 
pressed by a power of two. 

It is necessary that the equilateral triangle be constructed on a dif- 
ferent side of the joining line DE from that on which the given angle 
is placed, lest the vertex P of the equilateral triangle should happen to 
coincide with the vertex A of the given angle ; in which case there 
would be no joining line FA, and therefore no solution. 






24 ELBMBNTS 0¥ EUCLID. 

In these eases, however, in which the vertex of the equilateral tri- 
angle does not coincide with that of the g^ven angle, the problem can 
be solved by constructing the equilateral triangle on the same side of 
the joining line D E with the given an^e. Separate demonstrations 
are necessary for the two positions which the vertices may assume. 

1. Let the vertex of the equilateral triangle fall within that of the 
given angle. 

The demonstration already g^ven will apply to this with- 
out any modification. 

2. Let the vertex of the given angle fall within the equi- 
lateral triangle. 

The line F A produced will in this case bisect the angle ; for the 
three siden of the triangle D F A are respectively 
equal to t^ose of the triangle £ F A. Hence the 
angles D F A and E F A are equal (VIII). Also, 
in the trian^es D F G and EFG the sides D F 
and E F are equal, the side G F is common, and ^ '^ 

the angles D F G and E F G are equal ; hence (IV) the bases D G 
and E G are equal, and also the angles D 6 A and EGA. Again, in 
the triangles D G A and EGA the sides D G and E G are equal, A G 
is common, and the angles at Gare equal; hence (IV) the angles 
DAG and E A G are equal, and therefore the angle B A C is bisected 
by AG. 

It is evident, that an isosceles triangle constructed on the Joining 
line D E would equally answer the purpose of the solution. 

Proposition X. Problem. 

(71) To bisect a given finite right line (A B). 

Solution. 

Upon the given line AB describe an equilateral 
triangle ACB (I), bisect the angle A C B by the 
right line C D (lA) ; this line bisects the given line 
in the point D. 

Demonstration. 
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Because the sides A C and C B are equal (const.), and C D 
common to the triangles A C D and BCD, and the angles A C D 
and BCD also equal (const.) ; therefore (IV) the bases A D 
and D B are equal, and the right line A B is bisected in the 
point D. 

In this and the following proposition an isosceles triangle would 
answer the purposes of the solution equally with an equilateral. In 
fact, in the demonstrations the triangle is contemplated merely as 
isosceles : for nothing is inferred from the equality of the base with 
the sides. 
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PaoposiTioN XI. Peoblbm. 

(72) From a given point (C) in a given right line 
(A B) to draw a perpendicular to the given line. 

Solution, 

In the given line take any point D and make C E equal to 
C D (III), upon D E describe an equilateral triangle D F E (I), 
draw F C, and it is perpendicular to the given line. 

Demonstration. 

Because the sides D F and D C are equal to the sides E F 
and E C (const.), and C F is common to the » 

triangles D F C and E F C, therefore (VIII) A 

the angles opposite to the equal sides D F / | \ 

and E F are equal, and therefore F C is per- »Tji 

pendicular to the given right line A B at the point C. 

CoR. — ^By help of this problem it may be demonstrated, that 
two straight lines cannot have a common segment. 

If it be possible, let the two straight lines ABC, A B D have 
the s^ment A B common to both of them. From the point B 
draw & E at right angles to A B ; and because ABC is a 
straight line, the an^e C B E is equal to the 
angle £BA; in the same manner, because 

A fi D is a straight Une, the angle D B E is 

equal to the angle E B A ; wherefore the angle ^ 
DBE is equsd to the angle C BE, .the less to the greater, 
which is impossible ; therefore two straight lines cannot have a 
common segment 

If the given point be at the extremity of the given right line, it 
must be produced, in order to draw the perpendicular by this con- 
struction. 

In a succeeding article, the student will find a method of drawing a 
perpendicular through the extremity of a line vnthout producing it. 

The corollary to this proposition is useless, and is omitted in some, 
editions. 

It is equivalent to proving that a right line cannot be produced 
through its extremity in more than one direction, or that it has but one 
production. 

Proposition XII. Problem. 

(73) To draw a perpendicular to a given indefinite 

right line (A B) from a point (C) given with- 

out it. 

Solution. 

Take any point X on the other side of the given line, and from 
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the centre C with the radius C X describe a circle cutting 
the given line in E and F. Bisect E F in D 
-^X), and draw from the given point to the 
point of bisection the right Tine C D ; this line 
is the required perpendicular. 

Demonstration. 

For draw C E and C F, and in the triangles E DC and F D C 
the sides E C and F C, and E D and F D, are equal, (const.) and 
G D common ; therefore (VIII) the angles E D C and F D C 
opposite to the equal sides E C and F C are equal, and therefore 
D C is perpendicular to the line AB (11). 

In this proposition it is necessary that the right line A B be inde- 
finite in length, for otherwise it might happen that the circle described 
with the centre C and the radius CX might not intersect it in two 
points, which is essential to the solution of the problem. 

It is assumed in the solution of this problem, that the circle will 
Intersect the right line in two points. The centre of the circle being 
on one side of the given right line^ and a part of the circumference (X) 
on the other, it is not difficult to perceive that a part of the circum- 
ference must be also on the same side of the given line with the centre, 
and since the circle is a continued line it must cross the right line 
twice. The properties of the circle form the subject of the third book, 
and those which are assumed here will be established hi that part of 
the Elements. 

The following questions will afford the student useful exercise in 
the application of the geometrical principles which have been esta- 
blished in the last twelve propositions. 

(74) In an isosceles triangle the right line which bisects the vertical 
angle also bisects the base, and is perpendicular to the base. 

For in the two triangles into which it divides the isosceles, there 
are two sides (those of the isosceles) equal, and a side (the bisector) 
common, and the angles included by these sides equal, being the parts 
of the bisected angle ; hence (IV) the remaining sides and angles are 
respectively equal ; that is, the parts into which the base is divided 
by the bisector are. equal, and the angles which the bisector mcikes 
with the base are equal. Therefore it bisects the base, and is perpen- 
dicular to it. 

It is clear that the isosceles triangle itself is bisected by the bisector 
of its vertical angle, since the two triangles are equal. 

(75) It follows also, that in an isosceles triangle the line which is 
drawn from the vertejp to the middle point of the base bisects the vertical 
angle, and is perpendicular to the base. 

For in this case the triangle is divided into two triangles, which 
have their three sides respectively equal each to each, and the property 
is established by (VIII). 
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(76) If in' a triangle the perpendicular from tke vertex : on the hose 

bieect the ie^se, the triangle is isoaeeles. 

For in this case in the twa triangles into which the whole is divided 
by the perpendicular, there are two sides (the parts of the base) 'equal, 
one side (the perpendicular) common, and the included angles equal, 
being right. Hence (IV) the sides of the triangle are equal. 

(77) To find a point which is equidistant from the three vertical 

points of a triangle (ABC). 

Bisect the sides A B and B Cat D and E (X), and 
through the points D and E draw perpendiculars, and 
produce them until they meet at F. The point F is 
9t equal distances from A^ B and C. 

For draw FA, FB, FC. BFA is isosceles by 
(76)» and foir the same reason B F C is isosceles. 
Hence, it is .evident that F A, F C, and F B are equal. 

(78) Cor. — Hence F is the centre, and F A the radius of a circle 
circumscribed about the triangle. 

(79) In a quadriM^rel formed by two isosceles triangles 
A C B andA^jy B constructed on different sides of the same 
6a^ the dicfgomds intersect at right angles, and that ^4: — l^-^^ 
tphich is the common base of the isosceles triangles is 
bisected by tJie other. 

For in the triangles CAD and C.B D the three sides are equal 
each to each, and therefore (VIII) the angles ACE and B C E are 
equal. The truth of the proposition therefore follows from (74). 

(60) Hence it follows that the diagonal of a lozenge bisect each other 
at right angles, 

(81) It follows from (76) that if the diagonals of a quadrilaieral 
bisect each other at right angles it is a lozenge. 

Proposition XIII. Theorem^ 

(82) When a right line (A B) -standing upon another 
(D C) makes angles with it, they are either two 
right angles, or together equal to two right 
angles. 

If the right line A B is perpendicular to D C, the angles ABC 
and A B D are right (11). If a v \ 

not, draw B E perpendicular to 
D C (XI), and it is evident that 
the angles C B A and A B D ' 
together are equal to the angles C B E and E B D, and there 
fore to two ri^t angles. 

The words ' makes angles with it/ are introduced to exclude tlif 
case in which the line A B is at the extremity of D C. 
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(83) From this proposition it appi^ars, that if severed ri^t lines stand 
on the same right line at the same point, and make angles with it, all 
the angles taken together are equal to two right angles. 

Also if two right lines intersecting one another make angles, these 
angles taken together are equal to four right angles. 

The lines which bisect the adjacent angles ABC and A B D are at 
right angles ; for the angle under these lines is evidently half the sum 
of the angles ABC and A B D. 

If several right lines diverge from the same point, the angles into 
which they divide the surrounding space are together equal to four 
right angles. 

(84) When two angles as A B C and A B D are- together equal to 
two right angles, they are said to be aupplementalf and one is called 
the supplement of the other. 

(85) If two angles as C B A and E B A are together equal to a right 
angle, they are said to be compUmentdly and one is said to be the cwn^ 
plemerU of the other. 

Proposition XIV. Theorem. 

(86) If two right lines (C B and B D) meeting another 
right line (A B) at the same point (B;, and at 
opposite sides, make angles with it which are 
together equal to two right angles^ those right 
lines (C B and B D) form one continued right 
line. 

For if possible, let B E and not B D be the continuation of the 
right line C B, then the angles C B A and A B E are equal to two 
right angles (XIII), but C B A and A B D are also equal to two 
right angles, by hypothesis, therefore C B A and 
A B D taken together are equal to C B A and 
ABE; take away (fom these equal quantities ^ — 
C B A which is common to both, and A Jd E shall 
be equal to A B D, a part to the whole, which is absurd, there- 
fore B E is not the continuation of C B, and in the same manner 
it can be proved, that no other line except B D is the continua- 
tion of it, therefore B D forms with B C one continued right line. 

In the enunciation of this proposition, the student should be 
cautious not to overlook the condition that the two right lines C B 
and B D forming angles, which are together equal to two right angles, 
with B A, lie at opposite sides of B A. They might 
form angles together equal to two right angles with B A, 
and yet not lie in the same continued line, if as in this 
figure they lay at the same side of it. It is assumed in 
this proposition that the line C B has a production. This 
is however granted by Postulate 2. 
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Proposition XV. Theorbm. 

(87) If two right lines (A B and C D) intersect one 
another, the vertical angles are equal (C E A 
to B E D, and C E B to A E D). 

Because the right line C E stands upon the right line A B, the 
angle A E C together with the angle C E B is 
equal to two ridit angles (XIII) ; and because 
the right line BE stands upon the right line C D, 
the angle C E B together with the angle BED 
is equal to two right angles (XIII) ; therefore 
A E C and C E B together are equal to C E B and B E D ; take 
away the common angle C E B, and the remaining angle A E C 
is equal to B E D. 

This proof may shortly be expressed by saying, that opposite angles 
are equal, because they have a common supplement (84). 

It is evident that angles which have a common supplement or com- 
plement (85) are equal, and that if they be equal, their supplements 
and complements must also be equal. 

(88) The converse of this proposition may easily be proved^ scil. If 
four lines meet at a point, and the angles vertically opposite be equal, 
each alternate pair of lines will be in the same right line. For if C E A 
be equal to B E D, and also C E B to A £ D, it follows, that C E A 
and CE B together are equal to B ED and AE D together. But all 
the four are together equal to four right angles (88), and therefore 
C E A and C E B are together equal to two right angles, therefore 
(XIV) A E and E B are in one continued line. In like manner it may 
be proved, that C E and D E are in one line. 

Proposition XVI. Theorem. 

(89) If one side (BC) of a triangle (BAG) be pro- 
duced, the external angle (A C D) is greater 
than either of the internal opposite angles 
(AorB.) 

For bisect the side A C in E (X), draw B E 
and produce it until E F be equal to B E (Ill)f 
and join F C. 

The triandes C E F and A E B have the sides 
CE and E F equal to the sides AE and EB 
(const.), and the angle C E F equal to AE B (XV), therefore 
the angles E C F and A are equal (IV), and therefore A C D 
is greater than A. In like manner it can be shown, that if A C 
be produced, the external angle B C 6 is greater than the an^e 
B, and therefore that the ang^ A C D, which is equal to B C G 
(XV), is greater than the angle B. 
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(90) Cor. 1. — Hence it follows, that each angle of a triangle is less 
than the supplement of either of the other angles (84). For the ex- 
ternal angle is the supplement of the adjacent intenial angle (XIII). 

(91) Cor. 2. — If one angle of a triangle be right or obtuse, the 
others must be acute. For the supplement of a right or obtuse angle 
is right or acute (64), and each of the other angles must be less than 
this supplement, and must therefore be acute. 

(pi) Cor. 3. — More than one perpendicular cannot be drawn f^om 
the same point to the same right line. For if two lines be supposed 
to be drawn, one of which is perpendicular, they will form a triangle 
having one right angle. The other angles must therefore be acute (91), 
and therefore the other line is not perpendicular. 

(93) Cor. 4. — If from any point a right line be drawn to a given right 
linfe, making with it an acute and obtuse angle, and from the same 
point a perpendicular be drawn, the perpendicular must fall at the side 
of the acute angle. For otherwise a triangle would be formed, having 
a right and an obtuse angle, which cannot be (91). 

(94) Cor. 5. — ^The equal angles of an isosceles triangle must be 
both acute. 

Proposition XVII. Theorem, 

(95) Any two angles of a triangle (BAG) are together 

less than two right angles. 

Produce any side B C, then the angle A C D is greater than 
either of the an^es A or B (XVI), therefore A C B 
together with either A or B is less than the same A 

angle A C B together with A C D ; that is, less than ^ / \ ^ 
two right angles (XIII). In the same manner, if 
C B be produced from the point B, it can be demonstrated that 
the angle ABC together with the angle A is less than two right 
angles ; therefore any two angles of the triangle are less than two 

This proposition and the sixteenth are included in the thirty-second, 
which ph)ves that the three angles are together equal to two right 
angles. 

Proposition XVIII. Theorbm. 

(96) In any triangle (BAG) if one side (A C) be 

greater than another (A B), the angle opposite 
to the greater side is greater than the angle 
opposite to the less. 

From the greater side A C cut off the part A D 
6qual to the less (III)» and conterminous with it» 
and join B D. , 

The triangle BAD being isoscdes (V\ the angles * 
ABD and AD B are equal; but AI>B is greater thnu the 
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internal angle AC B (XVI) : therefore A B D is greater than A C B, 
and therefore A B C is greater than A C B : but A B C is oppo- 
sitie the greater side A C, and A C B is opposite the less A B. 

This proposition might also be proved by producing the lesser side 
A B, and taking A £ equal to the greater side. In this case the angle 
AE C is equal to A C E (V), and therefore greater than A C B. But 
A B C is greater than A E C (XVI), and therefore A B C is greater 
than A C B. 

Proposition XIX. Theorem. 

(97) If in any triangle (B A C) one angle (B) be greater 

than another (C), the side (A C) which is oppo- 
site the greater angle is greater than the side 
(A B)> which is opposite to the less. 

For the side A C is either equal, or less, or greater than A B. 
It is not equal to A B, because the angle B would ▲ 

then be equal to C (V), which is contrary to the /\. 
hypothesis. bo 

it is not less than A B^ because the angle B would then be less 
than C (XVIII), which is also c6ntrary to the hypothesis. 

Since therefore the side A C is neither equal to nor less than 
A B, it is greater than it. 

This proposition holds the same relation to the sixth, as the preced- 
ing does to the fifth. The four might be thus combined : one angle 
of a triangle is greater or less than another, or equal to it, according as 
the side opposed to the one is greater or less than, or equal to the side 
opposed to the other, and vice versa. 

The student generally feels it difficult to remember which of the two, 
the eighteenth or nineteenth, is proved by construction, and which 
indirectly. By referring them to the fiflh and sixth the difficulty will 
be removed. 

Proposition XX. 

(98) Any two sides (AB and A C) of a triangle 

(B A C) taken together, are greater than the 
third side (B C). 

Let the side B A be produced, and let A D be cut off 
equal to AC (III), and let D C be drawn. 

Since A D and A C are equal, the angles D and 
ACD are equal (V). Hence the angle BCD is 
greater than the angle D, and therefore the side B D * ■ 
in the triangle B C D is greater than B C (XIX). Btit B D is 
equal to B A and A tl taken tx)&ether, since A V was assumed 
equal to A€. llietefore B A md A C^ taken together are greater 
than B C. 
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This proposition is sometimes proved by bisecting the angle A. 
Let B E bisect it. The angle B E A is greater than E A C, and the 
angle C E A is greater than E A B (XVI) ; and since the parts of the 
angle A are equal, it follows, that each of the angles E is greater than 
each of the parts of A ; and thence, by (XIX), it follows, that B A is 
greater than BE, and AC greater than CE, and. therefore that the 
sum of the former is greater than the sum of the latter. 

The proposition might likewise be proved by drawing a perpendi- 
cular from the angle A on the side B C ; but these methods seem 
inferior in clearness and brevity to that of Euclid. 

Some geometers, among whom may be reckoned Archimedes, ridi- 
cule this proposition as being self evident, and contend that it should 
be therefore one of the axioms. That a truth is considered self evident 
is, however, not a sufficient reason why it should be adopted as a geo- 
metrical axiom (55). 

(99) It follows immediately from this proposition, that the difierence 
of any two sides of a triangle is less than the remaining side. For the 
sides A C and B C together are greater than A B ; let the side A C be 
taken from both, and we shall have the side B C greater than the 
remainder upon taking A C from A B ; that is, then the difierence 
between A B and A C. 

,- In this proof we assume something more than is expressed in the 
fifth axiom. For we take for granted, that if one quantity (a) be 
greater than another (6), and that equals be taken from both, the re- 
mainder of the former (a) will be greater than the remainder of the 
latter (6). This is a principle which is frequently used, though not 
directly expressed in the axiom. ' 

Proposition XXI. Theorem. 

(100) The sum of two right lines (D B and DC) drawn 
to a point (D), within a triangle (BAG) from 
the extremities of any side (B C). is less Chan 
the sum of the two other sides of the triangle 
(A B and A C), but the lines contain a greater 
angle. 

Produce B D to E. The sum of the sides B A and A E of 
the triangle B A E is greater than the third side BE ^ 

(XX) ; add E C to each, and the sum of the sides Ai 
B A and A C is ereater than the sum of B E and E C, /^ 
but the sum of me sides D E and E C of the triangle rf } 
D E C is greater than the third side D C (XX) ; add 
B D to each, and the sum of B E and E C is greater than the 
sum of B D and D C, but the sum of B A and A C is greater 
than that of B E and E C ; therefore the sum of B A and A G 
is greater than that of B D and D C. 



BOOK THE FIR6T. 33 

Because Ike exlemal angle B D C is greater than the internal 
DEC (XVI), and for the same reason D E C is greater than A, 
the angle B D C is greater than the angle A. 

*^* By the thirty-second proposition it will follow, that the angle 
B D C exceeds the angle A by the sum of the angles A B D and A C D. 
For the angle B D C is equal to the sum of D E C and D C E ; and, 
again, the angle D £ C is equal to the sum of the angles A and A B £L 
Therefore the angle B D C is equal to the sum of A, and the angles 
A B D and A C D. 

Proposition XXII. Problem. 

(101) Given three right lines (A, B, and C) the sum of 
any two of which is greater than the third, to 
construct a triangle whose sides shall be re- 
spectively equal to the given lines. 

Solution. 

From any point D draiv the ri^t line D 1^ equal to one of the 
given lines A (II), and from the same point 
draw D G equal to another of the given lines 

B, and from the point E draw E F equal to 

C. From the centre D with the radius D G 
describe a circle, and from the centre E with 
the radius E F describe another circle, and 
from a point K of intersection of these circles 
draw K D and K E. 

Demonstration, 

It is evident, that the sides D E, D K, and K E of the triangle 
D K E are equal to the given right lines A, B, and C. 

*^* In this solution Euclid assumes that the two circles will have 
at least one point of intersection. To prove this, it is only necessary to 
show that a part of one of the circles wUl be within, and another part 
without the other (58). 

Since D E and £ R or E L are together greater than D R, it follows^ 
that DL is greater than the radius of the circle R6, and therefore 
the point L is outside the circle. Also, since D R and E R are together 
greater than D E, if the equals E R and E H b^ taken from both, D H 
is leas than D R, that is, D H is less than the radius of the circle, and 
therefore the point H is within it. Since the point H is within the 
circle .and L without it, the one circle must intersect thi^ other. 

It is evident, that if the sum of the lines B and C were equal to 
tHe line A, the points H and R would coincide; for then the sum 
of D R and R E would equal D £. Also, if the sum of A and B were 
equal to C, the points R and L would coincide ; for then E R woul4 
be equal to D R and D E, or to L D. It will hereafter appear, that 
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in the former case the circles would touch externally, and in the latter 
internally. 

If the line A were grater than the sum of B and C, it is easy to 
perceive that the ^rcles would not meet, one being wholly outside the 
other ; and if B were greater than the sum of A and C, they would 
not meet, one being wholly within the other. 

If the three right lines A B C be equal, this proposition becomes 
equivalent to the first, and the solution will be found to agree exactly 
with that of the first. 

Proposition XXIII. Problem. 

(102) At a given point (B) in a given right line (B E) 

to make an angle equal to a given angle (C). 

Solution, 

In the sides of the given angle take any points D and F ; join 
D F, and construct a triangle E B A 
which shall be equilateral with the tri- 
ande D C F, and whose sides A B and 

£ B meeting at the given point B shall be equal to F C and D C 
of the given angle C (XXII). The angle E B A is equal to the 
given angle D C F. 

Demonstration. 

For as the triangles D C F and E B A have all their sides 
respectively equal, the angles F C D and ABE opposite the 
equal sides D F and E A are equal (VIII). 

It is evident that the eleventh proposition is a particular case of this. 
Pi^oposiTioN XXIV. Theorem. 

(103) If two triangles (E F D, B A C) have two sides 

of the one respectively equal to two sides of 
the other (F E to AB and F D to AC), and 
if one of the angles (B A C) contained by 
the equal sides be greater than the other 
(EFD),the side (B C) which is opposite to 
the greater angle is greater than the side-(E D) 
which is opposite to the less angle. 

From the point A draw the right line A G, making with the 
side A B, which is not the greater, an angle BAG equal to the 
angle EFD (XXIII). Make AG equal to FD (III), abd 
draw BG and GC. 
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In the triaDgles BAG and EF D the sides B A and A G are 
equal respectively to E F and F G, and the in- 
cluded angles are equal (const.), and therefore 
B G is equal to E D. Also^ since A G is equal 
to F D by const., and AC is equal to it by hyp., 
A G is equal to A C, therefore the triangle G A C 
is isosceles, and therefore the angles ACG and AGC are 
equal (V) ; but the angle B G C is greater than AGC, there- 
fore greater than ACG, and therefore greater than B C G ; 
then in the triangle B G C the angle B G C is greater than B C G, 
therefore the side B C is greater than B G (XIX), but B G is 
equal to E D, and therefore B C is greater than E D. 

In this demonstration it is assumed by Euclid, that the points A and 
G will be on different sides of B C, or, in other words, that A H is less 
than AG or A C. This may be proved thus : — ^The side A C not 
being less than A B, the angle ABC cannot be less than the angle 
A C B (XVIII). But the angle ABC must be less than the angle 
A H C (XVI) ; therefore the angle A C B is less than A H C, and 
therefore A H less than A C or A G (XIX). 

In the construction for this proposition Euclid has omitted the words 
' with the side which is not the "greater.' Without these it would not 
follow that the point G would fall below the base B C, and it would 
be necessary to ^ve demonstrations for the cases in which the point G 
falls on, or above the base B C. On the other hand, if these words be 
inserted, it is necessary in order to give validity to the demonstration, 
to prove as above, that the point G &lls below the base. 

If the words ' with the side not the greater' be not inserted^ the two 
omitted cases may be proved as follows : 

If the point G fall on the base B C, it is evident that B G is less 
than B C (51). 

If G fall above the base B C let it be at G^ The sum of the lines 
B G' and AG^ is less than the sum of A C and C B (XXI). The 
equals A C and A G' being taken away, there will remain B G' less 
than B C. 

Proposition XXV. Theorem. 

(104) If two triangles (BAG and EFD) have two 
sides of the one respectively equal to two of 
the other (B A to E F and A G to F D), and. if 
the third side of the one (B G) be greater than 
the third side (ED) of the other, the angle 
(A) opposite to the greater side is greater than 
the angle F, which is opposite to the less. 

The angle A is either equal to the angle F, 
or less than it, or greater than it. 

It is not equal ; for if it were, the side B C _ 
would be equal to the side E D (IV), which is » 
contrary to the hypothesis. 

D 2 
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It is not less ; for if it were, the side B C would be less than 
the side E D (XXIV), which is conta-ary to the hypothesis. 

Since therefore the angle A is neither equal to, nor less than 
F, it must be greater. 

This proposition might be proved directly thus : 

On the greater side B C take B G equal 
to the lesser side E D, and on B G construct 
a triangle D H G equilateral with E F D. 
Join A H, and produce H G to I. ^ ^ 

The angle H will then be equal to the 
angle F. 

1° Let B G be greater than B K. " 

Since B A and B H are equal, the angles BAH and B H A are 
equal (V). Also since H G is equal to A C, it is greater than A I, 
and therefore H I is greater than A I, and therefore the angle H A I 
IS greater than the angle A H I (XVIII). Hence, if the equal angles 
B H A and B A H be added to these, the angle BAG will be found 
greater than the angle B H G, which is equal to F. 

2° If B G be not greater than B R, it is evident that 
the angle H is less than the angle A. 

Tlie twenty-fourth and twenty-fifth propositions are 
analogous to the fourth and eighth, in the s^me manner 
as the eighteenth and nineteenth are to the fifth and ' 

sixth. The four might be announced together thus : 

If two triangles have two sides of the one respectively equal to two 
sides of the other, the remaining side of the one will be greater or less 
than, or equal to the remaining side of the other, according as the 
angle opposed to it in the one is greater or less than, or equal to the 
angle opposed to it in the other, or vice versa. 

In fact, these principles amount to this, that if two lines of given 
lengths be placed so that one pair of extremities coincide, and so that 
in their initial position the lesser line is placed upon the greater, the 
distance between the other extremities will then be the difference of 
the lines. If they be opened so as to form a gradually increasing^ 
angle, the line joining their extremities will gradually increase, until 
the angle they include becomes equal to two right angles, when they 
will be in one continued line, and the line joining their extremities is 
their sum. Thus the major and minfor limits of this line is the stoH 
and difference of the given lines. This evidently includes ths twentieth 
proposition. 

Proposition XXVL Theorem. 

(105) If two triangles (B A C, D E F) have two angles 
of the one respectively equal to two angles of 
the other (B to D and C to F), and a side ot 
the one equal to a side of the other similarly 
placed with respect to the equal angles, the 
remaining sides and angles are respectively 
equal to one another. 
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First, let the equal sides be B C and D F, which lie between 
the eqiud angles ; then the side B A is equal to the side D E. 

For if it be possible, let one of them 
B A be greater than the other ; make B 6 
equal to D£, and join C 6. 

In the triangles G B C, E D F the 
sides 6 B, B C are re^ectively equal to the sides E D, D F 
(const.), and the angle B is equal to the angle D (hyp.), there- 
fore the angles B C 5 and D F E are equal (IV) ; out the angle 
B C A is also equal to D F E (hyp.), therefore ihe angle B C 6 
is equal to B C A (51), which is absurd : neither of the sides 
B A and D B thereiore is greater than the other, and therefore 
they are equal, and also B C and D F are equal (IV) i and the 
angles B and D ; therefore the side A C is equal to the side E F» 
as also the angle A to the angle E (IV). 

Next, let the equal sides be B A and D E, which are opposite 
to the equal angles C and F, and the sides B C and D F shall 
also be equal. 

For if it be possible, let one of them B C be greater than the 
other; make B 6 equal to D F, and join AG. j^ 

In the triangles AB G, E D F, the sides AB, B G Aw 
are respectively equal to tie sides E D, D F (const.), /V\ 
and the angle B is equal to the angle D (hyp.) ; there- b q o 
fore the angles A G B and E F D are equal (IV) ; but the angle 
C is also equal, to E F D, therefore A G B and C are equal, which 
is absurd (XVI). Neither of the sides B C and D F is therefore 

fsater than the other, and they are consequently equal. But 
A and D E are also equal, as also the angles B and D ; there- 
fore the side A C is equal to the side E F, and also the angle A 
to the angle E (IV). 

It is evident that the triangles themselves are equal in every 
respect. 

*4»* (106) Cor. l.— From this proposition and the principles pre* 
viously established, it easily follows, that a line being drawn from the 
vertex of a triangle to the base, if any two of the following equalities be 
given (except the first two), the others may be inferred. 

1^ The equality of the sides of the triangle. 

2° The equality of the angles at the base. 

3^ The equality of the angles under the line drawn, and the base. 

4° The equality of the angles under the line drawn, and the sides. 

5° The equality of the segments of the base. 

Some of the cases of this investigation have already been proved. 
(74), (75), (76). The others present no difficulty, except in the case 
where the fourth and fifth qualities are given to infer the others. This 
case may be proved as follows. 




38 ELEMENTS OP EUCLID. 

If the line A D, which bisects the vertical angle (A) of a triangle 
also bisect the base B C, the triangle will be isosceles ; 
for produce A D so that D £ shall be equal to A D, and 
join EC. In the triangles DCE and ADB the 
angles vertically opposed at D sre equal, and also the 
sides which contain them; therefore (IV) the angles 
BAD and DEC are equal, and also the sides A B 
and EC. But the angle BAD is equal to DAC 
G^yp*) i A^ therefore D A C is equal to the angle E, 
therefore (VI) the sides A C and E C are ^qual. But 
A B and £ C have been already proved equal, and therefore A B and 
A C are equal. 

*»* (107) The twenty-sixth proposition furnishes the third criterian 
which has been established in the Elements for the equality of two trian- 
gles. It may be observed, that in a triangle there are six quantities which 
may enter into consideration, and in which two triangles may ag^ree or 
differ ; viz. the three sides and the three angles. We can in most 
cases infer the equality of two angles in every respect, if they agree jn 
any three of those six quantities which are independent of each other. 
To this, however, there are certain exceptions, as will appear by the 
following general investigation of the question. 

When two triangles agree in three of the six quantities already men- 
tioned, these three must be spme of the six following combinations : 

i^ Two sides and the angle between them. 

2^ Two angles and the side between them. 

8^ Two sides, and the angle opposed to one of them. 

4^ Two angles, and the side opposed to one of them* 

5° The three sides. 

6^ The three angles. 

The first case has been established in the fourth, and the second and 
fourth in the twenty-sixth proposition llie fifth case has been esta* 
blished by the eighth, and in the sixth case the triangles are not neces- 
sarily equal. In this case, however, the three data are not indepen- 
dent, for it will appear by the thirty-second proposition, that any one 
angle of a triangle can be inferred from the other two. 

The third is therefore the only case which remains to be investi- 
gated. 

*^* (108) 3^. To determine under what circumstance two triangfa 
having two sides equal, each to each^ and the angles opposed to one pair of 
equal sides equals shall be equal in all respects. Let the sides A B and B C 
be equal to D E and £ F, and the angle A be equal to the angle D. 
If the angles B and E be equal, it is evident that the triangles are in 
every respeet equal, by (IV), and that C and P are equal. But if B 
and E be not equal, let ope (B) be ^ 

greater than the other E ; and fVom B 
let a line B G be drawn, making the 
angle A B G equal to the angle E. In ^ 
the triangles A B G and D E F, the angles A and A B G are equal 
respectively to D and E, and the side A B is equal to D E, therefore 
(XXVI) the triangles are in every respect equal ; and the side B G is 
equal to E F, and the angle B G A equal to the angle F. But since 
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E F is equal to B C, B 6 is equal to B C, and therefore (V) B GC 
is equal to B C G, and therefore C and G B A or F are supplemental. 
(109) Hence, if two triangles have two sides in the one respectively 
equcU to two sides in the other, and the angles opposed to one pair 
of equal sides equal, the angles opposed to the other equal sides wUl he 
either equal or supplemental. 

*^* (110) Hence it follows, that if two triangles have two sides 
respectively equal each to each> and the angles opposed to one pair of 
equal sides equal, the remaining angles will be equal, and therefore the 
triangles will be in every "respect equal, if there be any circumstance 
from which it may be inferred that the angles opposed to the other 
pair of equal sides are of the same species. 

(Angles are said to be of the same species when they are both acute, 
boUi obtuse, or both right). 

For in this case if they be not right they cannot be supplemental, 
and must therefore be equal (109), in which case the triangles will be 
in every respect equal, by (XXVI). 

If they be both right, the triangles will be equal by (108) ; because 
in that case G and C being right angles, B G must coincide with B C, 
and the triangle B G A with B C A ; but the triangle B G A is equal to 
E F D, therefore, &c. 

*^* (111) There are several circumstances which may determine 
the angles opposed to the other pair of equal sides to be of the same 
species, and therefore which will determine the equality of the triangles ; 
amongst which are the following : 

If one of the two angles opposed to the other pair of equal sides be 
right ; for a right angle is its own supplement. 

If the angles which are given equal be obtuse or right ; for then the 
other angles must be all acute (91), and therefore of the same species. 

If the angles which are included by the equal sides be both right or 
obtuse ; for then the remaining angles must be both acute. 

If the equal sides opposed to angles which are not given equal be 
less than the other sides^ these angles must be both acute (XVIII). 

In all these cases it may be inferred, that the triangles are in every 
respect equal. 

It will appear by prop. 38> that if two triangles have two sides 
respectively equal, and the included angles supplemental, their areas 
are equal. 

(The area of a figure is the quantity of surface within its perimeter). 
(112) If several right lines be drawn from a point to a given right line. 

1^ The shortest is that which is perpendicular to it. 

2^ Those equally inclined to the perpendicular are equal, and vice 
versa, 

3^ Those which meet the right line at equal distances from the per- 
pendicular are equal, and vice versa, 

4^ Those which make greater angles with the perpendicular are 
greater, and vice versa. 

5° Those which meet the line at greater distances from the perpen- 
dicular are greater, and vice versa* 

€P More than two equal right lines cannot be drawn from the same 
point to the same right line. 
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Th6 stttdent win find no difficiiliy in establishing these principles. 
(113) If any number of isosceles triangles be constructed upon the 
same base, their vertices will be all placed upon the right line, which 
is perpendicular to the base, and passes through its middle point. This 
is a very obvious and simple example 6f a species of theorem which 
frequently, occurs in geometrical investigations. This perpendicular 
is said to be the Iqcua of the vertex of isosceles triangles standing on 
the same base. 

Proposition XXVII. Theorem. 

(1 14) If a line (E F) intersect two right lines (A B and 

CD), and make the alternate angles equal to 
each other (A E F to E F D), these right lines 
are parallel. 

For, if it be possible, let those lines not be parallel but meet in 
6 ; the external angle A E F of the triangle 
E G F is greater than the internal E FG 
(XVI) ; but it is also equal to it (by hyp.)* 
which is absurd ; therefore A B and C D do 
not meet at the side B D ; and in the same 
manner it can be demonstrated, that they do not meet at the side 
A C ; since, then, the right lines do not meet on either side they 
are parallel. 

Proposition XXVIII. Theorem. 

(115) If a line (E F) intersect two right lines (A B aod 

C D), and make the external angle equal to the 
internal and opposite angle on the same side of 
theUne(EGAtoGHC,andEGB.toGHD); 
or make the internal angles at the same side 
(AGHandCHGorBGHandDHG) equal 
together to two right angles, the two right lines 
are parallel to another. 

First, let the angles EGA and G H C be equal; and since the 
angle E G A is equal to B G H (XV), the an^es 
G H C and B G H are equal ; but they are the al- 
ternate angles, therefore the right lines A B and C D 
are parallel (XXVII). 

In, the same manner the proposition, can be demon- 
strated, if the angles E G B and G H D were given eaual. 

' Next, let the luigles A G H and C H G taken togetner be eaual 
to two right angles ; since the angles G H P and G H C taJsen 
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togetlier are also equal to two right angles (XIII), the angles 
A 6 H and C H G taken together are equal to the angles G H D 
and C H G taken together ; take away the common angle C H G 
and the remaining angle AGH is equal to GHD; but they 
are the alternate angles, and therefore the right lines AB and 
C D are parallel (XXVII). In the same manner the proposition 
can be demonstrated, if the angles B G H and D H G were given 
equal to two right angles. 

By this proposition it appears, that if the line G B makes the angle 
BOH equal to the supplement of G H D (84), the line G B will be 
parallel to H D. In the twelfth axiom (54) it is assumed, that if a line 
make an angle with G H less than the supplement of G H D, that line 
wUl not. be parallel to H D, and will therefore meet it, if produced. 
The principle, therefore, which is really assumed is, that two right 
lines whidi intersect each other cannot be both parallel to the same 
right line, a principle which seems to be nearly self-evident. 

If it be granted that the two right lines which make with the third, 
G H» angles less than two right angles be not parallel, it is plain that 
they must meet on that side of G H on which the angles are less than 
two right angles ; for the line passing through G, which makes a less 
angle than B G H, with G H on the side B D, will make a greater 
angle than AGH with G H on the side A C ; and therefore that 
part of the line which lies on the side A C will lie above A G, and 
therefore can never meet H C. 

Various attempts have been made to supersede the necessity of as- 
suming the twelfth axiom ; but all that we have ever seen are attended 
with still greater objections. Neither does it seem to us, that the prin- 
ciple which is really assumed as explained above can reasonably be 
objected against. 

Proposition XXIX. Theorem. 

(11^ If a right line (E F) intersect two parallel right 
lines (A B and CD), it makes the alternate 
angles equal (AGH to GHD, and CHG to 
H G B) ; and the external angle equal to the 
internal and opposite upon the same side 
(EGA toGHC,andEGBtoGHD); and 
also the two internal angles at the same side 
(AGH and CHG, BGH and DHG) toge- 
iher equal to two right angles. 

V The alternate angles AGH and 6 H D are equal ; for if it 
be possible, let one of them A G H be greater than 
the other, and addmg the angle BGH to Doth, AG H 
and BGH together are greater than BGH and 
GHD; but AGH and BGH together are equal 
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to two right angles (XIII), therefore BGH and GHD are 
less than two right angles, and therefore the lines A B and C D, 
if produced, would meet at the side B D (Axiom 12) ; but they 
are parallel (hyp.), and therefore cannot meel, which is absurd.. 
Therefore neither of the angles AGH and GHD is greater than 
the other ; they are therefore equal. 

In the same manner it can be demonstrated, that the angles 
BGH and G H C are equal, 

2° The external angle E G B is equal to the internal GHD; for 
the angle E G B is equal to the angle AGH (XV) ; and A G H 
is equal' to the alternate angle GHD (first part) ; tlierefore E G B 
is equal to G H D. In the same manner it can be demonstrated, 
that EGA and G H C are equal. 

3° The internal angles at the same side BGH and GHD 
together are equal to two right angles ; for since the alternate 
angles GHD and AGH are equal (first part), if the angle 
B G H be added to both, BGH and GHD together are equal to 
BGH and AGH, and therefore are equal to two right angles 
(XIII). In the same manner it can be demonstrated, that the 
angles AGH and G H C together are equal to two right angles. 

(117) Cor 1. — If two right lines which intersect each other (A B, 
CD) be parallel respectively to two others 
(E F, G H), the angles included by those lines 
will be equal. 

Let the line I K be drawn joining the points 
of intersection. The angles C I K and I K H 
arc equal, being alternate ; and the angles A I K and I K F arc equaU 
for the same reason. Taking the former from the latter the angles 
A I C and H K F remain equal. It is evident that their supplements 
C I B and G K F are also equal. 

(118) CoR. 2. — If a line be perpendicular to one of two parallel lines, 
it will be also perpendicular to the other; for the alternate angles 
must be equal. 

(119) CoR. 3. — The parts of all perpendiculars to two parallel lines 
intercepted between them are equal. 

For let A B be drawn. The atigles B A C and A B D are equal, 
being alternate ; and the angles BAD and A B C are 
equal, for the same reason ; the side A B being common 
to the two triangles, the sides A C and B D must be 
equal (XXVI). 

(120) CoR. 4.— If two angles be equal (A B C and D E F), and the 
sides A B and D E be parallel, and the other sides B C 
and E F lie at the same side of them, they will also be 
parallel ; for draw B E. Since A B and D E are parallel, 
the angles G B A and G E D are equal. But, by hypo- 
thesis, the angles ABC and D E F are equal ; adding 
these to the former, the angles GBCand GEFare 
equal. Hence the lines B C and E F are parallel. 
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Proposition XXX. Theorem. 

(121) If two right lines (A B, C D) be parallel to the 
same right line (E F), they are parallel to each 
other. 

Let the right line G K intersect them ; the angle A G H is 
equal to the angle G H F (XXIX) ; and also the / 

angle H K D is equal to G H F (XXIX) ; there- " 
fore A G H is equal to G K D ; and therefore the 
right lines A B and C D are parallel. 

(122) Cor. — Hence two parallels to the same line 

Giannot pass through the same point. This is, in fact, equivalent to the 

twelfth axiom (115). 

Proposition XXXI. Problem. 

(123) Through a given point (C) to draw a right line 

parallel to a given right line (A B). 

Solution, 

In the line A B take any point F, join C F, and at the point 

C and with the right line C F make the angle _5 c » 

FCE equal to AFC (XXIII), but at Uie / 

opposite side of the line C F ; the line D E is / 

parallel to A B. ^ '^ ^ 

Demonstration. 

For the right line F C intersecting the hnes^ D E and A B 
makes the alternate angles E C F and AFC equal, and therefore 
the lines are parallel (XXVII). 

Proposition XXXII, Theorem. 

(124) If any side (A B) of a triangle (A B C) be pro- 

duced, the external angle (F B C) is equal to 
the sum of the two internal and opposite an- 
gles (A and C) ; and the three internal smgles 
of every triangle taken together are equal to 
two right angles. 

Through B draw B E paraUel to A C (XXXI.) The angle FEE 
is equal to the internal angle A (XXIX), and the /' 

angle E B C is equal to the alternate C (XXIX) ; « / b 

therefore the whole external angle FB C is equal /\ 

to the two internal angles A and C. / \^ 

The angle ABC with F B C is equal to two a. c 
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right angles (XIII) ; but FB C is equal to the two angles A and 
C (first part) ; therefore the angle ABC together with the angles 
A and C is equal to two right angles. 

(125) Cor. 1. — If one angle of a triangle be right, the sum of the 
other two is equal to a right angle. 

(126) Cor. 2. — If one angle of a triangle be equal to the sum of the 
other two angles, that angle is a right angle. 

(127) Cor. 3. — An obtuse angle of a triangle is greater and an acute 
angle less than the sum of the other two angles. 

(128) Cor. 4. — If one angle of a triangle be greater than the sum of 
the other two it must be obtuse ; and if it be less than the sum of the 
other two it must be acute. 

(129) CoR. 5. — If two triangles have two angles in the one respec- 
tively equal to two angles in the other^ the remaining angles must be 
also equal. 

(150) CoR. 6. — Isosceles triangles having equal vertical angles must 
also have equal base angles. 

(151) CoR. 7.— Each base angle of an isosceles triangle js equal to 
half the external vertical angle. 

(132) Cor. 8. — The line which bisects the external vertical angle of 
an isosceles triangle is parallel to the base, and vice versa.* 

(133) Cor. 9. — In a right-angled isosceles triangle each base angle is 
equal to half a right angle. 

(134) Cor. 10. — All the internal angles Of any rectilinear figure 
AB C D E, together with four right angles, are equal 
to twice as many right angles as the figure has sides. 

Take any point F within the figure, and draw the » 
right lines F A, F B, FC, F D, and F E. There are 
formed as many triangles as the figure has sides, and ^ 
therefore all their angles taken together are equal to twice as 
many right angles as the figure has sides (XXXII) ; but the an- 
gles at the point F are equal to four right angles (83) ; and there- 
fore the angles of the figure, together with four right angles, are 
equal to twice as many right angles as the figure has sides. 

lliis is the first corollary in the Elements, and the following is the 
second. 

(135) Cor. 11. — ^The external angles of any rectilinear figure 
are together equal to four right angles : for each 
external angle, with the internal adjacent to it, is 
equal to two right angles (XIII) ; therefore all the 
external angles with all the internal are equal to 
twice as many right angles as the figure has sides ; 
but the internal angles, together with four right angles, are equal 
to twice as many right an^es as the figure has sides (134). Take 
from both, the mteri:ial angles and the external remain equal to 
four right angles. 
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*^* This corollary is only true of what are called convex figure*; that 

is, of figures in which every internal angle is less than two right angles. 

Some figures, however, have angles which are called reentrant angles, 

and which are greater than two right angles. Thus in 

this figure the angle ABC exceeds two right angles, 

by the angle K B A, formed by the side B A with the 

production of the side B C. This angle K B A is that 

which in ordinary cases is the external angle, but which 

in the present instance constitutes a part of the internal angle, and iu thb 

case there is no external angle. The angle which is considered as the 

reentrant angle, and one of the internal angles of the figure is marked 

with the dotted curve in the figure. See (14). 

*4^* (136) A figure which has no reentrant angle is called a coTwex 

Agure* 

It should be observed, that the first corollary applies to all recti- 
linear figures, whether convex or not, but the second only to convex 
figures. ^ 

%* (137) If a figure be not convex each reentrant angle exceeds two 
right angles by a certain excess, and has no adjacent external angle, 
while each ordinary angle, together with its adjacent external angle, is 
equal to two right angles. Hence it follows, that the sum of all the 
angles internal and external, including the reentrant angles, is equal 
to twice as many right angles as the figure has sides, together with 
the excess of every reentrant angle above two right angles. But (134) 
the sum of the internal angles alone is equal to twice as many right 
angles as the figure has sides^ deducting four ; hence the sum of the 
external angles must be equal to those four right angles, together with 
the excess of every reentrant angle above two right angles. 

The sum of the external angles of every convex figure must be the 
same ; and, however numerous the sides and angles be, this sum can 
never exceed four right angles. 

If every pair of alternate sides of a convex figure be produced to 
meet, the sum of the angles so formed will be equal to 27i — 8 right 
angles. This may be proved by shpwing that each of these angles, with 
two of the external angles is equal to two right angles. 
%* (138) CoR. 12. — ^The sum of the internal angles of a figure is equal 
to a number of right angles expressed by twice the number of sides^ 
deducting four ; also as each reentrant angle must be greater than twp 
right angles, the sum of the reentrant angles must be greater t^nn 
twice as many right angles as there are reentrant angles. Hencf it 
follows, that twice the number of sides deducting four, must be greater 
than twice the number of reentrant angles, and therefore that the 
number of sides deducting two, must be greater than the number of 
reentrant angles ; firom which it appears, that the number of reentrant 
angles in a figure must always be at least three less than the number 
of sides. There must be therefore at least three angles in every figure, 
which are each less than two right angles. 

*»• (139) Cor. 13. — ^A triangle cannot therefore have any reentrant 
angle, which also follows immediately from considering that the three 
angles are together equal to two right angles, while a single reentrant 
angle would be greater than two right angles. 
«^» (140) Cor. 14, — No equiangular figure can have a reentrant angle. 
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fbr if one angle were reentrant all should be so, which catinot be 
(138). 

%* (141) CoE. 15. — If the number of sides in an equiangular figure 
be given, the magnitude of its angles can be determined. Since it can 
have no reentrant angle, the sum of its external angles is equal to 
four right angles ; the magnitude of each external, angle is therefore 
determined by dividing four right angles by the number of sides. This 
being deducted from two right angles, the remainder will be the mag- 
nitude of each angle. Thus the fraction whose numerator is 4, and 
whose denominator is the number of sides, expresses the part of a right 
angle which is equal to the external angle oi the figure, and if this 
fraction be deducted from the number 2, the remainder will express 
the internal angle in parts of a right angle. In the notation of arith- 
metic, if 71 be the number of sides, the external angle is the -^^ and the 
internal angle the (2 — ^y^ of a right angle. 

♦^* (142) Cor. 16. — ^The sum of the angles of every figure is equal to 
an even number of right angles. For twice the number of sides is neces- 
sarily even, and the even number four being subducted leaves an even 
remainder. Hence it appears, that no figure can be constructed the 
sum of whose angles is equal to 3, 5, or 7 right angles, &c. 
*^* (143) CoR. 17. — If the number of right angles to which the sum of 
the angles of any figure is equal be given, the number of sides may be 
found. For since the number of right angles increased by four is 
equal to twice the number of sides, it follows, that half the number of 
right angles increased by two is equal to the number of sides. 
*^* (144) Cor. 18. — If all the angles of a figure be right, it must be 
a quadrilateral, and therefore a right angled parallelogram. For (141) 
the magnitude of each external angle is determined in parts of a right 
angle by dividing 4 by the number of sides ; in the present case each 
external angle must be a right angle^ and therefore 4 divided by the 
number of sides must be 1, and therefore the number of sides must be 
four. Each of the four angles being right, every adjacent pair is 
equal to two right angles, and therefore the opposite sides of the figure 
are parallel. 

%* (145) Cor. 19. — ^The angle of an equilateral triangle is equal to 
one third of two right angles, or two thirds of a right angle. 

That one third of two right angles is equal to two thirds of one 
right angle, easily appears fi'om considering that as three thirds of a 
right angle is equal to one right angle, six thirds will be equal to two 
right angles, and one third of this is two thirds of one right angle. 
(146) Cor. 20. — ^To trisect a right angle. Construct any equilateral 
Uiangle and draw aline (XXIII), cutting off from the given angle an 
angle equal to an angle of the equilateral triangle. This angle being 
two thirds of the whole, if it be bisected, the whole right angle will be 
trisected. 

By the combination of bisection and trisection a right angle may be 
divided into 2, 3, 4, 6, 8, &c. equal parts. 

N. B. The general problem to trisect any angle is one which has 
never been solved by plane Geometry. 

*** (147) Cor. 21. — ^The multisection of a right angle may be ex- 
tended by means of the angleis of the regular polygons. 
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In a re^lar penta^n the external angle is four fifths of a right 
angle ; the complement of this angle being the fiflh of a right angle 
solves the problem to divide a right angle into five equal parts. 

In ^ regular heptagon the external angle is four sevenths of a right 
angle, which being divided into four equal parts (IX) g^ves the seventh 
of a right angle, and solves the problem to divide a right angle into 
seven equal parts. 

Thus in general the problem of the multisection of a right angle is 
resolved to that of the construction of the regular polygons, and vice 
versa. On this subject the student is referred to the fourth book of the 
Elements. 

(148) Cor. 22. — ^The vertical angle A of a triangle is right, acute or 
obtuse, according as the line AD which bisects the base B C is equal 
to, greater or less than half the base B D. 

1. If the line A D be equal to half the base B D, the J^ 
triangles A D B and ADC will be isosceles, therefore ^^^^'^/^\ 
the angles BAD and CAD will be respectively equal ^ d c 
to the angles B and C. The angle A is therefore equal to the sum of 
B and C, and is therefore (126) a right angle. 

2. If AD be greater than B D or D C, the angles B A D and C A D 
are respectively less than the angles B and C, and therefore the angle 
A is less than the sum of B and C, and is therefore (128) acute. 

8 If ADbelessthanBDorDC, theanglesBAD and C AD are 
respectively greater than B aiid C, and therefore the angle A is greater 
than the sum of B and C, and is therefore (128) obtuse. 

(149) Cor. 23. — ^The line drawn from the vertex A of a triangle 
bisecting the base B C is equal to, greater or less than half the base, 
according as the angle A is right, acute, or obtuse. 

1. Let the angle A be right. Draw A D so that ^^ 
the angle BAD shall be equal to the angle B. The ^-^^/X 
line B D will then bisect B C, and be equal to half ja i^~o 
of it. 

For the angles B and C are together equal to the angle A (125), and 
since B is equal to B A D, C must be equal to C A D. Hence it follows, 
(VI) that B D A and C D A are isosceles triangles, and that B D and 
C D are equal to A D and to each other. 

2. Let A be acute, and draw AD bisecting BC. The line AD 
must be greater than B D orD C ; for if it were equal to them the 
angle A would be right, and if it were less it would be obtuse (148). 

3. Let A be obtuse, and draw A D bisecting B C. The line A D 
must be less than each of the parts B D, D C ; for if it were equal to 
them the angle A would be right, and if it were greater the angle A 
would be acute (148). 

(150) Coa. 24. — To draw a perpendicular to a g^ven right line 
through its extremity without producing it. 

Take a part A B firom the extremity A, and construct on 
it an equilateral triangle A C B. Produce B C so that 
C D shall be equal to A C, and draw D A. Tliis will be 
ibe perpendicular required. For since A C bisects B D, 
and is equal to half cdfit, the angle D A B is right (148). 
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Proposition XXXIII. Theorem. 

(150) Right lines (A C and B D) which join the adja- 

cent extremities of two equal and parallel right 
lines (AB and C D) are themselves equal and 
parallel. 

Draw the diagonal A D, and in the triangles C D A and BAD 
the sides C D and B A are equal (by hyp.) ; A D is 
common to both triangles, and the angle C D A is equal 
to the alternate BAD (XXIX) ; therefore the lines A C 
and B D are equal, and also the angles CAD and 
B D A ; therefore the right line A D cutting the right 
lines A C and B D makes the alternate angles equal, and therefore 
(XXVII) the right lines A C and B D are parallel. 

Proposition XXXIV. Theorem. 

(151) The opposite sides (AB and CD, AC and 

B P) of a parallelogram (A D) are equal to 
one another, as are also the opposite angles 
(A and D, C and B), and the parallelogram 
itself is bisected by its diagonal (A D). 

For in the triangles C D A, BAD, the alternate angles C D A 
and B A D, C A D and B D A are equal to one another 
(XXIX), and the side AD between the equal angles is 
common to both triangles ; therefore the sides C D and 
C A are equal to A B and B D (XXVI), and the triangle 
C D A is equal to the triangle B A D, and. the angles 
A C D and A B D are also equal ; and since the angle A CD 
with CAB is equal to two right angles (XXIX), and ABD 
with C D B is equal to two right angles, ta!ke the eouals A C D 
and ABD from both, and the remainders CAB and C D B are 
equal. 

(152) Cor. 1. — If two parallelogprams have an angle in the one 
equal to an angle in the other, all the angles must be equal each to 
each. For the opposite angles are equal by this proposition, and the 
adjacent angles are equal, being their supplements. 

(153) Coa. 2. — If one angle of a parallelog^m be right, all its 
angles are right; for the opposite angle is right by (151), and the 
adjacent angles are right, beings the supplements of a right angle. 
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(154) Both diagonals A D, B C being drawn, it may, with a few 
exceptions, be proved that a quadrilateral figure which has any two of 
the following properties will also have the others : 

l^ The parallelism of A B and C D. 

H^ The parallelism of A C and B D. 

30 The equality of A B and C D. 

4"^ The equaUty of A C and B D. 

5° The equality of the angles A and D. 

6^ The equality of the angles B and C. 

V** The bisection of A D by B C. 

8** The bisection of B C by A D. 

9° The bisection of the area by A D. 
lO"" The bisection of the area by B C. 

These ten data combined in pairs will g^ve 45 distinct pairs ; with 
each of these pairs it may be required to establish any of the eight 
other properties, and thus 360 questions respecting such quadrilaterals 
may be raised. These questions will furnish the student with an use- 
ful geometrical exercise. Some of the most remarkable cases are 
among the following corollaries : 

The 9th and 10th data require the aid of subsequent propositions. 

(155) Cor. 3. — The diagonuls ofaparcUldogram bisect each other. 
For since the sides A C and B D are equal, and 

also the angles C A E and B D E, as well as A C E 
and D B E, the sides (XXVI) C E and B E, and also 
A E and E D are equal. c^ ^ 

(156) Cor. 4. — If the diagonals of a quadrilateral bisect each other, 

it will be a parallelogram. 
For since A E and E C are respectively equal to D E and E B, 
and the angles A E C and DEB (XV) are also equfd, the angles 
ACE and D B E are equal (IV) ; and, therefore, the lines A C and 
B D are parallel, and, in like manner, it may be proved that A B and 
C D are parallel. 

(157) Cor. 5. — In a right angled parallelogram the diagonals are 

equal. 
For the adjacent angles A and B are equal, and the 
opposite sided A C and B D are equal, and the side A B 
is common to the two triangles CAB and A B D, and 
therefore (IV) the diagonals A D andCB are equal. 

If the diagonals of a parallelogram be equal, it will be right angled. 
For in that case the three sides of the triangle CAB are respect- 
ively equal to those of D B A, and therefore ( V III) the angles A and 
B are equal. But they are supplemental, and tiierefore each is a 
right angle. 

*«^ (158) The converses of the difibrent parts of the 34th proposition 
true, and may be established thus : 
If the opposite sides of a quadrilateral be equal it is a parallelogram. 

For draw A D. The sides of the triangles A C D and 
ABD are respectively equal, and therefore (VIII) the 
angles CAD and AD B are equal, and also the angles 
CD A and DA B. Hence the sides A C and B D, and 
also the sides A B and C D are parallel. 
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Hence a lozenge is a parallelogram, and a square has all its angles 
right 

If the opposite angles of a quadrilateral he equals it toiU be a 
paraUelogram. 

For all the angles together are equal to four right angles (134) ; and 
since the opposite angles are equal, the adjacent angles are equal to 
half the sum of all the angles, that is, to two right angles, and there- 
fore (XXYIII) the opposite sides are parallel. 

If each of the diagonals bisect the quadrilateral, it will be a 
parallelogram. 

This principle requires the aid of the 39th proposition 
to establish it. The triangles CAD and C B D are 
equal, each being half the whole area, therefore 
(XXXIX) the lines A B and C D are parallel. In the 
same manner DAB and D C B are equal, and therefore A G and B D 
are parallel. 
*^* (159) The diagonals of a lozenge bisect its angles. 

For each diagonal divides the lozenge into two isosceles triangles 
whose sides and angles are respectively equal. 

*^* (1 60) If the diagonals of a quadrilateral bisect its angles^ it will 

be a lozenge. 

For each diagonal in that case divides the figure into two triangles, 
having a common base placed between equal angles, and therefore 
(YI) the conterminous sides of the figure are equal. 
%* (161) To divide a finite right line A L into any given nwniber of 

eqtuU parts. 

From the extremity A draw any right line A X 
of indefinite length, and take ijipon it any part A B. 
Assume 3 C, C D, D E, &c. successively equal to ^^ 
AB (III), and continue this until a number of parts 
be assumed on A X equal in number to the parts ^ * <» * "• 
into which it is required to divide A L. Join the extremity of the last 
part E with the extremity L, and through BCD, &c. draw parallels 
to E L. These parallels will divide A L into the required number of 
equal parts. 

It is evident that the number of parts is die required number. 

But these parts are also equal. For through 6 draw b m parallel 
to A E, and 6 c is a parallelogram ; therefore 6 m is equal to B C or 
to A B. Also the angle A is equal to the angle cbm, and A 6 B to 
bcm, H^nce (XXVI) A 6 and b c are equal. In like manner it may 
be proved, that b c and c d are equal, and so on. 

(162) Parallelograms whose sides and angles are equal are them- 
selves equal. For the triangles into which they are divided by theii 
diagonals have two sides and the included angles respectively equal, 
and are therefore (lY) equal, and therefore their doubles^ the parallelo- 
grams, are equal. 

(163^ Hence the squares of equal lines are equal. 
(164) Also equal squares have equal sides. For the diagonals being 
drawn, the right angled isosceles triangles into which they divide' the 
squares are equal; the sides ofthese triangles must be equal, for if not 
let parts be cut off from the greater equal to the less, and their extre- 
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mities being jouied, an iaosceles right angled triangle will be found 
equal to the isosceles right angled triangle whose base is the diagonal 
of the other square (IV), and therefore equal to half of the other square, 
and also equal to half of the square a part of which it is ; thus a part 
of the hafif square is equal to the half square itself, which is absurd. 

Proposition XXXV. 

(165) Parallelograms on the same base (B C) and be- 

tween the same parallels are equal. 

For the angles BAJP and POFand ako BEA and CFD 
are equal (XXlX), and 

the sides AB and DC f — Jf 7 /"T^ry 

are also equal (XXXIV), ^ ^ ^^ ^^ 

and therefore (XXVl) 
the triangles B A E and 
CDF are equal. These being successively taken from the whole 
quadrilateral B AFC, leave the remainders, which are the paral- 
lelograms B D and B F, equal. 

We have in this proof departed from Euclid in order to avoid the sub- 
division of the prc^sition into cases. The equality which is expressed 
in this and the succeeding propositions is merely equality of. area, and 
not of sides or angles. The mere equality of area is expressed by 
Legendre by the word equivalent, while the term equal is reserved for 
equality in all respects. We have not thought this of sufficient import- 
ance however to justify any alteration in the text. 

Proposition XXXVI. Theorem. 

(166) Parallelograms (B D and E G) on equal bases 
and between the same parallels are equal. 

Draw the right lines B F and C G. 

Because the lines BC and FG are equal to the same EH 
(XXXIV), they are equal to one another ; ^ — ** * 
but they are also parallel, therefore B F and 
C G which join their extremities are parallel 
(XXXIII) ; and B G is a parallelogram, there- 
tore eaual to both B D and EG (XXXV), and therefore the 
parallelograms B D and E G are equal. 

It is here supposed that the equal bases are placed in the same right 
Hne. 

. (167) Cor. — If two opposite sides of a parallelogram be divided 
into the same number of equal parts, and the corresponding points of 
division be joined by right lines, these right lines will severally divide 
the parallelogram into as many equal parallelo^axos. 

e2 
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Pkoposition XXXVII. Theorem. 

(168) Triangles (B A C and B F C) on the same base 
and between the same parallels are equal. 

Through the point B draw B E parallel to C A, and draw 
B D parallel to C F, and produce A E to meet 
these lines at E and D. The figures B E A C and 
BDFG are parallelograms on the same baseBC 
and between the same parallels, and therefore, 
(XXXV) equal ; and the triangles B A C and B F C are their 
halves (XXXIV), and therefore also equal. 

Proposition XXXVIII. 

(169) Triangles on equal bases and between the same 

parallels are equal 

For by the same construction as in the last proposition they 
are shown to be the halves of parallelograms on equal bases and 
between the same parallels. 

*** (I'^^^O ^OR. I. — Hence a right line drawn from the vertex of a 
triangle bisecting the base bisects the area. 

This proves that if two triangles have two sides respectively equal, 
and the included angles supplemental, the areas will be equal ; for the 
two triangles into which the bisector of the base divides the triangle 
are thus related. 

*** (1*^1) ^o^' 2- — ^^ general, if the base of a triangle be divided 
into any number of equal parts (161) lines drawn from the vertex to 
the several points of division will divide the area of the triangle into as 
many equal parts. 

Proposition XXXIX. Theorem. 

(172) Equal triangles (BAG and B D C) on the same 
base and on the same side of it are between 
the same parallels. 

For if the right line A D which joins the vertices of the tri- 
angles be not parallel to B C, draw through the 
point A a right line AE parallel to BC, cutting a 
side B D of the triangle B D C or the side produced 
in a point E different from the vertex, and draw 
CE. 

Because the right lines AE and BC are parallel, the triande 
B E C is equal to B A C (XXXVII) ; but B D C is also equal to 
B A C (hyp.), therefore B E C and JB D C are equal ; apart equal 
to the whole, which is absurd. Theriefore the line A E is do< 
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parallel to B C ; and in the same manner it can be demonstrated^ 
that no other line except A D is parallel to it, therefore A D is 
parallel to B C. 

Proposition XL. Theorem. 

(173) Equal triangles (BAG and EDF) on equal 
bases and. on the same side, are between the 
same parallels. 

For if the right line A D which joins the vertices of the two 
triangles be not parallel to B F, draw through 
the point A the right line A G parallel to B F, 
cutting a side D £ of the triangle £ D F, or 
the side produced in a point G different from 
the vertex, and join F G. 

Because the right line A G is parallel to B F, and B C and 
E F are equal, the triangle G E F is equal to B A C (XXXVIII) ; 
but E D F is also equal to B A C (hyp.), therefore £ G F and y 
EDF are equal ; a part equal to the whole, which is absurd. 
Therefore A G is not parallel to B F, and in the same manner it 
can be demonstrated, that no other line except A D is parallel to 
B F, therefore A D is parallel to B F. 

From this and the preceding propositions may be deduced the fol- 
lowing corollaries. 

(174) CoR. 1. — Perpendiculars being drawn through the extremities 
of the base of a g^ven parallelogram or triangle, and produced to meet 
the opposite side of the parallelogram or a parallel to the base of the 
triangle through its vertex, will include a right angled parallelogram 
which shall be equal to the given parallelogram ; and if the diagonal 
of this right angled parallelogram be drawn, it will cut off a right 
angled triangle having the same base with the g^ven triangle and equal 
to it. Hence any parallelogram or triangle is equal to a right angled 
parallelogram or triangle having an equal base and altitude. 

(175) CoR. 2. — Parallelograms and triangles whose bases and alti- 
tudes are respectively equal are equal in area. 

(176) CoR. 3. — Equal parallelograms and triangles on equal bases 
have equal altitudes. 

(177) CoR. 4. — Equal parallelograms and triangles in equal altitudes 
have equal bases. 

.(178) CoR. 5. — If two parallelograms or triangles have equal alti- 
tudes, and the base of one be double the base of the other, the area of 
the one will be also double the area of the other. Also if they have 
equal bases and the altitude of one be double tne altitude of the other, 
the area of the one will be double the area of the other. 
(179) CoR. 6. — ^The line joining the points of bisection of the sides of 
a triangle is parallel to its base. 

' For if lines be drawn from the extremities of the base to the points 

of bisection they will each bisect the area (171) of the triangle ; there- 

:fore the triangles having the base of the ^ven triangle as a common 
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baseband their TertieeB at the middle points of the side8»are equal»«iid 
therefore between the same parallels. 

(180) Cor. 7. — A parallel to the htue of a triangle throng ike 
point of bisection of one tide mil bised the other tide. 

For by the last Cor. the line joining the points of bisection of the 
sides is parallel to the base, and two parallels to the same line einnot 
pass through the same point. ^ 

(181) CoR. 8. — The lines which join the middle points 
DEFofthe three sides of a triangle divide it into fiur 
triangles which are equal in every respect, f — jf — *© 

(182) Cor. 9. — The line joining the points of bisection of each pair 
ofHdes is equal to half of the third side. 

%* ( 1 83) Cor. 1 0. — If two conterminous sides of a parallelogram be 
divided each into any number of equal parts, and through the sereral 
points of division of each side parallels be drawn to the other side, the 
whole parallelogram will be divided into a number of equal parallelo- 
grams, and this number is found by multiplying the number of parts in 
one side by the number of parts in the other. This is evident from 
considering, that by the parallels through the points of division of ond 
side the whole parallelogram is resolved into as many equal parallelo- 
grams as there are parts in the side through the points of which the 
parallels are drawn ; and the parallels through the points of division of 
the other side resolve each of these component parallelograms into at 
many equal parallelograms as there are parts in the other side. Thus 
the totsd number of parallelograms into which the entire is divided, is 
the product of the number of parts in each side. 
*•* (184) Cor. 11. — ^The square of a line is four times the ^ulkrebf 
its half. 

*«* (185) Cor. 12. — If the slides of a right angled plutdlelogram be 
divided into any number of equal parts, and such that the parts of one 
side shall have the same magnitude as those of the other, the whole 
parallelogram will be equal to the square of one of the parts into whieh 
the sides are divided, multiplied by the product of the number of parts 
in each side. Thus, if the base of the parallelogram be six feet and the 
altitude be eight feet, the area will be one sqUate foot multiplied by 
the product of six and eight or forty-eight square f^et. In this sense 
the area of such a parallelogram is said to be fbund by multiplying it6 
base by its altitude. 

*0* (186) Cor. 13. — Also, since the area of any parallelogpram is equal 
to that of a right angled parallelogram having the same base and alti- 
tude, and that of a triangle is equal to half that area> it follows thttt 
the area of a parallelogram is the product of its base and its altitude 
and that of a triangle is equal to half that product. 

The phrase * the product of two lines,' or 'multiplying one line by 
another, is only an abridged manner of expressing the multiplicatitm 
of the number of parts in one of the lines by the number of parts in the 
other. Multiplication is an operation which can only be eflbcted, 
properly speaking, by a number and not by a line. 
^^* (187) CoR. 14. — ^The area of a square is found numerically by ihul- 
tiplying the number of equal parts in the side of the square by itself. 
Thus a square whose side is twelve inches contains in its area 144 
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square inches. Hence, iu arithmetic, when a number is multiplied 
by itself the product is called its square. Thus 9^ 16, 25, &c. are the 
square^ of 3, 4, ^, &c. ; and 3, 4, 5, &c. are called the square roots of 
the numbers 9, 16, 25, &c. Thus sqiiare and square root are corre- 
lative temiSv 

%* (188) Cor. 15.— If <Ae/<mr sides of a quadrikUeralJlgure A B C D 
be bisecteS, arid the middle points E F H G of each pair of conterminous 
sides joined by right lines, those Joining lin>es wiUfarm a parallelogram 
£ F H G whose area, is equcU to half that of the quadrilateral. 

Draw C A and B D. The lines E F and G H are parallel to C A 
(179), and equal to half of C A (182). Therefore E P 
and G H are equal and parallel, and Uierefbre (XXIII) 
£ F H G is a parallelogram* But E B F is one-fourth 
of C B A, and G H D one-fourth of C D A (181), and 
therefore E B F and G D H are together one-fourth of 
the whole figure. In like manner E C G and F A H are 
together one-fourth of the whole, and therefore FBJS, 
£ C G, G D. H, and H A F are together one-half of 
the whole figure, and therefore £ F H G is equal to half the figure. 
*»* (*P^) ^^^ 1^' — -^ trapezium is equal to a parallelogram in the 
mme altitude^ and whose base is half the sum of the parallel basses. 

Let C D be bisected at H, and through H draw G F parallel 
to AB. 

Since C G and F D are parallel, the angles G C H and 
G are respectively equal to D, and H F D (XXIX) and _ 
C H is equal to H D, therefore (XXVI) C G is equal to a p d 
FD, and the triangle CH G to the triangle D H F. Therefore AF 
and B G are together equal to A D and B C, and the parallelogram 
A G to the trapezium A C \ and since A F and B G are equal, A F is 
half the sum of A D and B C. 

Proposition XLI. Theorem. 

(190) If a parallelogram (B D) and a triangle (B E C) 
have the same base and be between the same 
parallels, the parallelogram is double of the tri- 
angle. 

Draw C A. The triangle B E C is equal to the 

triangle BAG (XXXVII) ; but BD is double of the ^ 

trianffle BAG (XXXIV), therefore BD is also 
double of the triangle B E C. 

(191) This proposition may be generalized thus : If a parallelogram 
and triangle have eqiuU bases and altitudes^ the parallelogram is double 
the triangle (176). 

(192) Also, If a parallelogram and a triangle have equal altitudes, 
and the base of the triangle be dovhle the base cfthe parallelogram, the 
parallelogram and triangle will be equal. 

(193) If a parallelogram and triangle have equal bases, and the 
altitude of the triangle be double the altitude of the parallelogram, they 
wiU be equal. 
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Proposition XLII. Problem. 

(194) To construct a parallelogram equal to a given 

triangle (B A C) and having an angle equal to 
a given one (D). 

Solution. 

Through the point A draw the right line A F parallel to B C, 
bisect B C the base of the triangle in E, and at , 
the point E and with the right line C E make the 
angle C E F equal to the riven one D ; through C 
draw C G parallel to E F until it meet the line 
A F in G. C F is the required parallelogram. 

DemonatratioTL 

Because E C is parallel to A G (const.), and E F parallel to 
C G, E G is a parallelogram, and h^s the angle C E F equal to the 
given one D (const.) ; and it is equal to the triangle BAG, because 
It is between the same parallels and on half of the base of the 
triangle (192). 

Proposition XLIII. Theorem. 

(195) In a parallelogram (A C) the complements (A K 

and K C) of the parallelograms about the dia- 
gonal (E 6 and H F) are equal. 

Draw the diagonal B D, and through any point in it K draw 
the right lines F E and G H parallel to B C and 
BA; then EG and HF are the parallelograms 
about the diagonal, and A K and K C their com- 
plements. 

Because the triangles BAD and BCD are 
equal (XXXIV), and the triangles BGK, KFD are equal to 
BEK, KHD (XXXIV); take away the equals BGK and 
KEB,DFKand KHD from the equals BADandBCD,and 
the remainders, namely, the complements A K and K C, are 
equal. 

(196) £ach parallelogram about the diagonal of a lozenge is itself a 
lozenge equiangular with the whole. For since A B and A D are equal, 
A B D and A DB are equal (V). But E K B and A D B are equal 
(XXIX), therefore E K B and E B K are equal, therefore E K and 
E B are equal, and therefore E G is a lozenge. It is evidently equi« 
angular with the whole. 

(197) It is evident that the parallelograms about the diagonal, and 
also their complements^ are equiangular with the whole parallelogram ; 
for each has an angle in common with it (152). 
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Proposition XLIV. Problem. 

(198) To a given right line (A B) to apply a parallel- 

ogram which shall be equal to a given triangle 
(C), and have one of its angles equal to a given 
angle (D). 

Solution. 

Construct the parallelogram B E F G equal to the given triangle 
C, and having the an^le B equal to D, cs 

and so that B £ be m the same right 
line with A B ; and produce F G, and 

through A draw A H parallel to B G, ^ ^ ^^_^ 

and join H B. Then because H L and ^ ^ 

F K are parallel the angles L H F and F are together equal to 
two right angles, and therefore B H F and F are together less 
than two right angles, and therefore H B and F £ being produced 
will meet as at K. Produce H A and G B to meet K L parallel 
to H F, and the parallelogram A M will be that which is required. 

Demonstration. 

It is evidently constructed on the given line A B ; also in the 
parallelogram F L, the parallelograms A M and G E are equal 
(XLIIl)j but GE is equal to C (const), therefore AM is equal 
to C. The angle E B G is equal to A B M (XV), but also to D 
(const.), therefore ABM is equal to D. Hence AM is the 
parallelogram required. 

Proposition XLV. Problem. 

(199) To construct a parallelogram equal to a given 

rectilinear figure A B C E D, and having an 
angle equal to a given one. 

Solution. 

Resolve the given rectilinear figure into triangles ; construct a 
parallelogram R Q equal to the triangle 
BDA (aLIV), and having an angle I 
equal to the given angle H ; on a side of 
it, R V, construct the parallelogram X V 
equal to the triangle C B D, and having 
an angle equal to the given one (XLIV), 
and so on construct parallelograms equal to the several triangles 
into which ,the figure is resolved. L Q is a parallelogram equal 
to the-given rectihnear figure, and having an angle I equal to the 
given angle H. 
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DemonatratioTU 

Because RV and IQ are parallel the angle V R I togetber 
with I is equal to two right angles (XXIX) ; but V R X is equal 
to I (const.), therefore VRI with VRX is equal to two right 
angles, and therefore I R and R X form one right line (XIV) ; in me 
same manner it can be demonstrated, that R X and X L form one 
right line, therefore I L is a right line, and because Q V is parallel 
to I R the angle Q V R together with V R I is equal to two right 
angles (XXIX) ; but I R is paraUel to V F, and therefore I R V is 
equal to FVR (XXIX), and therefore QVR together vth 
F V R is equal to two right angles, and QV and F V form on^ 
right line (XIV) ; in the same manner it can be demopstrated of 
VF and FY, therefore Q Y is a right line and also is parallel tq 
I L ; and because L Y and R V are parallel to the same line X F, 
LY is parallel toRV (XXX); but IQ and RV are parallel^ 
therefore LY is parallel to IQ, and therefore LQ is a parailel- 
ogrsm, and it has the angle I equal to the given angle H, and i^ 
equal to the given rectilinear figure A B C E D. 
(!3K)) Cor. — Hence a parallelogram can be applied to a given 
right line and in a given angle equal to a given rectilinear figure, 
by applying to the given line a parallelogram equal to the first 
tnangle. 

Proposition XLVI. Problem. 

(201) On a given right line (AB) to describe a 
square. 

Solution. 

From either, extremity of the given line A B draw a line A C 
perpendicular (XI), and equal to it (III) ; through C 
draw CD parallel to AB (XXXI), and through B 
draw B D parallel to A C ; A D is the required square. 



Demonstration. 

Because AD is a parallelogram (const.), and the angle A a 
right angle, the angles C, D^ and B are also right (153) ; and be- 
cause AC is equal to AB (const.), and the sides CI) and D3 
are equal to A B and AC (XXXIV), the four sides AB, AC, 
C D, D B are «qual, therefore A D is a square. 

Proposition XLVIL Theorem. 

(202) In a right angled triangle (A B C) the square oi 
the hypotenuse (A C) is equal to the sum of 
the squared of the sides (A B and C B). 
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On the sides AB, AC, and BC describe the squares AX, 
A F, and B I, and draw B E parallel to either 
C F or A D, and join B P and A I. 

Because the angles ICB and ACFare^ 
equal, if B C A be added to both, the angles 
I C A and B C F are equal, and the sides I C, 
C A are equal to the sides B C, C F, therefore 
the triangles I C A and B C F are equal (IV) ; 
but A Z IS parallel to C I, therefore the paral- 
lelogram C Z is double of the triangle I C A, as they are upon the 
same base C I, and between the same parallels (aLI) ; and the 
parallelogram C E is double of the triangle B C F, as they are 
Upon the same base C F, and between the same parallels (XLI) ; 
therefore the parallelogram^ C Z and C E, being double of the 
equal triangles I C A and B C F, are equal to one another. • In 
the same manner it can be demonstrated, that A X and A E are 
equal, therefore the whole D ACF is equal to the sum of CZ 
and A X. 

*** (203) Cor. 1.^ Hence if the sides of aright angled triangle be 
given in numbers, its hypotenuse may be found ; for let the squares of 
the sides be added together, and the square root of their sum will be 
the hypotenuse (187). 

*»* (204) CoR. 2. — If the hypotenuse and one side be given in num- 
bers, the other side may be found ; for let the square of the side be sub- 
tracted from that of the hypotenuse, and the remainder is equal to the 
square of the other side. The square root of this remainder will there- 
fore be equal to the other side. 

(205) CoR. 3. — Given any number of right lines, to find a line whose 
square is equal to the sum of their squares. Draw two lines A B and 
B C at right angles, and equal to the first two of the given 
lines, and draw A C. Draw C D equal to the third and per- 
pendicular to A C, and draw A D. Draw D E equal to the 
fourth and perpendicular to A E, and draw A E, and so on. 
The square of the line A E will be equal to the sum of the 
squares of A B, B C, C D, &c., which are respectively equal 
to the ^ven lines. 

For the sum of the squares of A B and B C is equal to the square 
of A C. The sum of the squares of A C and C D, or the sum of the 
squares of A B, B C, C D is equal to the square of A D, and so on ; 
the sum of the squares of all the lines is equal to the square of A E. 

(206) Cor. 4. — ^Tofind a right line whose square is equal to the differ- 
ence of the squares of two given right lines. 

Through one extremity A of the lesser line A B draw an indefinite 
perpendicular A C ; and from the other extremity B infiect 
on A C a line equal to the greater of the given lines (60) ; 
which is always possible, since the line so inflected is 
greater than B A, which is the shortest line which can 
be drawn fi'om B to A C. The square of the intercept A D 
will be equal to the difference of the squares of B D and 
B A, or of the given lines; * 
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(207) Coa. S.-^If a perpendicular (BD) be drawn from the vertex 
of a triangle to the base, the difference of the squares of the sides 
(A B and C B) is equal to the difference between the squares of the 
segments (A D and C D). For the square of A B is equal to the sum 
of the squares of A D and B D, and the square 
ofCB is equal to the sum of the squares of 
C D and B D. The latter being taken from the 
former, the remainders, which are the difference 
of the squares of the sides A B and C B, and * i^ ^ -» - 

the difference of the squares of the segments A D and C D, are equal. 

(208) To understand this corollary perfectly, it is necessary to attend 
to the meaning of the term segments^ When a line is cut at any point, 
the intercepts between the point of section and its extremities are called 
its segments. When the point of section lies between the extremities 
of the line it is said to be cut irUemaUy ; but when, as sometimes hap- 
pens, it is not the line itself but its production that is cut, and therefore 
the point of section lies beyond one of its extremities, it is said to be 
txxt externally. By due attention to the definition of segments given 
above, it will be perceived that when a line is cut internally^ the line is 
the sum, of its own segments; but when cut externally , it is their difference. 

The case of a perpendicular from the vertex on the base of a triangle 
oflfersan example of both species of section. If the perpendicular fall 
within the triangle, the base is cut internally by it ; but if it fall outside, 
it is cut externally. In both cases the preceding corollary applies, and 
is established by the same proof. l^hA.segm^ents are in each case the 
intercepts A D and C D between the perpendicular and the extremi- 
ties of the base. 

(209) Cor. 4. — If a perpendicular be drawn from the vertex B to the 
base, the sums of the squares of the sides and alternate segments are 
equal. 

For the sum of the squares of A B and B C is equal to the sum of 
the squares A B, B D and C D, since the square 
of B C is equal to the sum of the squares of 
B D and D C. For a similar reason, the sum 
of the squares of A B and B C is equal to the 
sum of the squares of AD, D B and B C. 
Hence the sum of the squares of A B, B D and D C is equal to that of 
A D, B D and B C. Taking the square of B D from both, the sum 
of the squares of A B and C D is equal to that of B C and AD. 

Whether we consider the 47th proposition with reference to the pecu- 
liar and beautiful relation established in it, or to its innumerable uses 
in every department of mathematical science, or to its fertility ib the 
consequences derivable from it, it must certainly be esteemed the most 
celebrated and important in the whole of the elements, if not in the 
whole range of mathematical science. It is by the influence of this 
proposition, and that which establishes the similitude of equiangular 
triangles (in the sixth book), that Geometry has been brought under 
the dominion of Algebra, and it is upon these same principles that tke 
whole science ofTrigonometry is founded. 

The XXXIId and XLVIIth propositions are said to have been dis- 
covered by Pythagoras, and extraordinary accounts are given of ^liis 
exultation upon his first perception of their truth. It is howeTW 
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t^upposed by some that Pythagoras acquired a knowledge of them ia 
Egypt, and was the first to make them known in Greece. 

Besides the demonstration in the Elements there are others by which 
this celebrated proposition is sometimes established, and which, in a 
principle of such importance^ it may be gratifying to the student to 
know. 

%* (210) 1® Having constructed squares on the sides A B, B C on 
opposite sides of them from the triangle, pro- 
duce I H and F 6 to meet at L. Through A 
and C draw perpendiculars to the hypotenuse, 
and join K O. 

In the triangles A F K. and ABC, the angles 
F and B are equal, being both right, and F A K 
and BAG are equal, having a common comple- 
ment K A B, and the sides FA and A B are 
equal. Hence A K and A C are equal, and In like manner C O and 
A C are equal. Hence A O is an equilateral parallelogram, and 
the angle at A being right, it is a square. The triangle L G B is, in 
every respect, equal to B C A, since B 6 is equal to B A, and L G is 
equal to B H or B C, and the angle at G is equal to the right angle B. 
Hence it is also equal in every respect to the triangle K F A. Since, 
then, the angles G L B and F K A are equal, K A is parallel to B L, 
and therefore A L fs a parallelogram. The square A G and the 
parallelogram A L are equal, being on the same base A B, and 
between the same parallels (XXXV) ; and for the same reason the 
parallelograms AL and KN are equal, A K being their common 
base. Therefore the square A G is equal to the parallelogram K N. 

In like manner the square C H is equal to the parallelogram O N, 
and therefore the squares A G and C H are together equal to A O. 
*^* (211) 2® Draw AG perpendicular and equal to A C, and produce 
B A, and draw G D perpendicular to it. In the same ic k ]j y . 
manner driaw C H perpendiculaf and equal to C A, and 
produce B C and draw H F perpendicular to it. Produce k 
F H and D G to meet in E, and draw G H. » 

The triangles G D A and HFC are equal in every 
respect to A B C (XXVI). Hence F C, G D and A B 
are equal, and also H F, D A and B C, and the angles in each triangle 
opposed to these equal sides are equal. Also, since G A and H C are 
equal to A C, and therefore to each other, and the angles at A and C 
are right, A H is a square (XXXIII). Since G H is equal to A C, 
and the angles at G and H are right, it follows that the triangle G E H 
is in all respects equal to A B C (XXVI), in the same manner as for 
the triangles G D A and H F C. 

Through C and A draw the lines C K and A L parallel to B D 
and B F. Since C B and A I are equal and also C B and A D, it 
follows that A K is the square of B C, and in like manner that C L 
is the square of A B. The parallelograms B I and K L have bases 
and ■ altitudes equal to those of the triangle ABC, and are tlierefore 
each equal to twice the triangle, and together equal to four times the 
triangle. Hence B I and K L are tog^er equal to A B C, C F H, 
H EG and GD A together. TUdiig the finrmer and the latter success- 
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ively from the whole fi§^e, the reminders are in the one case the 
squares D I and C L of the sides B C and B A, and in the latter the 
square A H of the hypotenuse. Therefore, &c. 

(212) S^ On the hypotenuse A C construct the square AH, and 
draw G D and H E parallel to C B and A B, i^E^d produce these lines 
to meet in F, E and D. The triangles A B C, A D 6, GE H and 
H F C are proved in every respect equal (XXVI). It is 
evident, that the angles D, E, F, B are all right. But 
also since D G and A B are equal, and also G E and 
A D, taking the latter from the former D E and D B 
remain equal. Hence B E is a square on the difference 
D B of the sides ; and therefore the square of A C is 
divided into four triangles, in all respects equal to A B C and the 
square B E of the difference of the sides. 

Now let squares B G and B I he constructed on the sides, and take 
A E on the greater side equal to B C the less, and 
draw E H parallel to B C, and produce G C to,K. 
Draw GE and AH. 

The part B E is the difference of the sides A B 
and B C. And since B F is equal to A B, F C is 
also the difference of the sides, wherefore F Liia the 
square of this difference. Also since A E and B P are equal A B and 
D E are equal, therefore the parallelogram D L is douhle the triangle 
ABC. The sides and angles of the parallelogram A H are equal 
respectively to those of D L, and therefore these two parallelograms 
together are equal to four times the triangle ABC. Hence the 
squares A F and B G may be divided into four triangles G D E, G L E, 
A E H and A I H in all respects equal to the triangle ABC, and the 
square C H of the difference of the sides. Biit by the former con- 
struction the square of the hypotenuse was shown to. he divisible into 
the same parts. Therefore^ &c. 

The peculiarity of this proof is, that it shows that the squares of the 
sides may be so dissected that they may be laid upon the square of the 
hypotenuse so as exactly to cover it, and vice ver^Oy that the square of 
the hypotenuse may be so dissected as to exactly cover the squares of 
the sides. 

(213) The forty-seventh proposition is included as a case of the 
following move general one taken fh>m the mathematical collections of 
Pappus^ an eminent Greek Geometer of the fourth century. 

In any triangle (A B C) paraUelogrtmis A E and C G being de- 
serihed on the sides^ and their sides D E und 
F G being produced to meet at H, and H B I 
being draum, the parallelogram on AC whose 
sides are equal and paraUd to B H is equal to 
A E and C G together. 

For draw A K and C L parallel to B H, to ^f^ 1" c 

meet D H and F H in K and L. Since A H is a parallelogram, 
A K is equal to B H, and for a similar reason C L is equal to B H« 
Hence C L and A K are equal and parallel, and therefore (XXXIII) 
A L is a parallelogram. The parallelograms A E and A H ara 
equal, being on the same base A B» and between the same pani]icls» 




BOOK THE PIR8T. 



63 



and also A H aad K I whose commoB base is A R. ll&ace the 
parallelograms A £ and K I are equal. In like manner the paral^ 
lelograms C 6 and L I are equal, and therefore A £ and C G are 
together equal to A L. 

This proof is applied to the forty-seventh in (210). 

(214) The forty-seventh proposition is also a particular case of the 
following more general one : 

In any triangle (A B C) squares being constructed on the sides (A B 
and B C) and on the base ; and perpendiculars ( A D F and C £ G) 
being drawn from the extremities of the base to the sides^ the paraUdo- 
grams A G and C F formed by the segments C D, A £, with the sides 
of the squares^ will be together equal to the square of the base A C. 

For draw A H and B I ; and also B K perpendicular to A C. 

The parallelograms K C and -C F aie proved equal, exactly as 
C £ and C Z are proved 
equal in the demonstra- 
tion of the XLVIIth. 
And in like manner it 
follows, that AK and 
AG are equal, and 
therefore the square 
on A C is equal to the 
parallelograms A G and 
C F together. 

If the triangle be right angled at B, the lines G £ and D F will 
coincide with the sides of the squares, and the proposition will become 
the XLVIIth. 

(215) If B be acute the perpendiculars A D and C £ will fall within 
the triangle, and the parallelograms A G and C F are less than the 
squares of the sides ; but if B be obtuse the perpendiculars fall outside 
the triangle, and the parallelograms A G and C F are greater than the 
squares of the sides. 

Hence the forty-seventh proposition may be extended thus : 

The square of the base of a triangle is less than, equal to, or greater 

than the sum of the squares of the sides, according as the vertical angle 

is less than, equal to, or greater than a right angle. 




Proposition XLVIII. Theorem. 



(216) 



If the square of one side (A C) of a triangle 
(A B C) be equal to the sum of the squares of 
the other two sides (AB and BC), the angle 
(A B C) opposite to that side is a right angle. 

From the point B draw B D perpendicular (XI) to one of the 
sides A B, and equal to the other B C (III), and join 

AD. 

The square of A D is equal to the squares of A B 
and B D (XLVII), or to the squares of AB and B C 
which is equal to B D (const.; ; but the squares of 
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A B and B C are together equal to the square of A C (hyp.), 
therefore the squares of A D and A C are equal, and therefore 
the lines themselves are equal ; but also D B and B C are equal, 
and the side AB is common to both triangles, therefore the 
triangles ABC and AB D are mutually equilateral, and there- 
fore also mutually equiangular, and therefore the angle A B C is 
equal to the angle A B D ; but A B D is a right angle, therefore 
A B C is also a right angle. 

This proposition may be extended thus : 

The vertical angle of a triangle is less than, equal to, or greater than 
a right angle, according as the square of the base is less than^ equal to, 
or greater than the sum of the squares of the sides. 

For from B draw B D perpendicular to A B and equal p 
to B C, and join A D. 

The square of A D is equal to the squares of A B and y v 
B D or B C. The line A C is less than, equal to, or greater / x 
than A D, according as the square of the line A C is less ^ ^ 

than, equal to, or greater than the squares of the sides A B and B C. 
But the angle B is less than, equal to, or greater than a right angle, 
according as the side A C is less than, equal to, or greater than A D 
(XXV, VIII) ; therefore, &c. 
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(217) I. Every rectangle or right angled parallelogram is said 

to be contained by two right lines which contain 
one of its right angles. 

(218) 11. In any parallelogram either of the pa- 

rallelograms about the diagonal (EK 
or O F) with the two complements (A G 
and G D) is called a gnomon. 

(219) Next to the triangle, the most important rectilinear figure is 
the rectangle or right angled parallelogram. The areas of all figures 
whatever, whether bounded by straight lines or curves; are expressed 
by those of equivalent rectangles. To determine a rectangle it is only 
necessary to know two sides which are conterminous, for the other 
sides being opposed to these are equal to them, and the angles are all 
light. It is usual^ therefore, to express a rectangle by its two conter- 
minous sides, and it is said to be contained by these. Thus, if A and 
B express two lines which are the conterminous sides of a rectangle, 
the rectangle itself is called Mhe rectangle under A and B.' 

(220) It was proved in (186) that the area of a parallelogram 
can be expressed in numbers by multiplying the number which ex- 
presses the length of its base by that which expresses the length of its 
altitude. Hence, the area of a rectangle is expressed by multiplying 
the numbers representing its sides. The product then expresses the 
area. In arithmetic and algebra the product of two numbers is ex- 
pressed by placing the sign x between them. Hence, we derive a 
shorter way of expressing a lectangle whose sides are A and B, sciL 
AxB. 

By what has been established in (186), it appears that the area of 
every pavallelogram is expressed by the product of its base and alti- 
tude, and that every triangle is expressed by the product of any side 
and the perpendicular on it from the opposite angle. 

The entire of the second book is appropriated to the investigation of 
the relations between the rectangles under the segments of right lines 
divided into two or more parts. 

Proposition I. Theorem. 

(221) If there be two right lines (A and B C), one of 
which is divided into any number of parts 

F 
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(B D, D E, EC), the rectangle under the two 
lines is equal to the sum of the rectangles 
under the undivided line (A) and the several 
parts of the divided line (B C). 



K 




From the point B draw B H peq)endicular 
to B C, take on it B F equal to A, and through 
F draw F L parallel to B C, and draw D G, 
E K, and C L parallel to B F. 

It is evident that the rectangle B L is equal to the rectan^es 
B 6, D K, and E L ; but the rectangle B L is the rectangle 
under A and B C, for B F is eaual to A : and the rectangles B G, 
D K, and E L are the rectangles under A and B D, A and D E, 
and A and E C, for each of the lines B F, D G, and £ K is 
equal to A (XXXIV, Book I.). 

If the line B C be considered as the 9um of the several lines B D, 
D E, &c. this proposition may be thus announced : * The rectangles 
under one line and several others is equal to the rectangle under that 
line and the sum of the others.' 

(222) CoR. — The rectangle under any two lines U equal to twice tke 
rectangle under either of them and half the other, to three Ume» Uu 
rectangle under either of them and a third of the other ^ 8fc, Sfc, 

Proposition II. Theorem. 

(223) If a right line (A B) be divided into any two 
parts (in C), the square of the whole line is 
equal to the sum of the rectangles under 
the whole (A B) and each of the parts 
(AC, CB). 

On AB describe the square ADFB (XLV, Book I.), and 
through C draw C E parallel to A D. The square A F is »^ 
equal to the rectangles A E and C F. But the rectangle 
A £ is the rectangle under A B and A C, because A D 
is equal to A B (const.), and the rectangle C F is the rect- 



angle under A B and C B, because C E is equal to AB (XXXIV^ 
Book I. and const.). 

(224) In this and the succeeding propositions there is no necessity 
for the absolute construction of the rectangles to establish the relations 
they express. We shall, therefore, subjoin to each a second demon- 
stration independent of any construction. 
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^ Let A be the Aghi line divided into the parts x and y. 
We are to prove that the square of A is equal to the rect- 
angles A X J7 and A yc y taken together. 
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Let B be drawn equal to A. By (I*) the rectangle B x A is 
equal to the rectangles B X J? and B yc y taken together ; that is, 
(since B is equal to A) to the rectangles A >C x and A X y taken 
together. 

As we shall frequently have occasion to express the equality of 
quantities, the language will be abridged by the use of the sign :=:. 
Thus, * A == B' means * the line A is equal to the line B.' 
(225) The second book is generally found to be one of the greatest 
difficulties which the student has to encounter in plane geometry. One 
of the causes of this (if not the only cause) is, the great variety of 
forms under which the same proposition may present itself. We cannot 
do any thing more calculated to remove this difficulty, than to show 
from whence this variety of forms arises. We have already stated 
that the object of most of the propositions of this book is, to determine 
the relations between the rectangles under the parts of divided lines. 
We shall first confine our attention to a finite right line divided into 
two parts. 

In this case there are three lines to be considered ; 1st, the whole 
line ; 2nd, its greater part ; 3rd, its lesser part ; and in the present 
propositioa the square of the first is compared with the rectangles 
under it and the second and third. 

If^ however, the two parts be considered as two independent lines, 
the whole line must be considered as their sum. Under this view the 
second proposition becomes, ' The square of the sum of any two lines 
is equal to the rectangles under the sum and each of them.' 

Again, if the whole line A be considered as the greater of two given 
right lines and one of the parts x as the less, the other part y must be 
their difference. Thus the greater line is, in fact, supposed to be divided 
into two parts equal to the less and difference. Under this view, the 
second proposition assumes the form, * The square of the greater of two 
lines is equal to the rectangle uiider those lines together with the rectang^ 
under the greater and difference,^ 

These, though apparently different from the second proposition, as 
announced in the text, are really the same, no other change being 
made than in the names given to the line and its parts. They 
should not, therefore, be denominated corollaries^ as is sometimes 
the case. 

If W express the whole line, and P,;? its parts, the proposition as 
announced in the text may be expressed thus : 

The square of W= W X P + W X jp. 
(The sign + interposed between two magnitudes signifies their sum.) 

If L, / express any two lines and S express their sum, the second 
method of announcing the proposition may be expressed thus : 

The square of S = SxL4-Sx/^. 

* When a reference is made to a proposition without any mention of a * Book,* the 
present book is to be understood. 

F 1 
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And if D ^represent the difference between L and /, the third me- 
thod is : 

The square of L :=Lx^ + LxD 

In the study of the second book considerable facility may be derived 
from the use of these symbols. 



Proposition III. Theorem. 

(226) If a right line (A B) be divided into any two 
parts (in C), the rectangle under the whole 
line (A B) and either part (A C) is equal to 
the square of that part (A C) together with 
the rectangle under the parts (A C and CB). 

On A C describe the square A D F C, and through B draw B E 
parallel to AD, until it meet D F produced to E. 
The rectangle A E is equal to the square A D F C 
together with the rectangle C E. 

But the rectangle AE is the rectangle under 
A C and AB, for A D is equal to AC (const.), 
and the square A D FC is the square of AC (const.), and the 
rectangle C E is the rectangle under A C and C B, for C F is 
equal to AC (const). 

Othermse thus t 

Let A be the right line divided into the parts x and y^ and 
let B be another line equal to x* By (I) the rectangle A X B 
sss B X » +. B X y. But since B = j?, •.* * the rectangle 
B X ^ is the square of «r, and the rectangle B X 2^ is equal 
to the rectangle x y, y. Hence, &c. 

(227) Conformably to the observations on the last proposition, this 
may be announced in two other ways« 

I < If the two parts of the divided line be considered as two ind&> 
pendent lines, the whole line being their sum^ the proposition becomes, 
* The rectangle under the sum of two lines, and one of them, is equal 
jlo the square of that one together with the rectangle under the lines^ 

2. If the whole line be considered as the greater, one part as the 
less, and the other as the difference, the proposition becomes, * The 
rectangle under two lines is equal to the square of the less together 
with the rectangle under the less and difierence.' 

(228) Cor. 1. — From this and the last proposition combined it 
follows, that the difference of the squares of ttoo lines is equal to the 
rectangle under their sum and difference. For by the second, the 

' ". ' ■ ' '' 

* This sign expresses the word * therefore.' 
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square of the greater is equal to the rectangle under the lines together 
with the rectangle under the greater and difference ; and by the third^ the 
rectangle under the lines is equal to the square of the less together with 
the rectangle under the less and difference. Hence, the square of the 
greater is equal to the square of the less together with the rectangles 
under the difference of the lines and the lines themselves respectively. 
But by (I) the rectangles under the difference, and the lines respectively, 
are together equal to the rectangle under the difference and the sum of 
the lines. Hence, the square of the greater of two lines is equal to 
the square of the less together with the rectangle under their sum and 
difference* This rectangle is therefore equal to the difference of their 
squares. 

This, which is one of the most important principles established in 
the second book, is commonly deduced as a corollary from the fifth pro* 
position^ From the proof just given it appears, however, to be only a 
combination of the results of the second and third propositions. 
(229) The second and third propositions might be incorporated and 
brought under one enunciation, thus: * The difference between the 
rectangle under two lines and the square of one of them is the rectangle 
under that one and their difference.' If that one be the greater, this is 
the second proposition ; and if it be the less, it is the third. 
(280) Con. 2. — Since the greater of two lines is equal to the sum of the 
less and difference, it follows, that the sum of the lines is equal to twice 
the less together with the difference. Hence we may infer that the rect- 
angle under the sum and difference is equal to the square of the dif- 
ference together with the rectangle under twice the difference and less, 
(III), or to the square of the difference together with twice the rect^ 
angle under the difference and the less. Hence it follows, that the 
difference of the squares of two lines exceeds the square of their difference 
by twice the rectangle under the less and diff'hrence. 

Proposition IV. Theorem. 

(231) If a right line (A B) be divided into any two 
parts (in O), the square of the whole line is 
equal to the sum of the squares of the parts 
and twice the rectangle under the parts. 

On A C describe the square A C D B, draw A D^ and through 
O draw OK parallel to AC, cutting AD in G, and c, k, 
through G draw E F parallel to A B. 

The square AC D B is equal to the squares E O and ^ 
KF together with the rectangles CG and GB. But a o 
K F is flie square of B O (196), and E O is the square of A O, 
for F G is equal to B O ; and C G and G B together are equal 
to double the rectangle under the parts, because G K is equal 
to B O, and B G is the rectangle under the parts A O and O B, 
because O G and O A are equal (196). 
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Oiherwiie thuii 

Let A be the line divided into the parts x and y. By (II) the 
square of A is equal to the rectangles Ky, x and A x ^ together ; but 
by (III) the rectangle Ax x is equal to the square c^ x together with 
the rectangle j: X y« and also the rectangle A x ^ is equal to the square 
of y together with the rectangle x y, y. Hence the square of A is 
equal to the squares of the parts x and y and twice the rectangle under 
them. 

(232) ColL I. — The iquare of a tine U fouf ftMet thi square of Ui 
half For if the line be bisected, the squares of the parts are twice the 
square of half, and the rectangle under them is the square of the half. 

(233) Cor. 2. — It appears, also, that half the square of a line ii equal 
to double the square of half the line. 

(234) lliis proposition may also be announced thus : ' The square of 
the sum of any two lines is equal to the sum of their squares tog^er 
with twice the rectangle under them.' 

(235) Cor. 3. — It will not be difficult to extend this pi^position to 
a line divided into any number of parts ; in this case the square of the 
line wUl be equal to the sum of the squares of all the parts together with 
the double rectangle under every distinct pair of them. Thus if it be 
divided into three parts «r, y^ z, the square of the whole line is equal to 
the sum of the squares of j?, y^ and z together with twice the Mun of the 
rectangles x ycy^y >c x^ and x x z. 

Proposition V. Theorem. 

(236) If a right line (A B) be cut into equal parts 
(in C), and into unequal parts (in D), the 
rectangle under the unequal parts (A D and 
D B), together with the square of the interme- 
diate part (C D), is equal to the square of the 
half line (CB). 

On C B describe the square C K M B, draw KB, And through 
the point D draw D L parallel to C K, and cutting 
KB in G, and through G draw H G E parallel to 
A B, until it meet the line A E drawn through A 
parsdlel to C K. 

Because the lines AC and CB are equal 
(const.), the rectangles AF and CH are equal (XXXVI, Bode I.) ; 
but the rectangles C G and G M are also equal, therefore tine 
rectangle A G is equal to the gnomon C H L (218) ; add to both 
the square F L, and the rectangle A G together with the square 
F L is equal to the square C K M B. But the rectangle A G is 
the rectangle under A D and D B, for D G is equal to D B, Und 
F L is the square of C D, because F G and C D are equal 
(XXXIV, Book I.), and C K M B is the square of C B. 
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OtherwiMe tkut : 

The rectangle A D x D B is equal to the rectangles A C x D B and 
CDxDB, or to CBxDBand CDxDB (I). But the rectangle 
C B X D B is equal to the square of D B together with the rectan^e 
C D X D B (III). Hence the rectangle A D x D B is equal to the square 
of D B together with twice the rectangle C D x D B. Add to both the 
square of G D, and the rectangle A D X D B together with the square 
of C D is equal to the squares of C D and D B together with twice the 
rectangle CDxDB, or to the square of CB (IV). 

In this proposition the given finite line is supposed to be divided in 
two points, equally and unequally. In this case several distinct linear 
magnitudes are to be considered, viz. the whole line, the equal seg- 
ments, the unequal segments, the intermediate part, or the part inter- 
cepted between the points of equal and unequal section. 
(287) Between these several lines there are some obvious and impor- 
tant relations. The whole line is the sum of the unequal segments, and 
each of the equal segments is half the sum of the unequal segments. 
Again, since the greater segment exceeds the half line by the interme- 
diate part, and the half line exceeds the lesser segment by the interme- 
diate part, it follows, that th.e greater segment exceeds the lesser seg- 
ment by twice the intermediate. Hence it appears, that the interme- 
diate part is half the difference of the unequal parts. 

(238) When three quantities are so related that the first exceeds the 
second by as much as the second exceeds the third, they are said to be 
in arithmetical progression. The first and third are called extremes, 
and the second is called the m^an. The greater segment A D, the half 
line A C, and the lesser segment, are thus related, for A D exceeds A C 
by the intermediate C D ; and again, A C or C B excfeeds the lesser 
segment D B by the intermedfate part C D. Hence the half line C A 
is an arithmetical mean between the unequal parts A D and D B. 

(239) When three quantities are thus related, it appears therefore 
that the difference between the mean and each extreme is the same, and 
is therefore called the common difference. Thus the three lines A D, A C, 
D B are in arithmetical progression, the common difference being the 
intermediate part C D. 

(240) It. will be easy to estfiblish similar conclusions, whatever be 
the nature of the quantities which are supposed to be in arithmetical 
progression ; and it may in general be assumed, that ' the arithmetical 
mean is half the sum of the extremes, and that the common difl^nce 
is half the difference of the extremes.' 

(241) The'fiflh proposition may then be announced thus: * The 
square of the arithmetical mean is equal to the rectangle under the 
extremes together with the square of tiie common difference.' 

(242) If A D and D B be considered as two independent lines, the 
proposition assumes another form : * The rectangle under any two 
lines together with the square of half their difference is equal to the 
square of half their sum.' 

(243) Again, this proposition may still assume a different form. I^et 
A C and C D be considered as two independent lines. The line A D 
will be their sum, and D B their difference. Thus the proposition be- 
comes, ' The rectangle under the sum and difference' of two lines toge- 
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ther with the square of the less is equal to the square of the greater :* 
dr, * The diffeiteDce of the squares of two Unes is equal to the rectangle 
under their sum and difierence :' a result already obtained in (228). 

(244) Cor. 1. — It appears that wherever the point of unequal section 
may be, the rectangle under the unequal parts together with the square 
of tibe intermediate make up the same sum ; viz. the square of half the 
line. Hence it follows, that as the intermediate part diminishes the 
rectangle increases, and vice versa. If the point of unequal section be 
supposed continually to approach the middle point of the line, the 
rectangle will continually increase, since the intermediate continu- 
ally diminishes ; and when the point of unequal section arrives 
at the point of equal section, the rectangle under the unequal 
parts becomes equal to the rectangle under the equal parts, or to 
the square of half the line. If the point of unequal section be sup» 
posed to move beyond the middle point of the line, the rectan^e 
begins to diminish. This afibrds a remarkable instance of a very ex- 
tensive class of mathematical problems, in which the maxima or mt* 
nima values of variable quantities are sought. In the present instance 
let us suppose a line given, and that it is required to cut it so that the 
rectangle under the segments shall be a maximum ; that is, so that 
the rectangle under tilie segments shall be greater than the rect- 
angle under any other segments into which the same line can 
be divided. Let us suppose that the point of section is first placed 
at the middle point of the line ; the rectangle is then equal to the 
square of half the line. If it be moved toward either extremity, the 
rectangle wUl be diminished by the square of the space through which 
it is moved ; and this diminution will continue until the point of sec- 
tion shall arrive at the extremity, when the square of the space through 
which it has been moved is the square of half the line, and the rect- 
angle becomes absolutely nothing. Thus the rectangle is a mcuvimum 
when the line is bisected, and its maximnm value is the square of half 
the given line. 

(245) Cor. 2.— Since the square of a divided line is composed of the 
sum of the squares of its parts and twice the rectangle under them, it 
follows^ that the greater the rectangle is^ the less will be the sum of the 
squares of the parts ; and.therefore, when the rectangle is a m^aximum 
the sum of the squares of the parts will be a minimum. Hence it ap- 
pears, that the sum of the squares of the parts is a minimum when the 
line is bisected. The minimum value of the sum of the squares of the 
parts will evidently be twice the square of half the line. 

(246) CoR. 8. — Of all rectanglea having the sams perimeter the 
square contains the greatest area. For by (242), the area of the square 
exceeds the area of any other isoperimetrical rectangle by the square of 
half the difference of the sides of the rectangle. 

(247) Cor. 4. — Of all rectangles equal in area the square is contained 
hy the least perimeter. For the square of the fourth part of the peri- 
meter of a rectangle exceeds the area of an equivalent square by the 
square of half the difference o£the sides of the rectangle ; therefore, the 
perimeter of the rectangle must be greater than that of the equivalent 
square. 

(248) We have already noticed the distinction between the internai 
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and external section of a line. In each case the segments are the 
parts intercepted between the point of section and the extremities 
(208). If a line be bisected and cut externally the lesser segment, the 
intercept between the points of equal and unequal section and the 
greater segment are in arithmetical progression, the common difference 
being half the given line. Hence it follows (240), that in this case the 
intermediate part between the two points of section is half the sum of 
the segments. This is a principle to which we shall have frequent 
occasion to refer. 

(249) Cor. 5. — Jfa perpendicular he drawn from the vertex of a 
triangle to the base^ the rectangle under the sum and difference of the 
Mide» is equal to the rectmigle under the sum, and difference of the seg^ 
menu (207). 

(250) Coiu 6. — The difference between the squares of the sides of a 
triangle is equal to twice. ihe rectangle under the base and the distance 
of the perpendicular from the middle point 

For if the perpendicular fall within the base, this distance is half the 
difference of the segments^ and the base is their sum ; and if it fall 
outside the base> this distance is half the sum of the segments, and the 
base is their difference. Hence we may infer the principle from (207) 
and (243). 

Proposition VI. Theorem. 

(251) If a right line (A B) be bisected (in C), and pro- 
duced to any point (F), the rectangle under 
the whole line, thus produced (A F), and the 
produced part (B F), together with the square 
of the half line (C B), is equal to the square of 
(C F) the line made up of the half and produ- 
ced part. 

On C F describe the square C E G F, draw E F, and through the 
point B draw B P parallel to F G, and cutting E F 
in K, through K clraw L O parallel to C F and 
meeting A O, which is drawn through A parallel to 
v/ D, 

Because A C and C B are equal (hyp.), the 
rectangle A D is equal to the rectangle C K 
fXXXVI, Book I.) ; but the rectangles C K and K G are equal 
(XLIII, Book I.), therefore A D is equal tx) K G ; add to both C L, 
and A L is equal to the gnomon CLP; add to both D P, and the 
sum of A L and D P is equal to the square of C F. But A L is the 
rectangle under the whole produced line and the produced part, 
for F L is equal to B F (196), and D P is the square of the half 
C B, for it is the square of D K (196), and D K. is equai to C B 
(XXXIV, Book 10. 
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Otherwise thus : 

The rectangle A F x F B is equal to the square of B F together \iath 
twice the rectangle C B x B F (I, IIL). Add to both the square of 
C B, and the rectangle A F x F B together with tfie square of C B is 
equal to the squares of C B and B F together with twice the rectangle 
under C B and B F, or (IV) to the square of C F. 

(252) This proposition differs only in appearance from the fifth. In 
this case the line A B is cut externally at F, and the intermediate part 
C F is half the sum of the segments. We have shown that the fifth 
may be announced thus : * The square of half the sum of two lines is 
equal to the rectangle under them together with the square of half 
iheir difierence/ Now, in the present instance, C F is half the sum of 
A F and B F, and C B is half their difierence, so that the present pro- 
position is, in fact, identical with the fifth. 

(253) CoR. — If a line A D 6c drawn from the vertex A of an iso- 
sceles triangle to the base or its production, the difference between the 
squares of this line and the side of the triangle is the rectangle under 
the segments B D X D C of the base. 

For by (207) the difierence of the squares of A D and A C is equal 
to the difierence of the squares of the half base 
C E and the intermediate part D E ; but this 
is equal to (V, VI) the rectangle B D x D C. 
If the line A D be perpendicular to the base it 
will coincide with A E, and the intermediate^^ 
part D E will vanish. 

Proposition VII. Theorem. 

(254) If a right line (A B) be divided into any two 
parts, the sum of the squares of the whole line 
(AB) and either segment (CB) is equal to 
double the rectangle under the whole, and that 
segment, together with the square of the other 
segment (A C). 

Describe the square of AB, draw FB through the point C, 
draw C G parallel to A F, and through P, its intersec- f & k 
tion with F B, draw D E parallel to A B. 

The square AK is equal to the rectangles AE 
and P K together with the square D G : add to both 
the square C E, and the squares A K and C E, taken 
together, are equal to the rectangles A E and C K together with 
the square D G. 

But A E is equal to the rectangle under A B and C B, be- 
cause C B and B E are equal (196), and C K is also equal to the 
rectangle under AB and CB, because KB is equal to AB 
(const), and D G is the square of A C, because D P and A C are 
equal (XXXIV, Book I.). 
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OtAawite fhtu: 
The Bqu&re of A B is equal to Ifae aum of the squares of A C and 
CB together with twice the rectangle A CxCB (IV). Addtobothihe 
square of CB, and the sum of the squares of A B and CB Is equal to 
Uie square of A C together with twiue the rectangle A C x C B and 
twice the square of C B. But the rectangle A C X C B t(^i;ether with 
the square of C B is equal to the rectangle A B x B C. Hence the 
sum of the squares of A B and B C is equal to twice the rectangle 
A B X B C together with tiie square of A C. 

(255) Cor. 1. — If we consider AB and BC aa two independent 
lines, and AC as their difference, this propoaition will be thus an- 
nounced: ' The sum of the squares of any two lines is equal to twice 
the rectangle under them together with the square of their difference.' 
(856) Cor. 2. — Hence and by (IV) it appears, that Ihe tquare of the 
mm of two Una, the sum of their iquara, and the tqaare of their differ- 
ence, are in arithmetical progrettion, the common difference being twice 
iAe rectangle under the lines. For by (IV), the square of the sum 
exceeds the sum of the squares by twice the rectangle ; and by (VII), 
tbe sum of the squares exceeds the square of the difference by twice 
the rectangle. 

Proposition VIII. Thboreu. 

(257) If a ri^t line (A C) be divided into any two 
parts (in B), the square of the sum of the 
whole Une (A C), and either segment (B C), 
is equal to four times the rectangle under the 
whole line (A C), and that segment (B C), to- 
gether with the square of the other segment 
(AB). 

Produce AC till C D is equal to B C ; on A D describe the 
square ARZD (XLVI, Book I.), and through the points B 
and C draw B S and C V parallel to A R; having drawn R D, 
draw through the points G and K, E H and L P parallel to 
AD. 

Because S V is equal to B C (XXXI V, Book I.), and B C to D 

(const.), and C D to V Z, S V and V Z are _ 

equal, and therefore the rectangles S G and 

Vtl are equal (XXX VI, Book I.) ; biU VH 

and AG are also equal (XLIII, Book I,), 

therefore S G is equal to A G ; and because 

F G is equal to B C (XXXIV, Book I.). F G 

and C D are equal, and therefore the square F O is equ^ to the 

square C H ; but also EK and KVareequal (XLIII.Bookl.); to 

these equals, if the equals C H and F O be added, E K awl Q. W. 
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together shall be equal to S G, and therefore to A G : therefore A Q, 
&G, and V H, together with E K and C H, are four thxies AG ; 
but AG, S G, and V H, together with E K, C H, and the square 
L S, are equal to the square A Z ; therefore A G, four times taken 
together with L S, is equal to A Z. 

But A G is the rectangle under A C and B C, because C G is 
equal to C D (196), and therefore to B C, and L S is the square of 
AB, because A B and R S are equal (XXXIV, Book I). 

Otherwise thua: 

By (IV), the square of the sum of A C and B C is equal to the sum 
of their squares together with twice the rectangle under them ; and by 
(VII), the sum of the squares of A C and B C is equal to twice the 
rectangle under them together with the square of A B ; hence * the 
square of the sum of A C and B C is equal to four times the rectangle 
under them together with the square of A B. 

This proposition may evidently be expressed thus : ' The square of 
the sum of two lines is equal to four times the rectangle under them 
together with the square of their difference.' 

Otherwise thus : 

By (V), the square of half the sum of two lines is equal to the rectangle 
under them together with the square of half the difference. Therefore 
four times the square of half the sum (or the square of the sum (232) ) 
is equal to four times the rectangle under the lines together with four 
times the square of half the difference (or the square of the difference). 

Proposition IX. Theorem. 

(258) If a right line be cut into equal parts (in C), and 
into unequal parts (in D), the sum of the 
squares of the unequal parts (A D and D B) is 
equal to double the sum of the squares of the 
half (A C) and of the intermediate part (C D). 

From the point C draw C E perpendicular to AB and equal 
to either A C or C B (XI, III, Book L), join A E and E B, and 
through D draw D F parallel to C E, and through F draw F G 
parallel, to C D, and join F A. 

Because the angle ACE is a right angle, and the sides A C 
and C E are equal (const), C E A is half a right 
angle; in the same manner it can be demon- 
strated, that C E B is half a right angle, therefore 
A E B is a right angle ; on account of the parallels 
GFand CD, the angle EGF is equal ECB 
(XXIX, Book L), therefore E (r F is a right angle ; but G E F is 
half aright angle, therefore G FE is also half a right angle, and 
therefore G E and G F are equal (VI, Book I.) ; likewise F D B i» 
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a right angle, because it is equal to the angle E CB, on account 
of the parallels F D and C E ; but D B F is half a right an^le^ 
therefore D F B is half a right angle, and therefore D F and D B 
are equal (VI, Book I.), Since, therefore, A C and C E are equal 
and the angle ACE right, the square of A E is double the square 
of A C, and because E G and F G are equal and the angle E G F 
right,' the' square of E F is double the square of G F ; but G F and 
C D are equal, therefore the square of E F is double the square; 
of C D, and therefore the squares of A E and E F are double the 
squares of AC and CD ; but because the angle AE F is right, 
the square of A F is equal to the squares of A E and E F 
(XLyil, Book I ), therefore the square of A F is double the squares 
of A C and C D ; but the square of A F is equal to the squares of 
A D and D F as the angle A D F is right, therefore the sum of the 
squares of A D and D F is double the sum of the squares of A C 
and C D ; but D F and D B are equal, and therefore the sum 
of the squares of A D and D B is double the sum of the squares of 
AC and CD. 

Otherwise thus: 

The square of AD is equal to the squares of A C and C D together 
with twicie the rectangle A C x C D, or to the sum of the squares of 
B C and C D together with twice the rectangle EC x C D. Add to 
both the square of B D, and we have the sum of the squares of A D 
and D B equal to the sum of the squares of B C and C D together 
with twice the rectangle B C x C D and the square of B D. But 
twice this rectangle with the square of B D is equal to the sum of the 
squares of B C and C D, •/ &c. 

This proposition may be expressed (237) thus : ' The sum of the 
squares of any two Hues is equal to twice the square of half their 
sum together with twice the square of half their difference.' 

Othenmse thus : 

By (256) the square of the sum, the sum of the squares, and the 
square of the difference are in arithmetical progression ; *.* the sum 
of the squares is equal to (240) half the square of the sum together 
with half the square of the difference, or to twice the square of half the 
sum together with twice the square of half the difference (233). 

Proposition X. Theorem. 

(259) If a right line (A B) be bisected (in C), and pro- 
duced to any point (D), the square of the 
whole line thus produced (A D) together with 
the square of the produced part (B D), is equal 
to double the square of the line (C D) made up 
of the half and produced part together with 
double the square of (A C) half the given line. 
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From the point C draw C E perpendicular to A B and equal 
to either C A or C B ; join A E, and draw 
through the point E the line E F parallel 
to A B, and through D, D F parallel to 
C E ; and because the angles C E F and 
D.FE are equal to two right angles, on 
account of the parallel lines C E andD F (XXIX, Book I.), the 
angles B E F and D F E are less than two right angles, therefore 
the lines E B and FD, if produced, shall meet : let them meet in 
G, and draw G A. 

Because CA and C E are equal (const), and the angle C a 
right Angle (const.), the angle C E A is half a right angle, and 
in the same manner it is proved that C E B is half a right 
angle, therefore A E B is a right angle ; and because D G and 
E C are parallel, the alternate angles GDB, ECB are equal, 
AereforeGDBis a r^hi angle; also the angles DB GandEB C 
are equ£^l (XV, Book L), but E B C is half a right angle, therefore 
DBG is half a right angle, and also D G B, and therefore the 
sides DB and D G are equal (VI, Book I.) ; and because E GF 
is half a right angle, and the angle at F right, being equal to 
its ojtposite C (XXXI V, Book I.), FEG is half a right angle, 
and therefore the sides E F and F G are equal. 

Because A C and C E are equal, and the angle ACE right, 
the square of A E is double the square of A C, and because G F 
and t E are equal, and the angle F right, the square of G E is 
double the square of E F ; but E F and C D are equal (XXXIV, 
Book I.), therefore the square G E is double the square of CD; 
the square of A E is also double the square of A C, therefore the 
squares of A E and E G are together double the squares of 
A C and C D : but the square of A G is equal to the squares of 
A E and E G, and is therefore double the squares of A C and 
C D, and the squares of A D and D G are equal to the square of 
A G, and therefore double the squares of A C and CD; but B D 
and D G are equal, and therefore the squares of A D and D B 
are double the squares of A C and C D. 

This proposition is identical with the ninth, and the second anA 
third demonstrations of the ninth may, without any change whatevef, 
be applied to this. This proposition holds the same relation to the 
ninth as the sixth does to the fillh. ^ 

(260) These ten propositions contain the whole theory of the relations 
of the rectangles and squares of divided lines and their parts. All the re- 
lations which have been here established respecting lines may be applied 
to numbers, by supposing a number to be divided into parts equal or 
unequal, or both, as the case may be, and substituting the product of 
the parts in place of the rectangle under them. Thus, the fiflh propo- 
sition, applied to numbers, is thus expressed: ' The product of two 
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numbers together with tiie square of half their difierence is equal 
to the square of half their sum.' If, for example, the numbers be 
6 and 10, the product is 60, the square of half their di&rence is 
4, which added to 60 gives 64, which is the square of 8, or the half 
of 16. 

When lines are expressed numerically, various problems may be 
proposed respecting them, the solution of which may be derived from 
the preceding propositions. yTe shall here subjoin some of these 
problems, which will probably be sufficient to familiarize the student 
with such investigations. 

(261) Given the sum and difference of itoo magnitudes to find the 
magnitudes themselves. 

Add half the difference to half the sum, and the result is the 
greater of the sought magnitudes, and subtract half the difference from 
half the sum, and the remainder is the less. 

(262) Since the area of a rectangle is equal to the product of its 
sides, it follows that if the area be divided by one side the quote will 
be the other side. It is scarcely necessary to observe, that when we 
speak of the multiplication or division of geometrical magnitudes we 
mean only to apply these operations to these magnitudes expressed 
numerically. 

(263) There are five quantities depending on a rectangle, any two 
of which being given, the sides of the rectangle can be found. 

1® The sum of the sides. 
2° The difference of the sides. 
3° The area. 

4° The sum of the squares of the sides. 
5° The difibrence of the squares of the sides. 

These five data being combined in pairs give the following ten 
problems. 

(264) I. If 1^ and 2° be given, the sides are found by (261). 
(S65) II. If 1° and 3° be given, subtract the area from the square 
of half the sum, and the remainder is the square of half the differ- 
ence, which reduces the problem to I. 

(266) III. If 1° and 4° be given, subtract the sum of the squares 
from the square of the sum and the remainder is twice the rectangle, 
which reduces the problem to II. 

(267) IV. If 1° and 5° be given, divide the difference of the 
squares by the sum of the lines and the quote is their difference, which 
reduces the problem to I. 

(268) V. If 2° and 3° be given, add the square of half the difference 
of the sides to the area and the result is the square of half the sum of 
the sides, which reduces the problem to I. 

(269) VI. If 2° and 4° be given, subtract the square of the difference 
from the sum of the squares and the remainder is twice the rectangle, 
which reduces the problem to V. 

(270) VII. If 2° and 5° be given, divide the difference of the squares 
by the difference of the sides and the quote is the sum of the sides, 
which reduces the problem to I. 

(£V 1) VIII. If 3*^ and 4® be given, add twice the rectangle to the 
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sum of the squares and the result is the square of the ^unr. 1%U8 the' 
problem is reduced to II. 

(272) IX. If 4^ and 5° be given, the squares of the sides may be 
found by (261), and thence the sides themselves. 

(273) X. If 3° and 5° be given ; this is the only case which presents 
any considerable difficulty. We shall postpone the investigation of 
this case until we shall have proceeded farther in this book, as it 
will require the aid of some principles which still remain to be esta- 
blished. 

(274) It is evident that if two rectangles agree in any two of the 
five quantities expressed in (263), their sides will be equal. Thus, if 
their areas and the sums of their sides be equal the sides themselves 
will be equal*; for if the equal areas be taken from the squares of half 
the sums of the sides, the remainders, which are the squares of 
the half differences of the sides, will be equal ; and since the half 
differences and half sums of the sides are equal, it is evident that 
the sides themselves will be equal. In a similar way, the sides 
may be proved equal if the rectangles agree in any two of the five 
quantities. 

(275) Hence also it appears, that if two eqtcal right lines be cut 
internally so that the rectangles under their segments be equal, the 
segments themselves are equal; or, if the sums of the squares of the 
segments, or the differences of the squares of the segments, be equal, 
the segments themselves will be equal. The student will find no 
diffictilty in proving these, and applying similar investigations to equal 
lines cut externally. 

(276) If the three sides of a triangle be given in numbers, its area 
may be found. For, let the difi*erence of the squares of any two un- 
equal sides be found ; half of this will be equal to the rectangle under 
the remaining side and the distance of the perpendicular on it front 
its middle point. If this half difference, therefore, be divided by the 
remaining side, the quote will be the distance of the perpendicular 
from the middle point. This quote, added to half the divisor, will 
give the greater segment made by the perpendicular. The square of 
this segment, subtracted from the square of the greater side, leaves a 
remainder equal to the square of the perpendicular ; the square root 
of this remainder is the perpendicular itself, which multiplied into 
half the divisor gives the area of the triangle. ' 

If it happen that the triangle is isosceles, the perpendicular is ob*-- 
tained by subtracting the square of half the base from the square of 
either of the equal sides, and taking the square root of the remainder. 
This multiplied by half the base gives the area. 

(277) There are some well-known properties of a right angled tri 
angle, which may be derived from the propositions of the secon4 
book, combined with the 47th proposition of the first book. It will 
not be necessary to trace the steps of each proof. Let S and S' be the 
sides about the right angle, H the hypotenuse, P the perpendicular, 
8 and s^ the segments of the hypotenuse, conterminous with S and S* 
respectively. 

1. The square of P =r 9 x a'. For, by (XLVII, Book I.), the squares 
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of S 9nd S* together are equal to the squares of 9, ^, and twice the 
square of P. But, by (IV), the square of H is equal to the squares 
of « and s' together with twice the rectangle » X ^* Hence, &c. 

2. The square of S = H X '. For the square of S = Uie squares 
of P and s; but the square of P = » X «' •.' by (III), &c. 

3. In like manner the square of S^c= H X ^'^ 

4. H X P = S X S', for each is twice the area (186). 

(278) The converses of these properties may be easily established, 9cU. 
that a triangle, having any of these properties, must be right angled. 

1. If the square of P = « X 9^* let twice that square be added to the 
sum of the squares of « and s\ and we shall, by (XLYII, Book I.), obtain 
a magnitude equal to the sum of the squares of S and S^ ; and, since 
the square of P is equal to twice the rectangle » x ^> we shall also 
have the same magnitude (IV) equal to the square of H. Hence, by 
(XLVIII, Book I.), the angle opposite to H is right. 

2. If the square of S = H x *> we have also the square of S = the 
squares of P and s. Take the square of s from both, and we have the 
square of P = « x '^ ; therefore, by the last case, the angle opposite 
to H is right. 

In these cases, the perpendicular P is supposed to fall within the 
side H ; if not, the propositions are not necessarily true. 

d. If H X P = S X S . In this case S x S^ is twice the area, and 
also S X the perpendicular on it from the opposite angle is twice the 
area ; *.* S^ is equal to that perpendicular, and therefore must be the 
perpendicular itself, since no line equal to it could be drawn from the 
same point 

Proposition XL Problem. 

(279) To divide a given finite right line (A B) so that 
the rectangle under the whole line and one 
segment shall be equal to the square of the 
other segment 

From the point A erect A C perpendicular and equal to the 
given line AB, bisect it in E, join EB, produce C A ^ ^ ^ 
until E F is equal to E B, and in the given line A B 
take A H equal to A F ; the square of A H is equal 
to the rectangle under the other segment H B and the 
whole line A B. 

Complete the square of A B, draw through H the 
right line G K parallel to A C, and through F the right line F G 
parallel to A B. 

Because C A is bisected in E, and A F is added to it, the rect- 
angle under C F and F A together with the square of E A is equal 
to the square of -E F (VI), or to the square of E B which is equal 
to E F (const ^, and therefore to the squares of E A and A B 
(XLVII, Book I.) ; take away the common square of E A, and the 
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rectangle nndet C F and F A is equal to the square of A B : but 
because A F and F G are equal, C G is the rectangle under C F 
and F A, therefore C G and A D are equal, and if the common 
rectangle C H be taken away A G and H D are equal ; but AG 
is the square of A H, for A H and A F are equal (const.), and the 
angle A is a right angle, and H D is the rectangle under A B and 
H Br for B D is equal to A B. 

A line divided^ as in this proposition, is said (vide Book VI.) to be 
cut ' in extreme and mean ratio.' 

(260) CoR. 1. — By attending to the solution of this problem, it will 
appear that, in order to cut a line in extreme and mean ratio, it is 
first necessary to produce it in extreme and mean ratio ; that is, to 
produce it so that the rectangle under the whole produced kne and 
produced part shall be equal to the square of the line itself. In 
the demonstration of the proposition, it appears that the rectangle 
C F X F A is equal to the square of C A, and therefore C A has been 
produced to F in this way, and C A is equal to the given line A B. 

(281) CoR. 2. — Considering C F as a line cut in extreme and mean 
ratio at A, it will easily appear that the rectangle under the greater 
segment, and the difference of the segments, is equal to the square of 
the lesser segment ; for A C is the greater segment, and is equal to 
A B, A F, which is equal to A H, is the less, and therefore H B is the 
difference of the segments. But by the demonstration of the proposi- 
tion A B X H B is equal to the square of A H. 

Hence it appears, that if a line be cut in extreme and mean raMo^ 
the greater segment wiU be cut in the %am,e munner^ by taking on it a 
part equal to the less. And the less will be similarly cut, by taking on 
it Of part equal to the differ ence, and so on, 

(282) We have here taken for granted that if the rectangle C F x 
F A = the square of C A, that C A is greater than A F. This is, in 
fact, also taken for granted in the demonstration of the proposition 
itself. It is, however, easily proved. The rectangle C F x F A is 
equal to the rectangle C A >< A F, together with the square of A F, *.• 
the square of CA exceeds the square of A F by the rectangle CA 
X A F, and •.* the line C A must be greater than A F 

(283) Cor. 3. — Hence it also appears, that when a line is cut in ex- 
treme and mean ratio, the rectangle under its segments is equal to the 
difference between their squares. 

Let A be a line cut in extreme and mean ratio, and G its greater 
segment, L its lesser segment, D the difference of its segments. The 
student will find no difficulty in establishing the following properties. 

(284) 1. The sum of the squares of A and Lis equal to three times 
the square of G. 

(285) 2. The square of the sum of A and L is equal to five times the 
square of Q. 

(286) 3. A X D = G X L. 

(287) 4. The square of L ■ - Gx D. 

It may also be shown, that a line cut so as to have any of these 
properties will be cut in ex ti erne and mean ratio. 
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Proposition XII. Theorem. 

(288) In any obtuse angled triangle (ABC), the square 
of the side (A B) subtending the obtuse angle 
exceeds the sum of the squares of the sides 
(B C and C A) which contain the obtuse angle 
by double the rectangle under either of these 
sides (B C), and the external segment (C D) 
between the obtuse angle and the perpendi- 
cular drawn from the opposite angle. 

The square of B A is equal to the sum of the squares of AD 
and D B (XLVII, Book I.) ; but the square of D B ^ 

is equal to the squares of D C and C B together 
with double the rectangle under D C and C B 
(IV) ; therefore the square of A B is equal to the ^ 
squares of A D, D C, and C B together with double ** ^ ^ 
the rectangle under D C and C B ; but the square of A C is 
equal to the squares of AD and DC (XLVII, Book I.); and 
therefore the square of A B is equal to the squares of A C and 
C B together with double the rectangle under B C and C D, 
therefore the square of A B exceeds the sum of the squares of 
A C and C B by double the rectangle under D C and C B. 



/ 



It is evident that if the perpendicular were drawn from B to A C 
produced, it would in like manner be proved that double the rectangle 
under A C and its production would be equal to the excess of the 
square of A B above the squares of A B and B C. And hence it fol- 
lows, that the rectangle B C x C D is equal to the rectangle under 
AC and its produced part. 

Proposition XIII. Theorem. 

(289) In any triangle (A B C) the square of the side 
(A B) subtending an acute angle (C) is less 
than the sum of the squares of the sides (A C 
and C B) containing that angle, by twice the 
rectangle under either of them (A C) and the 
segment between the acute angle and the per- 
pendicular (B F), let fall from the opposite 
angle. , 

G 2 
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The squares of A C and C F are equal to twice the rectangle 
under A C and C F together with the 
square of A F (VII), and if the square of 
the perpendicular B F be added to both, 
the squares of A C, C F, and B F are 
equal to twice the rectangle under A C and C F together with 
the squares of BF and Al*, or with the square of AB, which is 
iequal to them ; but the squares of B F and C F are equal to the 
square of B C, and therefore the squares of B C and A C are 
equal to twice the rectangle under A C and C F together with 
the square of AB; therefore the square of A B is less than the 
sum of the squares of A C and C B by twice the rectangle 
under A C and C F. 

If the angle A happen to be a right angle, the perpendicular 
B F will coincide with B A, and the points F and A will be the 
same^ but the demonstration remains unchanged. 

(290) If the angle A be right the double rectangle A C x C F becomes 
equal to twice the square of AC, and the proposition becomes equiva- 
lent ta the forty-seventh of the first book. 

(291) This*^ proposition and the twelfth may be reduced to one, thus: 
* The difference between the square of one side of a triangle, and the 
sum of the squares of the other two sides^ is equal to twice the rect- 
angle under either of these two sides and the intercept between the 
perpendicular on it and the angle included by the sides.' 

(292) Coa. 1. — If a perpendicular toV^C be drawn from the angle 
A, the rectangle under the side B C and the part intercepted between 
this perpendicular and C is equal to the rectangle AC X C F. For 
each of these rectangles is half the difference between the square of 
A B and the squares of B C and A C. 

(293) Cor. 2. — If the three sides of a triangle be given in numbers, its 
area may be found by these principles. Find half the difference be- 
tween the square of any side and the sum of the squares of the other 
two sides. This is the rectangle under either of those other two sides 
and the intercept between the perpendicular and the included angle 
Let this then be divided by either of the other sides, and the quote 
will be that intercept. Tsike its square from the square of the other 
side, and the remainder is the square of the perpendicular, the square 
root of which is the perpendicular itself. This multiplied by haJf the 
divisor gives the area. 

If it happen that the square of one side be equal to the sum of the 
squares of the other two, the angle included by those two must be 
light, and in that case the area may at once be found by taking half 
their product. 
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Proposition XIV. Theorem. 

(294) To construct a square equal to a given rectilinear 

figure (Z). 

Construct a rectangle C I equal to the given rectilinear figure 
(XLV, Book I.) ; if the adjacent sides be equal, the problem is 
solved. 

If not, produce either side I A, and 
make the produced part A L equal to the 
adjacent side A C ; bisect I L in O, and 
from the centre O with the radius O L c^\i 

describe a semicircle LB I, and produce 
C A till it meet the periphery in B ; the square of A B is equal 
to the given rectilinear figure. 

For draw O B, and because I L is bisected in O and cut un- 
equally in A, the rectangle under I A and A L together with the 
square of O A is equal to the square of OL (V), or of OB, 
which is equal to O L, and therefore to the squares of O A and 
AB (XLVII, Book I.) ; take away from both the square of O A, 
and tne rectangle under I A and A L is equal to the square of A B ; 
but the rectangle under I A and A L is equal to I C, for A L 
and A C are equal (const.) ; therefore the square of A B is 
equal to the rectangle I C, and therefore to the given rectilinear 
figure Z. 

(295) Schol. From this proposition it appears, that if a perpendicular 
BA be drawn firom any point in a semicircle to the diameter, the 
square of the perpendicular is equal to the rectangle under the seg- 
ments into which it divides the diameter. 

(296) The following is a selection from some of the most useful and 
remarkable theorems and problems .which may be inferred from the 
second book. 

(297) To divide a line internally so that the rectangle under its seg- 
ments shall have a given magnitude. 

Let the given magnitude be equal to the square of the line A, and 
let B C be the given line. 

On B C describe a semicircle, and through B draw B D ^ 

perpendicular to B C and equal to A. Draw D E parallel 
to B D and E F perpendicular to B C. Then B C is cut 
as required at F. This appears from (295). 

It is evident that if A were greater than half of B C, 
the parallel D E would not meet the semicircle, and the 
problem would be impossible ; and since, in general, the pa- 
rallel meets the circle at two points, ihere are two points at which B C 
may be cut as required, and these points are at equal distances from 
its middle point. 
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(298) To cut a line externally so that the rectangle under the segments 
shall be equal to a given magnitude. 

Let the given magnitude be equal to the square of A, and find 
a line D whose square is equal to the sum of the squares ^ a 

of A and half the given line B C. From the middle 
point E of B C take E F equal to this line, and F is 
the point of external section sought. This is evident 
from (VI). 

Since E F may be taken from the middle point towards 
either extremity, there are two points of section which solve the 
problem, equally distant from the middle point. 

(299) If a line AC be drawn from the vertex A of a triangle to the 
fniddle point C of the opposite side, the sum of thesquures of the other 
sides B A and A D is equal to tunce the sum of the squares of the 
bisector A C and half B C of the bisected side. 

If A B = A D then A C B is a right 
angle, and jthe proposition is evident by 
XLVII, Book I. 

If not, draw the perpendicular A F. 

By (XII), the square of A B exceeds the 
sum of the squares of A C and C B by twice B C x C F, or twice 
D C X C R 

By (XIII), the sum of the squares of A C and C D, or A C ftnd C B, 
exceeds the square of A D by twice C D x C F. Hence it ap- 
pears, that the sum of the squares of the bisector A C and half 
the base is an arithmetical mean between the squares of the sides 
A C, A D ; and therefore (240) the sum of the squares of the sides is 
equal to twice the sum of the squares of the bisector and half the 
bisected side. 

(300) The sum of the squares of the sides of a quadrilateral figure 
A B C D, is equal, to the sum of the squares of the diagonals together 
with four times the square of the line E F joining their points of 
bisection. 

Draw B F and D F. The sum of the squares of A B and B C is 
equal to twice that of B F and C F, and the sum of the 
squares of A D and D C is equal to twice that of D F 
and C F (299). But also the sum of the squares of 
B F and D F is equal to twice that of E F and D E. 
Hence the proposition is manifest. 

(301) The sum of the squares of the sides of a parallelogram is equal 
to that of the diagonals. 

For in that case the line E F vanishes, since the diagonals bisect 
each other (155). 

(302) If the sum of the squares of the sides of a quadrilateral figure he 
equal tq the sum of the squares of the ditzgonals, the quadrilateral tffiU 
be a parallelogram. 

For otherwise it would be greater by four times the square of the 
line E F. 

(803) If lines be drawn from the three angles of a triangle to the 
middle points of the opposite sides, three times the sum of the squares of 
the sides is equal to four times that of the bisectors. 
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Let A, B, C, be (he sides and a, b, c the corresponding bisectors. The 
sum of the squares of B an'd C is equal twice the sum of the squares 
of a and half of A> or twice the sum of the squares of B and Cis 
equal to four times the square of a together with the square of A. 
In like manner twice the sum of the squares of A and B is equal to 
four times the square of c together with the square of C, and twice 
the sum of the squares of A and C is equal to four times the square 
of 6 together with the square of B. Hence, by adding these equals, 
and taking the sum of the squares of the sides from both, the propo- 
sition follows. ^ 

(304) If with the middle point C of a finite right line A B as 
centre a circle be described^ the sums of the squares of the distances 
of all points in this circle from the extremities of the right line are the 
same, and equal to twice the sum of the squares of the radius and half 
the given line. 

For the triangles A P B have a common base 
A B, and the bisectors C P of the base are equal, 
being radii of the circle. Hence the proposition fol- 
lows from (299). 

(305) Hence, if the base of a triangle and the 
sum of the squares of the sides be given, the locus 
of the vertex is a circle whose centre is the middle 

point of the base, and the square of whose radius is half the differ- 
ence between the square of the base and the sum of the squares of 
the sides. 

(306) If a point be assumed within- or without a rectangle, the 
sum of the squares of lines drawn from it to two opposite angles is 
eqvM to the sum of the squares of the lines drawn to the other two 
opposite angles. 

This is evident from (299), by considering that the diagonals are 
equal and bisect each other. 

(307) In a right angled triangle A B C if a perpendicular B D be 
drawn, the rectangle A B X D C = the rectangle B D x B C. This 
might be easily derived from the third book, and still more simply 
from the sixth book. We shall in the present instance, however, prove 
it by the 12th proposition of the second book. 

Produce A B and D B so that B E = D C, and 
B F= B C, and draw F E. The triangle B F E is equal 
in every respect to BCD, V E is a right angle. 
Draw AF. Since E and D are right angles, the 
rectangle ABxBE = FBxBD (288 Obs.). But 
FB=BCandBE = DC, vAB xDC = BCx 
BD. 

(308) We shall now solve the tenth case of the class of problems 
mentioned in (273). 

Given the difference of the squares of two lines and the rectangle 
under them to find the lines. 

Let a line D C be found (XIV), whose square is equal to the given 
difference of squares^ and on it let a rectangle C E be constructed 
equal to the given rectangle (XLV, Book I.) Produce C D to A, 
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80 that C A X A D shall be equal to the square of D E 
(208). From A inflect A B=D E on the perpendicular 
D B, and draw B C, the required lines will then be B D 
andBC. 

For since the square of A B is equal to C A x A D, 
the angle A B C is right, v AB X D C =: B D x BC. 
But AB =: DE, •.• the rectangle C E =: B D x B C, and C £ is 
equal to the given rectangle. It is evident that the difference of the 
squares of B D and B C is equal to the square of D C, which is equal 
to the given difference of squares. 
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DEFINITIONS. 

309) I. Equal circles are those whose diameters are equal. 

310) II. A right line is said to touch a 

circle when it meets the circle 
and, being produced, does not 
cut it. 

311) III. Circles are said to touch one ano- 

ther which meet but do not cut 
one another. 

312) IV. Right lines are said to be equally distant from the 

centre of a circle when the perpendiculars drawn 
to them from the centre are equal, 

313) V. And the right line on which the greater perpendicu- 
lar falls is said to be farther from the centre. 

314) VI. A segment of a circle is the figure con- 

tained by a right line and the part of 
the circumference it cuts off. 

315) VII. An angle in a segment is the angle contained by 

two right lines drawn from any point 
in the circumference of the segment 
to the extremities of the right line 
which is the base of the segment. 

316) VIII. An angle is said to stand on the part of the cir- 
cumference, or the arch, intercepted between 
the right lines that contain the angle. 

317) IX . A sector of a circle is the figure contained 

by two radii and the arch between \ / 
them. ^^ 

318) X. Similar segments of circles are those which contain 

equal angles. 

Circles which have the same centre are called concentric circki. 
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(319) The subject of the third book of the elements is the properties 
of the circle, those of the triangle and rectangle having been discussed 
in the first and second books respectively. 

(320) The first definition is more properly a theorem. For ' equal 
circles,' like other equal figures, are those which may be laid one upon 
the other so as perfectly to coincide. If two circles have equal radii, 
and the centre of one be laid on the centre of the other, tbe circles 
being placed in the same plane, their entire circumferences must be 
coincident ; for if not, a line might be drawn fi'om the common centre 
to the circumference of one, intersecting that of the other, and thus 
the circles would have unequal radii, contrary to hyp. 

(321) In the second definition the meaning of a right line ' cutting 
a circle' is not explained, and yet it' seems as necessary to be defined 
as ' touching a circle.' If a right line meet the circumference of a 
circle, and being produced indefinitely in both directions lie entirely 
without the circle, it is said to touch it. The line in this case evidently 
lies entirely on the convex side of the circle. 

On the other hand a right line which, when produced, meets a circle 
in two points, is said to cut the circle. The nature of c(ynicict and 
section will appear more plainly as the student proceeds with the third 
book. 

(322) The same defect is observable in the third definition. Two 
circles are said to 1<mch internally when every point of the one, except 
those at which they meet, is included within the other ; and they touch 
externally when every point of each, except those at which they meet, 
lie without the other. It will appear by the thirteenth proposition, 
that contingent circles can only meet at one point. 

(323) Any part of the circumference of a circle is called an arc of 
the circle, and the right line which joins its extremities is called its 
chord. It is evident that two arcs, which together make up the whole 
circumference, have the same chord. 

A diameter is the chord of a semicircle. 

(324) The distance of a right line from a point is estimated by the 
perpendicular firom the point on the right line. Chords, therefore, are 
said to be equally or unequally distant, according.as the perpendiculars 
on them fi'om the centre are equal or unequal. 

The figure included by an arc and its chord is a segment^ and the 
figfure included by an arc and the radii through its extremities is 
called a sector, 

(325) It will be proved in Prop. XXI, that all angles inscribed in 
the same segment of a circle are equal ; and also it will appear, that 
different segments of *the same circle contain unequal angles. Thus 
a segment becomes as it were characterised by the angle it contains, 
and those segments of different circles which contain the same angles 
are said to he similar. In the sixth book we shall show, that such 
segments bear the same proportion to the entire circles, of which they 
are parts. 

(326) A quadrant is a sector whose radii form a right angle. 

(327) Sectors which have equal radii and equal angles are equal, 
for they evidently admit of superposition. 

(328) A sector whose angle is right, is therefore ft fourth part of the 
circle, and its arc is called a * quadrant. » 
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Proposition I. Problem. 

(329) To find the centre of a given circle (A C B). 

Draw within the circle any right line A B, bisect it in D, from 
D draw D C peipendicular to A B, and produce it to E ; bisect 
C E in F, and F is the centre. 

For, if it be possible, let any other point G be the centre, and 
drawGA, GD, andGB. 

Because in the triangles G D A, G D B, the side 
GA is equal to GB (hyp. and Def. XV, Book L), 
D A equal to D B (const.), and the side G D common 
to bom, the angles GDA and GDB are equal 
(VIII, Book I.), and therefore are right angles ; but the angle 
CD B is a right angle (const), therefore GDB is equal to 
CDB (53), a part equal to the whole, which is absurd; G 
therefore is not the centre of the circle A C B ; and in the same 
manner it can be proved that no other point which is not on the 
line C E is the centre, therefore the centre is in the line C E, and 
therefore is the point F. 

CoR. — From this it is manifest, that if in a circle a straight line 
bisect another at right angles, the centre of the circle is in tjie line 
which bisects the other. 

It is assumed in the solution of this problem, that the perpendicular 
through D will meet the circle at two points. It would have con- 
tributed much to the rigour of the reasoning, had Euclid established 
the following proposition previously to the above problem. 
(330) Any point being assumed within a circle, a right line drawn 
through it, and produced indefinitely in both directions, will meet the 
circle in two points, and not in more, and every point of the line 
between these two points of intersection will be within the circle, and 
every point beyond them without it. 

First, — Let the right line through the given point also pass through 
the centre. If parts be taken upon it in both directions from the 
centre greater than the radius, their extremities will be without the 
circle (22), and if parts be taken on it in both directions from the 
centre less than the radius, their extremities will be tvithin the 
circle (22). If parts be taken on it in both directions equal to the 
radius, their extremities will be on the circle. Hence, in this case, 
the proposition is manifest. 

SeccmcUy, — If the line through the given point F within the circle 
do not pass through the centre 6, let a perpendicular D G from the 
centre to that line be supposed to be drawn. D G is less than D F, 
and therefore less than the radius. Let a line be 
found whose square is equal to the difference of 
the squares of D G and the radius, and take on 
each side of 6, G B and G A equal to this line, 
and draw D B and D A. Since the squares of B G 
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and G D are together equal to the square of the radius, the lines 
D B and D A must be equal each to the radius (XLYII, Book I.), 
and therefore B and A are on the circle. The distance of every 
point, as F between B and A from D, is less than the radius D A^ and 
therefore (22) every such point is within the circle ; and the distance 
of every point, as E in the production of AB from D, is greater than 
the radius D A, and therefore (22) every such point is without the 
circle. Hence it is plain, that the right line can only meet the circle 
at the points A and B. 

It is no objection to this theorem, that Vi^ assume the centre D of 
the circle without previously solving the problem to find it. In fact, 
we only assume that the circle has a centre, which is given by its 
definition. It is not necessary to the validity of the demonstration of a 
theorem, that we should have solutions of all the problems requisite 
for its construction. 

In fact, if all the problems in Geometry were omitted, the reasoning 
in the theorems would stand undisturbed^ and would be equally valid 
and conclusive. 

To the validity of the reasoning contained in the theorems, however, 
it is indispensably necessary that nothing should be assumed in the 
construction which is not possible to be executed. Thus, if we were 
required to draw a right line through three given points, we would 
not be warranted in supposing this done, unless it were also given or 
proved that the three points have such a position, that the right line 
thiaugi) two of them will also pass through the third. 

It follows from v^ hat has just been proved, that a right line cannot 
meet a circle in more than two points. 

Proposition II. Theorem. 

(331) If any two points (A and B) be taken in the 
circumference of a circle, the right line which 
joins them falls within the circle. 

For, if it . be possible, let A E B be a right line in which the 
point E is without the circle, and draw D A, D E, and D B. 

Because in the triangle ADB the sides DA and DB are 
equal, the angle D B A is equal to D A B (V, Book I.) ; 
but the external angle D £ A is greater than the in- 
ternal angle DBA (XVI, Book I.), therefore greater 
than the angle DAB, and therefore the side D A is 
greater than the side D E (XIX, Book I.) ; but the 
right line D F is equal to D A, and therefore is greater than D E, 
a part greater than the whole, which is absurd, therefore the line 
A E B is not a right line ; and in the same manner it can be de* 
monstrated, that if the point E be in the circumference the line is 
not a right line. 

. This proposition has been already proved by direct reasoning 
in (330). 
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Proposition III. Theorem. 

(332) If a right line (B L) drawn through the centre 

of a circle bisect a right line (C F) which does 
not pass through the centre, it is perpendicular 
to it. And if it intersect it at right angles, it 
bisects it. 

Part P.— Draw A C and A F. In the triangles A O C, A O F, 
the side A C is equal to A F, and also O C to O F 
(hyp ), and A O is common to both, therefore the 
angle A O C is equal to A O F (VIII, Book I.) ; 
therefore each of them is a right angle, and therefore 
B O is perpendicular to C F. 

Part 2°. — ^Because the triangle FAC is isosceles the angle 
A FC is equal to the angle ACF (V, Book I.), therefore in the 
triangles C A O, F A O, the angles AGO and A F O are equal ; 
also A O C and A O F are equal (hyp.), and the side A O, opposite 
to the equal angles AGO and A F O, is common to both, therefore 
the side O C is equal to O F (XXVI, Book I.), and therefore the 
right line C F is bisected. 

Hence it appears, that if a system of parallel chords be drawn in a 
circle, the locus of their points of bisection is the diameter of the circle 
which is perpendicular to them. 

It also follows, that the right line which bisects any chord perpen- 
dicularly, bisects every chord parallel to it perpendicularly, and is a 
diameter of the circle. 

Proposition IV. Theorem. 

(333) If in a circle two right lines cut one another, 

which do not both pass through the centre^ 
they do not bisect one another. 

If one of the lines pass through the centre, it is evident that it 
C9.nnot be bisected by the other, which does not pass through the 
centre. 

„But if neither of the lines B C or F L pass through the centre, 
draw O A from the centre to their intersection. If 
BC be bisected in A, OA is perpendicular to it 
(III), and therefore the angle O A C a right angle ; 
and if F L be bisected in A, O A is perpendicular to 
F L (III), therefore the angle O AL is a right angle, and there- 
fore equal to the angle O A C, a part equal to the whole, which 
is absurd, therefore the lines B C and F L do not bisect one 
another. 
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Hence it follows, that no parallelogram, except a rectang-le, can be 
inscribed in a circle. For the diagonals bisect each other (155), and 
therefore must both pass through the centre, and must therefore be 
equal, each being a diameter. Hence the parallelogram must be a 
rectangle (157). 

Proposition V. Theorem. 

(334) If two circles ( A B C, A B F) cut one another, 

they have not the same centre. 

« 

For, if it be possible, let A be the centre of both 
circles, and draw two right lines, the one A F cutting 
both circles in C and F, the other A B to the inter- 
section B. 

Because A is the centre of the circle A B C, A B is equal to 
A C, and because A is the centre of the circle A B F, A B is 
equal to A F, therefore A C is equal to A F, a part to the whole, 
which is absurd ; A therefore is not the centre of both circles ; 
and in the same manner it can be proved that no other point is 
the centre of both. 

This proposition may be better announced thus : ' Concentric circles 
cannot meet, and that which has the lesser radius will be included 
within the other.' If the circles had the same radius they would coin- 
cide, and, in fact, be the same circle. 

The points of the circumference of that which has the lesser radius, 
being less distant from the centre than those of the circumference of 
that which has the greater radius, must be all within the latter (22). 
Consequently, the circles cannot meet, either by contact or intersection. 
This proof also includes the following proposition. 

Proposition VI. Theorem. 

(335) If two circles (A B C, A B F) touch one another 

internally, they have not the same centre. 

For, if possible, let A be the centre of both circles, 
and draw two right lines, the one A F cutting both 
circles in C and F, the other A B to the point of 
contact. 

Because A is the centre of the circle A B C, A B is equal to 
AC, and because A is the centre of the circle A B F, AB is equal 
to A F, therefore A C is equal to A F, a part equal to the whole, 
which is absurd ; therefore the point A is not Uie centre of both 
circles ; and in the same manner it can be demonstrated that no 
other point is. 

Vide observations on the last proposition. 
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Proposition VII. Theorem. 

(336) If from any point within a circle which is not 
the centre right lines be drawn to the cir- 
cumference, the greatest is that which passes 
through the centre. 

The remaining part of the diameter is the 
least. 

Those lines which make equal angles with 
the diameter are equal. 

That line which is nearer to the line passing 
through the centre is greater than one more 
remote. 

And more than two right lines 'cannot be 
drawn which shall be equal. 

Part 1°. — The line C B passing through the centre is greater 
than any other C D. 

Draw from the centre A the line AD; A B is equal to A D, 
therefore if C A be added to both, C B shall be equal to C A and 
A D taken together ; but C A and A D are greater than C D 
(XX, Book I.), therefore C B is greater than CD. . 

In fact, A D is equal to the sum of the sides of a triangle, of which 
any other line, as C D, is the base. 

Part 2*^. — ^The other part of the diameter C F is less than any 
other line C E. 

Draw A E ; AC and C E taken together are 
greater than A E (XX, Book I.), and therefore greater 
than A F ; take away the common line A C from 
both, and C E shall be greater than C F 

The line C F is the difference of the sides of a triangle, of which 
any other line C E is the base (99). 

Part 3°. — The right lines C L and C D, which make equal angles 
with the line C B passing through the centre, are equal. 

For, if possible, let one of them C L be the greater, and make 
C G equal to C D, and draw AD and A G. 

In 'the triangles ACG and ACD the side AC is common 
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to both, C G is equal to CD (hyp.)» ^^^ ^^ angles AC G and 
A C D are equal, therefore the sides A G and A D are equal 
(IV, Book L); but AD is equal to A O, and therefore A G is 
equsd to A O, a part equal to the whole, which is absurd. There- 
fore neither C L nor C D is greater than the other, and therefore 
they are equal. 

Part 4°. — ^The line C D or C Ii, which is nearer to the line 
passing through the centre, is greater than one C E more re- 
mote. 

If the given lines C D and C E be at the same side of C B, 
draw A D and A E. In the triangles CAD, C A E, the sides 
C A and A D are equal to C A and A E, and the angle CAD 
is greater than C A E, therefore the side C D is greater than 
CE (XXIV, Book I.). 

But if the given lines C L and C E be at different sides of 
C B, construct the angle A C D equal to ACL, and C D shall 
be equal to C L (Part 3°.) ; but C D is greater than C E, and 
therefore C L is greater than C E. 

Part 5°. — More than two right lines cannot be drawn which 
shall be equal. 

For let any three right lines be drawn from the point C to the 
circumference, and either one of them shall be part of a dia- 
meter, and therefore greater or less than either of the others 
(by Part 1°. and 2°.), or two of them must be at the same side 
of the diameter, and therefore unequal (by Part 4°.). 

The results of this proposition may be expressed thus ; — 
If a line always terminated in the circumference revolve round a 
point C, within a circle different from the centre, it will vary in its 
magnitude between certain limits. As it revolves from the position 
C A B towards F in eith)?r direction, it diminishes, and at equal dis- 
tances at each side of C A B it has equal magnitudes ; and this diminu* 
tion continues until, having made half a revolution, it assumes the posi- 
tion C F. In the positions C B and C F it is therefore a maximum 
and minimum ; and the nearer it is to the maximum position the greater 
it is, and the nearer to the minimum position the less it is. 



Proposition VIII. Theorem. 

(337) If from any point without a circle lines be 
drawn to the circumference, those which make 
equal angles with the line passing through the 
centre are equal. 
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Of those lines which are incident upon the 
concave circumference, the greatest is that 
which passes through the centre. 

Of the rest, that which is nearer to the line 
passing through the centre is greater than the 
more remote. 

But of those incident upon the convex cir- 
cumference, that line is the least whichj if 
produced^ would pass through the centre. 

Of the rest, that which is nearer to the least 
. is less than the more remote. 

Only two lines can be drawn either to the 
concave or convex circumference which shall 
be equal. 

Part 1®. — ^The right lines A B and A X, which make equal angles 
with A Z, are equal. 

For, if it be possible, let one of them A B be greater than 
the Other ; make A E equal to A X, and draw Z E and Z X. 

In the triangles Z A E, Z A X, the side Z A is common, 
A E is equal to A X (const.), and the angle 
Z A£ is equal to Z AX (hyp.), therefore uie 
sides ZE and Z X are equal (IV, Book I.) ; 
but the line Z O is equal to Z X, therefore 
Z E is equal to Z O, a part equal to the whole, which is absurd. 
Therefore neither A B nor A X is greater than the other, and 
therefore they are equal. 

Part 2* ^ — Of those lines which are incident upon the concave 
circumference, that line A Y which passes through the centre is 
greater than any other A X. 

Draw Z X ; and Z Y is equal to Z X, therefore if A Z be 
added to both, A Y shall be equal to A Z and Z X taken together ; 
but A Z and Z X together are greater than A X (XX, Book I.), 
therefore A Y is greater than A A. 

A Y is the sum of the sides of a triangle, of which any other line 
A X is the base. 

Part 3^ — ^The line A B or A X, which is nearer to the greatest, 
is greater than the more remote AD. 

H 
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If the given lines AX and A D be at the same side of AY, 
draw Z X and Z D. In the triangles A Z X, A Z D, the sides 
A Z, Z X are equal to the sides A Z, Z D, and the angle A Z X 
is greater than AZD, therefore the side AX is greater than 
AD (XXIV, Book I.). 

But if the given lines AB and AD be at different sides of 
AY, make the angle ZAX equal to Z AB, and AX shall be 
equal to AB (Part 1°.) ; but AX is greater than AD, therefore 
AB is greater than AD. 

Part 4*^. — Of those lines which are incident on the convex cir- 
cumference, that line A F, which if produced would pass through 
4ie centre, is less than any other A X. 

Draw Z F and Z X. Z X and X A are 
greater than Z A (XX, Book I.), and 
uerefore if the equals ZX and ZF be 
taken away, A X is greater than A F, 

A F is the difference of the sides of a triangle, of which any other 
line A X is the base. 

Part 5®. — ^That line A B or AX which is nearer to the least is 
less than the more remote A C. 

If the given lines A X and A C be at the same side of A Z, 
draw Z X and Z C. Z C and C A taken together are greater 
than Z X and X A ; take away the equals Z C and Z X, and 
A C is greater than A X. But if the given lines A B and A C 
be at different sides of A Z, make the angle ZAX equal to 
Z A B, and A X shall be equal to A B (Part 1°.) ; but A C is 
greater than A X, and therefore greater than A B. 

Part 6°. — Only two equal lines can be drawn either to the 
concave or convex circumference. 

If any three lines be drawn, either one of them shall pass 
tfirough the centre, and therefore be either greater or less man 
either of the others, or two must be at the same side ot the line 
passing through the centre, and therefore unequal. 

Hence if a line be supposed to revolve round the fk%ed point A, as it 
recedes from A Y in either direction tt diramishes. When it recedes sa fiur 
that the part intercepted within the circle vanishes, and the two points 
of interseetioB with the cirde uxdte and become one, the line becomes 
a tangent. If it recede beyond this, it will not meet the circle al alL 
(The line is called a secant so long as it meets the circle in two points). 
As the line revolving from tbe tangential position again approaches 
A F, being terminated in the convex part of the circumference, it still 
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diminishes ; and becomes a minimum where it assimies the position 
C F. Thus it appears, that the tangent is less than any secant from 
the same point, but greater fiian the external part of the secant. 

Proposition IX. Theorem. 

'^SSS) If a point be taken within a circle, ffom which 

more than two equal right lines can be drawn 
to the circumference, that point is the centre 
of the circle. 

For if it were a point different from the centre, only two equal 
right lines can be drawn from it to the circumference (VIlI). 

Thus the critetion for the determination of the centre is, Ulat 
more than two points of the circumference should be equally distant 
from it 

Proposition X. Theorem. 

(339) One circle (B D P) cannot intersect another 
(B L F) in more than two points. 

For, if it be possible, let it intersect the other in three points, 
B, F, and C ; let A be the centre 
of the circle B L F» and draw 
from it to the points of intersection 
the lines A B^ A F, and A C ; 
these lines are equal (Def.), but 
as the circles intersect, they have not the same centre (V), there- 
fore A is not the centre of the circle B D F, and tnerefore as 
three right lines A B, A F, A C are drawn from a point not the 
centre, these lines are not equal, (VIII) ; but it was shown before 
tiiBi they were equal, which is absurd ; the circles therefore do not 
intersect in three points. 

By this proposition two circles cannot intersect in more than two 
points ; but the same demonstration will show that they cannot touch 
in more than two points ; hence, in general, two circles cannot have 
more than two points in common. 

Hence also it appears, that if two circles coincide at three points 
they will coincide at every point, or only one circle can be drawn 
through three given points. The problem to describe a circle through 
three ^en points is the same as to circumscribe a circle round a 
tHangle, and has been solved in (77). 

H 2 
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Proposition XI. Theorem. 

(340) If two circles (EOF) and (D C L) touch one 

another internally, the right line joining their 
centres, being produced, shall pass through a 
point of contact. 

For, if it be possible, let A be the centre of the circle E C F, B 
the centre of the circle D C L, let D L be the line 
joining the centres, and from C, a point of con- 
' tact, draw the lines C B and C A. 

Because in the triangle BAG the sides B A 
and A C, taken together, are greater than B C (XX, Book I.), and 
B C is equal to B D, as they are radii of the circle D C L, the 
lines B A and A C, taken together, are greater than B D ; take 
away B A, which is common to both, and A C shall be greater, 
than A D ; but A C is equal to A E, because they are the radii 
of the circle E C F, and therefore A E is greater than A D, a part 
greater than the whole, which is absurd. The centres are not, 
therefore, so placed that a line joining them can pass through any 
point but a point of contact. 

In the enunciation and demonstration of this and the next proposi- 
tion, in Simson's and other translations, the definite article ' the '- is 
applied to the point of contact through which the line joining the cen- 
tres is proved to pass : thus it is said, that ' the line passing through 
ihe centres, being produced, shaill pass through the point of contact.'' 
In this phraseology there is a silent assumption that there is but one. 
point of contact, which is true, but is not established until the thir-. 
teenth proposition. 

Proposition XII. Theorem. 

(341) If two circles (A O C and, B F C) touch one ano- 

ther externally, the right line joining their 
centres passes through a point of contact. 

For, if it be possible, let A and B be the centres, and let the right 
Kne A B joining them not pass through a point of 
contact, and from C, a point of contact, draw C A 
and C B to the centres. 

Because in the triangle A C B the sum of the 
sides A C and CB is greater than AB (XX, Book I ), and the 
line A is equal to A C, as they are radii of the circle A 6 C, 
and the line B F is equal to B C, as they are radii of the circle 
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B F Cy A O and B F taken together are greater than B A, a psLrt 
greater than the whole, which is absurd. The centres are no^* 
therefore, so placed, that the line jouiing them can pass through 
any point but a point of contact. 

From this and the last proposition it follows, that the line joining 
the centres of contingent circles is the sum of the radii when the con- 
tact is external, and the difference of the radii when it is internal. 

Proposition XIIL Theorem. 

(342) One circle cannot touch another either externally 
or internally in more points than one. 





For, if it be possible, let the circles A D E and B D F touch 
one another internally in two points D and C ; draw 
the Une A B joining their centres, and produce it until 
it pass through one of the points of contact D, and 
draw AC and B C. 

Because B D and B C are radii of the same circle 
B D F, B D is equal to B C, and therefore, if A B be added to 
both, A D shall be equal to A B and B C ; but A D and A C are 
radii of the circle A D E, therefore A D is equal to A C, and 
therefore A B and B C are equal to AG ; but they are greater than 
it (XX, Book I.), which is absurd. 

but if the poifits of contact be the extremities of 
the right line joining the centres, C D must be bisected 
in A, and jalso in B, because it is a diameter of both 
circles, which is absurd. 

Next, if it be possible, let the two circles A D E and 
B D F touch one another externally in two 
points D and C; draw the right line A.B 
joining the centres of the circles, and passing 
through one of the points of contact C, and 
draw AD and DB. 

Because A D and A C are radii of the circle A D E they are 
equal ; and because B C and B D are radii of the circle B D F 
they also are equal, therefore A D and B D together are equal to 
AB ; but they are greater than it (XX, Book I.), which is absurd. 
There is, therefore, no case in .which two circles can touch one 
another in two points. 

In the 11th and 12th propositions it was proved, that the line joining 
the centres of (Contingent circles passed through a point of contact; 
and in the present we show that this is' the only point of contact, by^ 
proving that, an absurdity would fo)low from supposing the existence 
of any other. 
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This proposition, hdwerer, admits of direct proof. W# shall express 
the proposition thus : 

If ^ circle touch another internidly, every point of its circumfer- 
ence, except the common point through ivhich the line dr^wn joining^ 
their centres passes, must be within the other. 

Let C be any point on the circumference of the lesser circle ; A D is 
greater than A C (VII). Since A C is less than the 
radius A D of the circle A D £, the point C is within 
the circle A D E (22) ; and, in the same manner, every 
point of the lesser circle may be proved to be within 
the greater, except the point D, at which they meet. 

If the circles touch externally, B D is greater 
t}ian B C (VIII), •.- D Uw without the ciwile 
B C F; and, in like manner, every point of the 
circle A C D, except the point C, at which they 
meet, may be proved to lie without B C F. 

By the same kind of reasonipg it will not be difficult to prove, that 
if the line joining the centres of two cirQles be equal to the ddfierence of 
their radii^ they nave internal contact, and if it be equal to the sum of 
their radii, they have external aontact. 

The following propositions may also be established. If one circle 
be contained within another without meeting it, the distance between 
their centres is less than the diQbrence of their radii. 

If the distance between the centres be less than the difference be- 
tween the radii, the lesser circle will be contained within the greater 
without meeting it. 

If two circles lie one without the other, and do not meet, the dis" 
tance between the centres is greater than the sum of the radii. 

If the distance between the centres of two circles be greater than 
the sum of the radii, they lie one without the other, and do not meet. 

These propositions may be all proved by (VII) and (VIII), united 
with the criterion established in (22), for determining whether a point 
be within or without a circle. 



Proposition XIV. Theqrbm. 

(343) In a circle equal right lines (B C and F L) are 
equally distant from the centre. 
And right lines (B C and F L) which are equally 
distant from the centre are equal 

Let Abe the centre of the circle yoin AC» A L, Wid draw AO 
and A I perpendicular to B C and F L. 

Part 1 ,— Because B C and F L are equal (hyp.), and the per- 
pendiculars from the centre bisect them (III), O C 
laid I L are equal, and therefore their squares are 
equal; A C and A L are also equal, and there- 
fore their squares are equal ; but the square of A C 
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18 eqaal tx> the squares of AO and OC (XLVII, Book I.)» 
and the square of A L is equal to the squares of A I and I L 
(XLVII, Book I.), therefore the squares of A and O C are 
equal to the squares of A I and 1 L : take away the equal 
squares of O C and I L, and the squares of A O and A I art 
equal, and therefore the lines themselves are equal. 

Part 2*. — Because AO and A I are equal (hyp.), their squares 
are equal ; but A C and A L are equal, and therefore their 
squares are equal ; but the square of A C is equal to the 
squares of A O and O C (XLVlI, Book I.), and the square 
of A L is equal to the squares of A I and I L, therefore the 
squares of A O and O C are equal to the squares of A I and 
I L : take away the equal squares of A O and A I and the squares 
of O C and I L are equal, therefore the lines themselves are 
equal ; but because A O and A I bisect B C and F L (III), 
O C and I L are the halves of B C and F L ; and since they are 
equal, the lines B C and F L are also equal. 



Proposition XV. Theorem. 

(344) The diameter is the greatest right line in 
a circle: and of all others, that which is 
nearest to the centre is greater than the more 
remote. 

Part 1®. — ^The diameter A B is greater than any line E D. 

For draw C D and C E. C D is equal to C B and C E to C A, 
therefore A B is equal to C D and C E together ; but C D and 
C E together are greater than E D (XX, Book I.), therefore A B 
is greater than E D. 

Part 2^. — ^That which is nearer the centre is greater than one 
more remote. 

First, let the given lines be E D and I K, which 
are at the same side, and do not intersect ; draw 
CD,CE, CI, andCK. 

In the triangles E C D, I C K, the sides E C and 
C D are equal to I C, C K ; but the angle E C D is greater than 
I C K, therefore the side E D is greater than I K (XXIV, 
Book I.). 

Let the given lines be X Z and I K, which either are at 
different sid^, or intersect ; draw C O and C F perpendicular to 
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Z X and I K, and from the greater C F cut off C V ecmal to the 
Jess C O, and through V draw E D perpendicular to C F. 

Because Z X and E D are eoually distant from the centre 
(const.), E D is equal to Z X (XIV) ; but E D is greater than 
t K, and therefore Z X is greater than I K. 

This proposition might have been proved in a manner similar to 
the preceding. The sum of the squares of a semichord and its dis- 
tance from the centre is equal to the square of the radius. This 
sum being therefore always the same, whatever the chord be, it 
follows that the greater ^he square of the semichord, the less will be 
the square of its distance, and vice verm ; and the square of the semi- 
chord is greatest when its distance from the centre vanishes. Hence 
the results of the proposition may easily be inferred. 
(345) The shortest chord which can be drawn through a given point 
A in a circle, is that which is perpendicular to the longest. 

The longest is the diameter. Draw the diameter B D, and £ F 
perpendicular to it. Draw any other chord G H, and the 
perpendicular CI. C A is greater than C I, and (XV) 
therefore G H is greater than E F ; and since the same '^( 
is true of any other chord, it follows that £ F is the 
least. 

The less the angle a chord makes with the diameter through A, the 
greater the chord will be. 

For it is easy to see, that as the angle H A B diminishes the per- 
pendicular C I will also diminish. 



Proposition XVI. Theorem. 

(846) The right line drawn from the extremity of the 
diameter of a circle perpendicular to it falls 
without the circle. 

And if any right line be drawn from a point 
within that perpendicular to the point of con- 
tact, it cuts the circle. 

Part 1**. — For, if it be possible, let B G, which meets the circle 
again, be perpendicular to A B, and draw C 6. 

Because in the triangle C B 6 the side G C is equal to C B, 
the angle C B G is equal to C GB (V, Book I.), and therefore 
each of them is acute (XVII, Book I.) ; but C B G is a right 
angle (hyp.), which is absurd, therefore the right line drawn 
through B perpendicular to A B does not meet the circle 
again. 
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Pwt 2^— Let B F be perpendicular to AB, and let E B be a 
line drawn from a point between it and the circle, 
.which^ if it be possible, does not cut the circle. 

Because the angle C B F is a right angle, 
C B E is acute ; draw C I perpendicular to B E, 
and it must fall at the side of the angle C B E. 

Then in the triangle B C I the an^e C I B is 
greater than C B I, therefore the side C B is 
greater than C I ; but C O is equal to C B, and 
therefore CO is greater than CI, a part greater 
than the whole, which is absurd. .Therefore the point I does 
not fall outside the circle, and therefore the right line B E cuts 
the circle. 

(347) This proposition might have been proved directly, thus : 
Draw any line CI to the right line B F. Since C B I is a ri^t 

angle C B is less than C I, v the point I is without the 
circle ; and the same may be proved of every point of 
the right line except the point B. 

liCt B E make the angle E B C acute^ and draw the 
perpendicular C G. Hence C G is less than C B, and 
therefore G is within the circle, and therefore BE in- 
tersects the circle. 

The line FF is a tangent to the circle, and it follows, that a tangent 
can meet the circle only in one point. 

Hence, to draw a tangent to a point on a circle, it is only necessary 
to draw a diameter through that point and to draw a line perpendicular 
to it. 

(348) From this proposition a method has been derived of proving 
the infinite divisibility of linear magnitude. 

Let B F be a tangent at B to the circle whose centre is C. Draw 
any line CI meeting the circle at O. The line 01 p 
may be infinitely divided by describing circles with ' 
centres at C, C", C% &c., touching B F at B. 
This is obvious. 

If several circles touch each other, either inter- 
nally or externally, they have at their point of con- 
tact a common tangent. For the same right line 
is perpendicular to that which passes through their 
centres. 

(349) From this proposition it follows, that tangents through the 
extremities of the same diameter are parallel. 





Proposition XVII, Peoblem. 



350) From a given point (A), without a given circle 
(C B F), to draw a right line which shall be a 
tangent to the circle. 
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Let C be the centre of the given circle, and from the centre C 
with the radius C A describe a circle C A E ; draw 
C A, which meets the circle in the point F, and draw 
through the point F the line F E perpendicular to C A, 
and meeting the circle C A E in E ; draw the line 
G E meeting the given circle in B, and the right line drawn from 
B to the given point A is a tangent. 

For in the triangles A C B, E C F the sides A C and C B are 
equal to E C and C F, and the angle at C is common to both ; 
therefore the angle A B C is equal to E F C (IV, Book I.) ; but 
the angle E F C is a right angle (const.), therefore A B C is a 
right angle, and therefore the right line A B is a tangent to the 
circle C F B (XVI). 

(35}) It is evident that two tangents and not more can be drawn 
iit)m the point A ; for the perpendicular to C A through F meets (he 
circle C A E in two points and no more, and eacli of these points will 
determine a tangent. 

The two triangles ABC are evidently equal in every respect. 
Hence the two tangents A B are equal, and equally inclined to the 
line A C through the centre, lying on different sides of it. 

Proposition XVIII. Theorem. 

(352) If a right line (D B) be a tangent to a circle, the 

right line (C D) drav\rn from the centre to the 
point of contact is perpendicular to it. 

For, if it be possible, let the right line C F be peipendicular to 
B D, and in the triansle C F D, because the angle 
C F D is a right angle, the angle C D F is acute ^ — n. ? 
(XVII, Book \\ therefore the side C D is greater f ^^ 
than the side C F (XIX, Book I.) ; but C E is equal V ^J 
to C D, and therefore C E is greater than C F, apart — ^ 
greater than the whole, which is absurd. Therefore C F is not 
perpendicular to B D ; and in the same manner it can be demon-* 
strated, that no other line except C D is perpendicular to it. 

Proposition XIX. Theorem. 

(353) If a right line (B C) be a tangent to a circle, the 

right line (B A) drawn perpendicular to it from 
the point of contact passes through the centre 
of the circle. 
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For, if it be possible, let the centre Z be without 
the line B A, and draw Z B. 

Because the right line Z B is drawn from the 
centre to the point of contact, it is perpendicular to 
the tangent (XVIII), therefore the angle Z B C is 
a right ande ; but the angle A B C is also a right angle (hyp ), 
and therefore Z B C is equal to A B C, a part to the whole, which 
is absurd. 

Therefore Z is not the centre ; and in the same manner it can 
be demonstrated, that no other point without the line A B is the 
centre. 

(354) From this and the preceding propositions we may deduce the 
following consequences : — 

Two concentrical circles being described, if a chord of the greater 
meet the less, the parts intercepted between the two circles are equal.. 

Let C D be perpendicular to A B. 

1°. Let A B intersect the lesser circle. Then A D=B D ^z 
and E D=F D (III), •.• A E=F B. 

2°. Let A B touch the lesser circle. The angle C D A ^ 
is right (XVI), •.• AD=D B. 

Hence all chords of the greater circle which touch the lesser, are 
bisected at the points of contact. 

All such chords are equal, since their distances from the centre are 
equal to the radius of the lesser circle (XIV). 

*^* It is obvious that if any number of equal chords be drawn in a 
circle the locus of their points of bisection is a circle, the square of whose 
radius is equal to the difference between the squares of the radius of 
the given circle and half the chord. 

*** Through a given point within or without a circle to draw a chord 
of a given length. 

In order that the solution of this problem be possible, it is necessary 
that the given length should not be greater than the diameter of the 
circle (XV) ; and if the given point be within the circle, it is further 
necessary, that it should not be less than the chord through the given 
point at right angles to the diameter through the same point (344). 

When the solution then is possible, let any chord be drawn in the 
pircle equal to the given magnitude, by taking any point on the circle 
as centre and the given length as radius, and describing another circle^ 
and drawing from the assumed point to a point of intersection of the 
two circles a chord. From the centre let a perpendicular be drawn to 
this chord, and with that perpendicular as radius describe a Concen- 
trical circle. Through the given point draw a tangent to this circle^ 
and it will be the line required, 

The demonstration will easily be inferred from the preceding articles. 
^^* Between a circle and a right line, or between two circles not 
concentrical, to inflect a line of a given length which shall touch one 
of the circles. Draw any tangent A B to one of the given circles, and 
take A B equal to the given length, and draw C B firom the centre C. 
Describe the concentric circle C B I), and draw the tangent D £ from 
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the point D where this circle meets the given right 
line or the other circle. The demonstration is evi- 
dent from (351). 

If the circle C B D do not meet the given right 
line or the other circle the solution is impossible. 

Proposition XX. 

(355) The angle (A C D) at the centre of a circle, is 
double the angle (A B D) at the circumference, 
when they have the same part of the circum- 
ference for their base. 

1^. Let the centre be on A B a side of the angle A B D at the 
circumference. Because in the triangle D C B the 
sides D C and C B are equal, the angles C B D and 
CDB are equal TV, Book I.). But the external 
angle A C D is equal to the sum of C B D and CDB, 
or to twice C B D (XXXII, Book L). 

2*^. Let the centre be within the angle A B D ; draw B C E ; 
the angles ABC and CAB are equal, and the angles 
C B D and CDB are also equal, because of the 
equality of the sides CD, CB, C A, (V, Book I). 
Hence the sum of the angles CAB, C B A, C B D, 
and C D B is double the angle A BD. But E C A is 
equal to the sum of C B A and CAB, and E C D is equal to the 
sum of C B D and CDB, therefore A C D is equal to the sum of 
C A B, C B A, C B D, and C D B, and therefore A C D is double 
ofABD. 

3°. Let the centre be without the angle A B D, 
and C B, making the angle C D E equal to C B A, 
and join D B. D F E is equal to C F A (XV, 
Book I). But also since C A is equal to C B, the 
angle C A B is equal to C B A (V, Book IX which is '»-^- — ^d 
(const.) equal to C D E, therefore C A F is equal to F D E. 
Hence the angle F E D is equal to the angle A C D. But the 
angle C D B is equal to C B D, since the sides C D and C B are 
equal : taking from these equals the angles C D E and C B E, the 
remainders A B D and E D B are equal. The angle A E D is 
equal to A B D and ED B taken together, and therefore to twice 
the angle ABU. But A E D is equal to A C D^ which is there- 
fore equal to double the angle A B D. 

(356) We have taken this demonstration from Clavius, that given by 
Euclid being considered objectionable, in consequence of assuming 
some relations not warranted by the axioms. 

Euclid reasons thus :— When the centre falls within the angle at the 
circumference, A C E is double ABC, and D C E is double C B D ; 
by adding these we have AC D double A B D. 
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If the centre fall outside the angle at the circumference, 
we have E G A double E B A, and E C D double E B D ; 
taking the former from the latter we have A O D double 
A B D. This is more concise, but not so rigorous as the 
reasoning of Clavius. 

The relation established in this proposition between the central and 
circumferential angles on the same arc extends to the 
cases in which the central angle is greater than two right 
angles (14, 135). Let BCD presented towards E be such 
an angle. Draw ACE. The reverse angle B C D is 
equal to the sum of the angles B C E and D C E. But 
B C E is twice B A C, and D C E is twice D A C, v the 
reverse angle B C D is equal to twice the angle BAD. 

This generalization would give considerable brevity to some of the 
succeeding demonstrations. 

Proposition XXI. Theorem. 

(357) The angles (B A D, B E D) in the same segment 
of a circle are equal. 

1°. Let the segment B A D be greater than a semicircle, let 
C be the centre of the circle, and draw C B and C D. 

The angle B C D at the centre is double of the 
angle BAD, and also double of B E D (XX) ; there- 
fore BAD and BED are equal to one another. 

2°. Let the segment BAD be a semicircle, or less than a 
semicircle, let C be the centre of the circle, and draw the right 
lines A C F and E F. 

Because the segment B D F is greater than a semicircle, and 
in it are the angles B A F and B E F, B A F is equal 
to B E F (Part 1^.) ; and because the segment F B A D 
is greater than a semicircle, and in it are the angles 
FAD and FED, FAD is equal to FED (Part 1°.); 
therefore the sum of the angles B A F and FAD, or 
the angle B AD, is equal to the sum of B E F and FED, or to 
the angle BED. 

(358) If the term *angle' had been extended by Euclid, as it has been 
In modern science, to angles greater than two right angles, 
no ^bdivtsion, of this demonstration into cases would be 
necessary. The second case would be proved as the first. 
Each of the angles BAD and BED would be equal to 
half the reverse central angle B C D. 

If two equal angles stand on the same arc, and the vertex, of one be 
in the opposite segment, the vertex of the other will also be in it. 

For if not at E let it be within or without it at F, and 
draw B E. The angles BAD and B F D are equal (hyp.), 
but BAD and BED are equal (XXI) also. Hence the 
angles BED and B F D are equal; but one is greater 
Ihan the other by (XVI, Book I.), hence^ &c. 








1 10 ELEMENTS OF EUCUD. 

Hence it appears* thai if innumerable triangles be constructed on 
the same base with equal yertical angles, the vertices would form the 
segment of a circle. In other words, if the base and vertical angle of 
a triangle be given, the loctu of the vertex is the segment of a circle. 

There is no difficulty in proving that any angle within a segment 
contained by lines drawn to the extremities of its base, is greater than 
an angle in it, and vice venUt and any such angle without it is less 
than an angle in it, and vice versa. 

Proposition XXII. Theorem. 

(359) The opposite angles of a quadrilateral figure 
(F A B C) inscribed in a circle, are together 
equal to two right angles. 

Draw the diagonals A C and F B. 

Because the angles A C B and A F B are in the same segment 
A F C B, A C B is equal to A F B (XXI), and because the 
angles A C F and A B t are in the same segment 
AB CF, A C F is equal to AB F (XXI), there- 
fore the angle B C F is equal to the angles A F B 
and A B F taken together ; but the angles A F B \^.,>g--^i 
and A B F together with F A B are equal to two 
right angles (XXXII, Book I.), and therefore B C F together 
with F A B is equal to two right angles : in the same manner it 
con be demonstrated, that ABC and AFC are equal to two 
right angles. 

(360) If any side F C be produced, the ei^temal angle B C £ will be 
eq.ual to the opposite internal angle FAB, for they have a common 
supplement F C B. 

(361) This proposition might be derived from the twentieth, thus :— 
Draw D F and D B. The angle F C B is half of 

F D B, and the angle F A B is half of the reverse angle 

F D B, '/ the angles A and C together are equal to half 

the sum of the angles round the point D, that is^ to two 

right angles. 

(862) If two chords cat off similar segments from the same or dm^ 

ent circles, the other segments will also be similar, since the ai)|[les 

they contain are supplemental to those in the former segments. 

(363) If opposite angles of a quadrilateral be equal, they must be |H>th 
right, right angles being the only equal angles which are supplemfntal. 

(364) If the opposite angles of a quadrilateral be supplemental) * 
circle may be circumscribed about it. 

For if a circle be described passing through the vertices of tluree 
of its angles A, B, F, it must also pass through the fourth 
C. Take any point D in the segment FD B, and draw 
D F, D B. The angle D is supplemental to A (XXII), 
and '.* equal to C, and since they are on the saute base '^^^ 
F B, and D is in the circle, C must also be in it (358). 
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Proposition XXIIL Theorem. 

(365) Upon the same right line, and upon the same 

side of it, two similar segments pf circleGf 
cannot be constructed which do not coincide. 

For, if it be posi^ble, let two similar segments A C B and 
\ D B be constructed, and let the point D in one 
of them fall without the other, and draw the right /?^^^ 
Knes D A, D B, and C B. /^ 1 - 

Because the segments A C B and A D B are si« 
milar the angle ACB is equal to ADB (Def) ; but ACB is 
external to ADB, and therefore greater than it (XVI, Book L), 
which is absurd : therefore no point in either of the segments 
falls without the other, and therefore the segments coincide* 

Proposition XXIV. Theorem. 

(366) Similar segments of circles standing upon equal 

right lines (A B and C D) are equal. 

For if the equal right lines A B and C D be applied one on the 

other so that the point A may fall on C, the ^^--^ 

point B must fall upon D, and therefore the f^^ f^^ 

right lines coincide ; therefore the segments k i c i 

themselves coincide (XXIII), and therefore 
they are equal. 

%* (367) Hence it follows, also, that similar segments haYing equal 
chords have also eqnal arcs. 

Also, since two circles must ccHBcide in every part, if they agree in 
more than two points, it follows that similar segments having equal 
chords are parts of equal circles. 

*^* (368) Sectors whose radii and angles are equal, are themselves 
equal. For if the chords of the arcs be drawn, they will be divided into 
triangles and segments. The triangles will be equal (IV, Book I.) ; 
and since the angles at the centres are equal, those at the circum- 
ference are also equal (XX), and also those in the arcs of the sectors 
(XXII). Hence the segments are similar, and being on equal right 
lines, are equaL 

Proposition XXV. Problem. 

(369) A segpient (A B C) of a circle being given, to 
describe the circle of which it is the segment. 
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From any point B draw two right lines B A and B C, bisect 
them, and from* the points of bisection F and E draw 
two lines FO and EO perpendicular to AB and 
B C ; the intersection O of these perpendiqulars is At 
the centre. 

Because the right line A B terminated in the circle is bisected 
by a perpendicular F O to it, F O passes through the centre (I), 
likewise E O passes through the centre (I), therefore the centre 
must be O, the intersection of these lines F O and E O. 

It is here assumed that the perpendiculars E O and F O will meet. 
This appears from considering that if the line F E be drawn, they will 
make angles with it, which are together less than two right angles. 

Proposition XXVI. Theorem. 

(370) In equal circles (A B C, D E F), equal angles 

AOCandDHF,ABCandDEF), whether 
they be at the centres or at the circumfer- 
ences, stand upon equal arches. 

First, let the given angles A O C and D H F be at the centres ; 
draw to any points B and E in the circumferences the lines A B 
and C B and DE, F E, and join A C and D F. 

Because in the triangles A O C, D H F the angles O and H 
are equal (hyp.), and the sides AO and O C 
equal to D H and H F (hyp.), the bases A C 
and D F are equal (IV, Book I.) ; but the 
angles ABC and DEF are equal (XX), 
and therefore the segments ABC and DEF 
are similar (Def ), but they stand upon equal right lines A C and 
D F, and are therefore equal (XXIV) ; take away these equals 
from the equal circles, and the remaining segments are equal, 
and therefore the arches A G C and D K F are equal. 

In the same manner it can be demonstrated, that the arcs 
A G C and D K F are equal, if the given angles at the circum- 
ferences ABC and DEF are acute, by drawing O A and O C 
and also H D, H F. 

But if the given angles at the circumferences are either right 
or obtuse, bisect them, and the halves of them are equal, and it 
can be proved as above, that the arcs upon which these halves 
stand are equal, whence it follows that the arcs on which the 
given angles stand are equal. 

(371) It is evident that this proposition extends to equal central or 
circumferential angles in the same circle, and also to the cases of 
reverse angles. 
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*«* (372) Hence if the opposite angles of a quadrilateral in a circle 
be equal, the diagonal opposite them mast be a diameter ; and since in 
this case the ^angles are both right, it follows that a segment containing 
a right angle is a semicircle. 

*** (373) There is no difficulty in deducing from this proposition, 
that if one central or circumferential angle in the same or equal circles 
be greater than another, the arc on which the one stands will be greater 
than that on which the other stands. 

Hence it appears, that if of two opposite angles of a quadrilateral 
Inscribed in a circle, one be acute, and therefore the other obtuse, the 
arc on which the former stands will be less, and the latter greater, than 
a semicircle. Hence the segment which contains an acute angle is 
greater, and that which contains an obtuse angle less, than a semicircle. 
Hiese results are the converse of Prop. XXXI. 

*•* (374) Supplemental circumferential angles in the same or equal 
circles, stand on arcs whose sum is equal to a whole circumference. 
%* (375) Diameters intersecting at right angles divide the circum- 
ference into four equal arcs. 

*«* (376) Anynumberof central angles in the same or equal drcles, 
whose sum is equal to four right angles, stand on arcs whose sum is 
equal to a whole circumference. 

*»* (377) Any number of circumferential angles in the same or equal 
circles, whose sum is equal to two right angles, stand on arcs whose sum 
is equal to a whole circumference. 
*»* (878) Similar arcs of equal circles are equal, 
*«* (379) Paralid chords AB, CD of a circle intercept equal arcs / 
and vice versd. 

Draw AC. The alternate angles BAG and A CD 
are equal, therefore the arcs B C and A D on which they 
stand are equal. Again, if A D = B C, then (XXVII) 
ACD = BAC; v A B is parallel to D C. '>^ 

*»* (380) If two chords A B, C D, intersect within a circle, the sum of 
the arcs they intercut is equal to the arc which a drcum- 
firential angle equal to that under the chords would inter- 
cept. 

Draw A E parallel to C D. Then A C = D E, v 
EB =thesumof AC andB D. ButBAE = BFD. 
%* (381) If two chords intersect at a point without a circle, the differ' 
ence of the arcs which they intercept is equal to the cZ^^^^^ 

arc ivhich a circumferential angle equal to that under ^Uc^-^^y L--^' 
the chords would intercept, ^^^j^-^Zl ) 

Draw A E parallel to C D. Then A C r= D E, •.' Vr:>u 

B E is the difference between B D and A C ; but B A E= B P D. 
%* (382) If chords within a circle intersect at the same angle, the 
sums of the arcs they respectively intercept are equal ; and if they 
intersect without the circle the differences are equal ; and if one pair 
intersect within and the other without, the sum of the one pair of 
arcs is equal to the difference of the other. 

%♦ (383) If chords intersect at a right angle, the sum of the area 
they intercept is equal to a semicircle. 
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Proposition XXVIL Theorem, 

(384) In equal circles (ABC, D E F), the angles 
(ABC and D E F) which stand upon equal 
arches are equal, whether they be at the 
centres or at the circumferences. 

For, if it be possible, let one of them D E E be greater tharv 
the other, and make the angle D E G equal 
tjoABC. 

Because in the equal circles ABC and 
D E F the angle ABC is e^ual to DE G 
(hyp^, the arcs A H C and D 6 are equal 
(XXVI) , but A H C and D G F are also equal (hyp.), and there- 
fore D G is equal to D F, a part equal to the wnole, which is 
absurd : neither angle therefore is greater than the other, and 
therefore they are equal. 

*** (385) This proposition extends, like the former, to arcs in the same 
circle, as well as in equal circles, and inferences follow which are con« 
verses to those made from (XXVI). — Ex, gr. : The sum of the central 
angles subtended by arcs, whose sum is equal to an entire circumfer- 
ence, is equal to four right angles. The sum of the circumferential 
angles subtended by the same arcs is equal to two right angles, &c« 
^ A quadrant subtends a right angle at the centre^ and a semicircle 
at the circumference. 

It follows also from this proposition that equal arcs of equal circles 
contain similar segments. 

Proposition XXYIII. Theorbk^ 

(386) In equal circles (A B C, D E F), equal right lines 
(A C and D F) cut oflF equal arcs, the greater 
equal to the greater (A B C to D E F), the 
less to the less (A G C to D H F). 

If the equal right lines be diameters the proposition is evident. 

If not^ let K and L be the centres of the 
circles, and draw the lines K A^ K C, L D> 
and L F. 

Because the circles are equal (Def.), A K 
and K C are equal to L D and L F, and also 
AC and D F are equal (hyp), therefore the angle AKC is 
equal to the angle D LF (VlII, Book I.), and therefore the 
arc A G C is equal to the arc D H F (XXVI) ; and since the 
circles are equal, take away these equal arcs from them^ and liie 
remaining arcs ABC and D E F are equal. 
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Proposition XXIX. Theorem. 

(387) In equal circles ( A B C, D E F), the right lines 

(AC and D F) which subtend equal arcs are 
equal. 

If the equal arches be semicircles the piopositioii is evident 

But if not, let K and L be the centres of 
the circles, aad dra«r A K. K C, D . ^ and 
LF. 

Because the arcs AG C and DHF are 
equal (hyp.), the angles A K C and D L F ^^ n 

are equal (XXVII) ; but in the triangles A K C and D L F the 
sides A K and K C are equal to D L and L F (hyp.), and there-* 
fore the bases Ji C and D F are equal (IV, Book !.)• 

Proposition XXX. Problem. 

(388) To bisect a given arc (A B C). 

Draw the right line A C ; bisect it in E, through E draw E B 
perpendicular to A C, and k bisects the arc in B. 

Draw the right lines A B and C B. 

In the triangles A E B, C E B, the sides AE and E C are equal 
(const.), E B is common, and the angle A E B is 
equal to C E B (const.), therefore the sides AB and /C^^ 
B C are equal (IV, Book I.), and therefore the ^ ^^ 
arcs which they subtend are equal (XXVIII), and " 

tjb^refore the given arc ia bisected in B. 

Proposition XXXI. Theorem. 

(389) In a circle the angle in a semicircle is a right 

angle, the angle in a segment greater than a 
semicircle is acute, and the angle in a segment 
less than a semicircle is obtuse. 

Part 1**. — ^The angle A B C in a semicircle is a right angle. 

Let O be the centre of the circle, and draw O B J^-^ 

and AC. /f\N\ 

Because in the triangle A O B the sides O B and ^{ o J^ 
O A are equal, the an^es O AB andOB A are also V^ — ^ 
equal (V, Book I.) ; in the same manner it can be jproved, that 
the angles O C B and O B C are equals tberefefe the angle 

I 2 
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A B C is equal the sum of the angles B C A and B A C, and 
therefore the angle A B C is a right angle (XXXII, Book I.). 

Part 2°.^— The angle A B C in a segment greater than a semi- 
circle is acute. 

Draw A D, a diameter of the circle, and also the lines C D, CA. 

Because in the triangle A C D the angle A C D 
in a semicircle is a right angle (Part 1°. ), the angle 
A D C is acute (XXXII, Book I.) ; but the angles 
ADC and ABC are in the same segment A B D C, 
and therefore equal (XXI), therefore the angle ABC 
is acute. 

Part 3°. — ^The angle A B C in a segment less than a semicircle 
is obtuse. 

' Take in the opposite circumference any point D^ and draw D A 
and D C. 

Because in the quadrilateral figure A B C D 
the opposite angles B and D are equal to two 
right angles (XXII), but the angle D is less than 
a right angle (Part 2°.), the angle ABC must be 
obtuse. i5^ 

(390) The second part of this proposition might have 
beep more elegantly and concisely proved by drawing 
D B instead of D C ; we should then have A B D a right 
angle, *.* ABC acute. 

A similar method might be applied to the third case ; draw the dia- 
meter A D, and draw B D. The angle A B D is right, 
and V ABC obtuse. 

But the proof might be still more elegantly derived 
from the established relation between central and circum- 
ferential (XX) angles having the same subtense. The 
central angle which stands on a semicircle is equal to two right angles, 
and therefore the circumferential angle is one right angle. The cen- 
tral angle, which stands on an arc less than a semicircle, is less than 
two right angles, and therefore the circumferential angle is less than a 
right angle ; and the central angle, which stands on an arc greater than 
a semicircle, is greater than two right angles ; and theirefore the cir- 
cumferential angle is greater than a right angle* 

Proposition XXXII. Theorem. 

(391) If a right line (E F) be a tangent to a circle, and 
from the point of contact a right line (A C) be 
drawn cutting the circle, the angle . F A C 
made by this line with the tangent is equal to 
the angle (ABC) in the alternate segment of 
the drde. 
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If the chord should pass through the centre, it is evident the 
angles are equal, for each of them is a right angle (XVI, XXXI, } 

But if not, draw through the point of contact the Une A B per- 
pendicular to the tangent E F, and join B C. 

Because the right Une E F is a tangent to the circle, and A B 
is drawn through the point of contact perpen- 
dicular to it, A B passes through the centre 
(XIX) , and therefore the angle A C B is a 
right angle (XXXI) ; therefore in the triangle 
AB C, the sum of the angles ABC and B A C 
is equal to a right angle (XXXII, Book I.), and therefore equal 
to the angle B A F; take away the common angle BAG, and 
the remiaiining angle C A F is equal to the angle A B C in the 
alternate segment. 

The angles E A C and ADC are also equal. 

Draw the right lines A D and D C ; because in the quadrilateral 
A B C D the opposite angles ABC and ADC taken together are 
equal to two right angles (XXII), the sum of the angles E A C 
and F A C is equal to the sum of A B C and ADC; take away 
the equals FAC and ABC (Part I*'.), and the remaining angle 
E A C is equal to the angle A D C in the alternate segment. 

(392) This proposition might be otherwise proved, thus : — The angle 
A C D = D A F. Draw A B perpendicular to E F. The 
angle A C B=B AF, since both are right ; B C D=B AD. 
being in the same segment. Taking the latter from the 
former, DA F= A CD. 

Also draw G B. We have A G B = B A E, both being 
right ; and D G B r=D A B, being in the same segment ; adding thesef 
equals, we have D G A = D A E. 

If we consider a triangle inscribed in a circle as a quadrilateral, one 
of whose sides vanishes, this proposition may at once 
be derived from the twenty-second. By that propo- 
sition in the quadrilateral A B C D, the external angle 
C D £ is equal to the internal opposfite angle B. 
While the point D approaches A, and the side AD 
(timinishes, the angle C D E remains of the same magnitude, and still 
^ual to B. When D coincides with A, and A D vanishes, A £ becomes 
a tangent, and the angle C A £ under the chord and tangent is equal 
to the angle B in the alternate segment. 

*i^* (393) If several circles touch each other, either Internally or 
externally, any right line passing through the point of contact will cut 
off similar segments from them. . For since they have a common tan* 
gent (348), the angles in all the segments are equal to the angle 
under the line drawn and the common tangent. 
*^* (394) If several circles touch each othei 
internally or externally, and any two right lines 
be drawn through the point of contact P, cut- 
ting each of them at A and B, the lines A B 
will be parallel; for by (393) the. alternate 
angles P A B are equal. 
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%* (8Si5) Tangents through the extremttiei^ of the 0lt!me chOrd 
makte equal angles with it on the same side. For each angle is eqiial 
to the angle in the alternate segment. 

*«* (396) The chord joining the points of contact of parallel tan- 
gents is a diameter. For the angles on the same side are equal 
(395), and supplemental (XXIX» Book I.), and are therefore right. 
Therefore the chord is a diameter (XlXy. 



Proposition XXXIII. Problem. 

(397) On a given right line (A B) to describe a seg- 
ment of a circle that shall contain an angle 
equal to a given angle (V). 

» 

If die given angle be a right angle, bisect the given line ; 
describe a semicirde on it. This wiU evidently be the segment 
retwired, since it contains a right angle (XXXI). 

if the given angle V be acute or obtuse, make with the given 
line A B t^t either extremity of it A an angle 
BAE equal to V; through A draw AC 
perpendicular to E A, and at B make the. 
angle ABO equal to B A C. The circle de- 
scribed from the centre O with the radius O A 
passes through B, because O A and O B are equal, and its seg- 
ment A C B contains an angle equal to the given acute angle V, 
and its segment AGB contains an angle equal to the given obtuse 
ande V. 

Because E A is a tangent to the circle at A (XVI), and from 
^ven it is drawn A B cutting Ui0 circle, the angle in the segment 
IS equal to the acute angle E A B (XXXII), and therefore to the 
given acute angle V (const.) ; and also the ande in the segment 
A 6 B is equal to the obtuse angle E A B (XXXil), and therefore 
to the given obtuse angle V (const.). 

(898) This problem might be solved by constructing on the given right 
tine A B any angle equal to the given angle V, and circumscribing 
round this triangle a circle (78). Euclid, however^ does not iBtro«* 
duce the problem to circumscribe a circle round a triangle^ until the 
fourth book. 

•^^* (899) From this problem we derive the solation of another— 
* Given the base and vertical angle of a triangle to construct the loeuM 
of the vertex.* 

This problem is useful, therefore, in the solution of all problems 
relating to the determination of a triangle, where two of the three data 
are a side and the angle opposite to it. In such cases, having con- 
structed on the given side the segment which contaiss the opposite 
angle, all that remains to be determined is the point in tliis segment 
where the vertex is placed. The third datum ought to be miffieieni to 
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detenoine this. Thus, for example, if the third datum be the perpen- 
dicular from the vertex on tiie ^ven side, the place of the vertex may 
be determined by drawing any line perpendicular to the given sidei 
and takinff a part on it from the side equal to the given perpendicular* 
A paralljel to the side through the extremity of this will intersect 
the circle in two points, either of which will serve for the vertex. 
*»* (^00) Again, suppose the base, vertical angle, and the perpen- 
dicular from the extremity of the base on the opposite side« be g^ven 
to find the triangle. 

On the given side A B describe a segment A C B containing the 
given angle. Also describe a semicircle A D B. It is 
evident that the vertex of the triangle must be in the for- 
mer, and the point where the perpendicular meets the 
side in the latter. Inflect A D equal to the perpendicular, 
and draw B D to meet the first segment at D : the tri- 
angle A B C is that required. The demonstration is evident. 

It would be impossible to enumerate the cases in which this prin« 
ciple is useful ; and the student cannot obtain a better exercise than in 
combining with the base and vertical angle of a triangle the various 
data which may be sufficient to determine the place of the vertex in the 
segment. 

Proposition XXXIV. Problem. 

(401) To cut off from a given circle (ABC) a seg- 

ment which shall contain an angle equal to a 
given angle. 

Draw FA, a tangent to the circle at any point A ; at the point 
of contact make with the line A F an angle F A C, 
equal to the given angle ; the segment ABC con- 
tains an ande equal to the given angle. 

Because F A is a tangent to the circle, and A C 
cuts it, the angle in the segment A B C is equal to 
FAC (XXXII), and therefore equal to the given angle (const). 

Proposition XXXV. Theorem. 

(402) If two right lines (A B and C D) within a circle 

cut one another, the rectangle under the seg- 
ments (A E and E B) of one of them is equal 
to the rectangle under the segments (C E and 
ED) of the other. 

1*. If the given right lines pass through the centre they arfe 
bisected in the point of intersection ; therefore the rectangles un(}er 
tbeir segments are the squares of their halves, B^d therefore are 
equal. 
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2**. Let oniB of the given lilies (DC) pass through the centre^ 
and the other (A B) not; draw OA and OB. The 
rectangle A E 6 is equal to the difference between the 
squares of O E and of O A (253) , that is, to the dif- 
ference between the squares of O E and of O C, or 
to the rectangle DEC (V, Book II.). 

3°. Let neither of the given lines pass through the centre, 
draw through their intersection a diameter F G, and 
the rectangle under F E and E G is equal to the 
rectangle under D E and E C, and also to the 
rectangle under B E and E A (Part 2°.) ; therefore 
the rectangle under D E and E C is equal to the 
rectangle under B E and E A. 

The demonstration of the second case has been somewhat abridged 
by the principle established in (253). In Euclid's demonstration the 
proof of that principle is really incorporated. 

Proposition XXXVI. Theorem. 

(403) If frpm a point (B) without a circle two riglit 
lines be drawn to it, one of which (B F) is a 
tangent to the circle, and the other (B C) cutii 
it ; the rectangle under the whole secant (B C) 
and the external segment (B O) is equal to the 
square of the tangent (B F). 

1**. Let B C pass through the centre ; draw A F from the 
centre to the point of contact ; the square of B F 
is equal to the difference between the squares 
of B A and of AF (XIX), that is, to the differ- 
ence between the squares of B A and of A O, or 
to the rectangle under C B and B O (VI, Book 
II.> 

2°. If BC do not pass through the centre, draw AO and 
AC. The rectangle under CB and B O is 
equal to the difference between the squares of 
A B and of A O (253), that is, to the differ- ' v-- i ^-> ^u 
ence between the squares of A B and A F, 
or to the square of B F (XXI). 
^404) CoR. — Hence, if from any point without a circle two right 
hnes be drawn cutting the circle, the rectangles under them and 
their external segments are equal, for each of the rectangles is 
equal to the square of the tangent. 

The demonstration of the second case has been abridged as lii the 
last proposition. 
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Proposition XXXVII. Theorem. 

(405) If from a point (B) without a circle two right 
lines be drawn, one (B C) cutting the circle, 
the other (B F) meeting it, and if the rectangle 
under the secant and its external segment be 
equal to the square of the line which meets 
the circle, the line. (B F) which m^ets it is a 
tangent. - 

Draw from the point B the line B Q, a tangent to the circle, 
and draw E F and E Q. 

The square of B Q is equal to the rectangle under B C and BO 
(XXXVI), but the square of BF is also equal 
to the rectangle under B C and B O (hyp.), there- 
fore the squares of B F and B Q are equal, and 
therefore the lines themselves are equal ; then, in 
the triangles E F B and E Q B the sides E F 
and F B are equal to the sides E Q and Q B, and the side E B 
is common, therefore the angle E F B is equal to E Q B ( VIIT, 
Book I.) ; but E Q B is a right angle (XIX). therefore E F B 
is a right angle, and therefore the right line B F is a tangent to 
the. circle (XVI). 
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DEFINITIONS. 

« 

(406) I. A rectilmear figure is said to be inscribed in another, 

when all the angular points of the inscribed figure 
are on the sides of the figure in which it is said to 
be inscribed. 

(407) II, A figure is said to be described about another figure, 

when all the sides of the circumscribed figure 
pass through the angular points of the other 
figure. ♦ 

(406) III. A rectilinear figure is said to be in- 
scribed in a circle, when the vertex 
of each angle of the figure is in the 
circumference of the circle, 

(409) IV. A rectilinear figure is said to be circumscribed about 

a circle, when each of its sides is a tangent to the 
circle. 

(410) V, A circle is said to be inscribed in a rectilinear figtire, 

when each side of the figure is a tangent to the 
circle. 

(411) VI. A circle is said to be circumscribed about a recti- 

linear figure, when the circumference ]^se8 
through the vertex of each angle of the figure. 

(412) VIL A right line is said to be inscribed in a circle, when 

its extremities are in the circumference of the 
circle. 

(413) The fourth book of the Elements is devoted to the solution of 
problems, chiefly relating to the inscription and circumscription of 
regular polygons and circles. 

A regular polygon is' one whose angles and sides are equal. 




BOOK THE FOURTH. 123 

Proposition I. Problem. 

(414) In a given circle (B C A) to inscribe a right 

line equal to a given right line, which is not 
greater than the diameter of the circle. 

Draw a diameter A B of the circle, and if this is equal to the 
given Une, the problem is solved. 

If not, take in it the segment A E equal to the given line (HI, 
Bode I.) ; from the centre A with the radius A E 
describe a circle E C, and draw to either intersec- 
tion of it with the given circle the line A C ; this 
line is equal to A E, and therefore to the given line. 

Proposition II. Problem. 

(415) In a given circle (B A C) to inscribe a triangle 

equiangular to a given triangle (E D F.) 

Draw the line G H a tangent to the given circle in any point 
A ; at the point A with the hne A H msSce ^ — ^^ ^j ^ 
the angle H A C equal to the angle E, and s^C^jX *\/ 
at the same point with the line A G make \\ / J ^ 
the angle GAB equal to the angle D, and ^ a a" 
draw B C. 

Because the angle E is equal to HAC (const.), and HAC 
is equal to the angle B in the alternate segment (XXXII, 
Book III.), the angles E and B are equal ; also the angles D and C 
are equals therefore the remaining angle F is equal to B A C 
(XXXII, Book I.), and therefore Uie triangle B A C inscribed in 
the given circle is equiangular to the given triangle E D F. 

Proposition III. Problem. 

(416) About a given circle (A B C) to circumscribe 

a triangle equiangular to a given triangle 
(EDF). 

Produce any side D F of the given triangle both ways to G 
and H ; from the centre K of the 
given circle draw any radius K A. 

With this line at the point K make ^ { m- r y\ 

the angle B K A equal to the angle X ^1^1 XX 

E D G, and at the other side of K A ^ ^ ^ a i> f h 
make the angle A K C equal to E F H, and draw the lines 
L M^ L N, and M N, tangents to the circle in the points B, A 
andX!). 
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Because the four angles of the quadrilateral figure L B K A 
taken together are equal to four right angles (134), and the angles 
KB L and K A L are right angles (const.), the remaining angles 
A K B and ALB are together equal to two right angles ; but the 
angles E D G and E D t are together equal to two right angles 
(XIII, Book I.), therefore the angles A KB and ALB are to- 
gether equal to E D G and E D F ; but A K B and ED G are 
equal (const.), and therefore ALB and E D F are equal. In 
the same manner it can be demonstrated that the angles A N C 
and E F D are equal ; therefore the remaining angle M is equal 
to the angle E (XXXII, Book I.)f and therefore the triangle 
L M N circumscribed about the given circle is equiangular to uie 
given triangle. 

Proposition IV. Problem. 

(417) In a given triangle (B A C) to inscribe a circle. 

Bisect any two angles B and C by the right lines 
B D and C D, and from their point of concourse D 
draw D F perpendicular to any side B C ; the circle 
described from the centre D with the radius D F is 
inscribed in the given triangle. b^ ^i^ ^ 

Draw D E and D G perpendicular to B A and A C. In the 
triangles D E B, D F B the angles DEB and D B E are equal 
to the angles DFB and DBF (const.), and the side D !d is 
common to both, therefore the sides D E and D F are equal 

Sue VI, Book I.) : in the same manner it can be demonstrated 
at the lines D G and D F are equal ; therefore the three lines 
D E, D F, and D G are equal, and therefore the circle described 
from the centre D with the radius DF passes through the points 
E and G; and because the angles at F, E, and G are right, the 
lines BC, B A, and AC are tangents to the circle (XVI, Book 
III.), therefore the circle F E G is inscribed in the given triangle. 

(418) It is assumed in the demonstration of the proposition, that the 
two bisectors of the angles B C of the triangle will meet at the same 
point. This, however, may be proved by showing that they make angles 
with B C which are together less than two right angles. 

In this demonstration, and in various other places, Euclid assumes, 
that any point whose distance from the centre of a circle is equal to 
the radius, must be on the circle. See (22), 

(419) If D A be drawn it will bisect the angle A. For E D and G D 
are equal, and A D the common side is opposite to right angles E and 
G, and therefore the triangles DAE and D A G are in every respect 
equal. Therefore the angles DAE and D A G are equal. 

Hence the lines bisecting the three angles of a triangle intersect at 
the same point, and that point is the centre of the inscribed circle. 
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(420) The areas of the three triangles B D C, C D A, and A D B, are 
respectively equal to half the rectangles under the radius of the in- 
scribed circle and the sides B C, C A, and B A of the given triangle. 
Hence the area of the given triangle is equal to the rectangle under 
the radius of the inscribed circle and the semiperimeter of the 
triangle. 

*^,^* (421) Hence if the sides be given in numbers, the radius of the 
inscribed circle may be found by dividing the area (found by (186) y 
by the semiperimeter. 

*»* (422) The problem to inscribe a circle in a triangle is a particular 
case of a more general problem, * To describe a circle touching three 
given right lines.' 

1°, If the three given lines be parallel to one another, the problem 
is obviously impossible, since no circle touching two of them could 
touch the third. 

2°. If two of the lines A G, B H be parallel and the third AB inter-; 
sect them. 

Draw the lines A D and B D bisecting the angles A and B. These 
will intersect, since they make angles 
with A B which are together less 
than two right angles. Let them 
meet at D. Perpendiculars D F, 
D G, and D H to the three given 
lines from D are equal. This may be 
proved as in the preceding proposition. Hence D is the centre and 
D F the radius of the circle. 

It appears from the diagram that there are two circles which touch 
the given right lines. 

3^. Let the three given right lines intersect so as to form a|triangle. 

In this case the circle is determined as in the proposition. ^But this 
is not the only circle which may be drawn 
touching the given right lines. Draw the lines 
C D and A D bisecting the external angles at 
A and C. These, as before, will meet at D, 
and perpendiculars D E, D F, D G on the 
given lines from this point are equal. Hence 
D is the centre and D F the radius of a circle 
touching the three given lines. The demon- 
stration of this is the same exactly as that of 
the proposition. 

In the same manner two other circles may 
be described touching the given right lines as 
^1 Uie diagram. 

Thus if three right lines intersect so as to form a triangle, four 
different circles may be described each touching them all. 

By this case it appears that the bisector of any internal angle of a 
triangle, and those of the remaining external angles, intersect at the 
same point. 

4®. If the three given lines intersect at the same point, no circle can 
be described touching them all. 
%* (423) It is plain the problem to describe a circle touching two 
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g^ven rig^ht lines is indeterminate. We can however in this c^se deter-* 
mine the locus of its centre. 

1^. If the two right lines be parallel. 

Draw the line A B intersecting them perpendicularly, and bisect it 9% 
C, and through C draw D E parallel to 
the g^ven lines. This will be the locus of 
the centres. For if any other perpendi- 
cular F G be drawn, a circle described on 
it as the diameter will touch the g^ven 
lines. 

2**. If the given lines intersect. 

Draw the lines A B and C D bisecting the 
angles under the given lines. These lines will 
be the locus of the centres. The demonstra- ^I 
tions will easily appear from that of Prop. IV. 
and from the annexed diagram. 





Proposition V. Problem. 

(424) About a given triangle (B A C) to circumscribe 
a circle. 

Bisect any two sides B A and A C of the given triangle, and 
through the points of bisection D and E draw DF and EF per- 
pendicular to A B and A C, and frond their point of concourse F 
draw to any angle A of the triangle B A C the line F A, the circle 
described from the centre F with the radius F A is circumscril)ed 
about the fflven triangle. 

Draw F B and F C ; in the triangles F D A, F D B the sides 
D A and D B are equal (const.), 
F D is common to both, and the 
angles at D are right, therefore 
the sides FA and FB are equal a^ 
(IV, Book L) : in the same 
manner it can be demonstrated that the lines FA and F C are 
equal, therefore the three lines FA, FB, and FC are equal, 
and therefore the circle described from the centre F with tne 
radius F A passes thrdu^h B and C, and therefore is circum- 
scribed about the given tnangle BAG. 

(425) Cor. — If the centre F fall within die triangle, it is evident 
all the angles are acute, for each of them is in a segment greater 
than a semicircle. If the centre F be in any side of the triangle 
the angle opposite to that side is right, because it is an angle in a 
semicircle (XXXI, Book III.) ; and if the centre fall without the 
triangle the angle cmposite to the side which is nearest the centre 
is obtuse, because it is an angle in a segment greater than a semi- 
circle (XXXI, Book III.). 
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This problem hM been anticipated in (78). It is. In Sic|» th« 
as to describe a circle through three g^ven points which are nol placeiJ 
in the same right line. 

(426) A perpendicular from F will eridently Insect B C, and therefore 
the perpendiculars from the middle pmnts of the sides of a triangle 
have a common point of intersection, and this point is the centre of the 
circumscribed circle. 

(427) It is assumed in the demonstration of this proposition, diat the 
perpendiculars through D and E will intersect' if produced. This may 
be proved by drawing the right line joining D and E. The perpendi* 
culars evidently make with this line angles which are together less 
than two right angles. 

Proposition VI. Problem. 

(428) In a given circle (ABC D) to inscribe a square. 

Draw any diameter A C of the given circle, draw B D perpen- 
dicular to it, and join AB, B C, CD, DA; ABCD 
is s square inscribed in the given circle. 
' Because the angles at £ are right, and therefore bI 
equal, the arcs on .which they stand are equal (XXVI, 
Book in.), and therefore their subtenses are equal 
(XXIX, Book IIL) ; the -figure AB C D is therefore equilateral ; 
and because BD is a diameter, the angle BAD is in a semi- 
circle, and therefore right (XXXI, Book III.) ; in the same 
manner it can be demonstrated that the angles B, C, atid D are 
right ; therefore, since the sides are also equsd, the figure ABCD 
is a square. 

The inseribed sqaare is equal to twice the square of the radius, or to 
half the squfure of tiie diameter. 

Proposition VII. Problem. 

(429) Abotrt a given circle (ABCD) to circumscribe 

a square. 

Draw any diameter A C of the given circle and o c h 
B D perpendicular to it, and through their extremi- /^ 
ties A,B, C, and D, draw the lines KF, F G, GH, 
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knd H K tangents to the cfancle ; the figure FGHK fv^| ^ 
is a square circumscribed about the given circle. p a. jl 

Because E A is draw<n from the centre to the point of contact 
tie angle E A P is right (XVIil, Book lU), but the angle 
A£B i^ also right (const.), therefore the lines FK and BD are 
parallel ; in the same manner it can be demonstraited G H is 



12S ELEMENTS OF EUCLID. 

parallel to B D, and also that F G and K H are parallel to 
A C ; therefore G D, B K, F C, and A H are parallelograms, and 
because the angles at A are ri^t, the angles at G and U opposite 
to them are right (XXXIV, Book I.) : in the same manner it 
can be demonstrated that K and F are right apgles ; therefore 
F G H K is a rectangle, and because A C and B D are equals 
and F K and G A are equial to B D, and F G and K H are equal 
to A C, it is evident that F G H K is also equilateral, and therefore 
a square. 

The circumscribed square is the square of the diameter, and isthere-r 
fore twice the inscribed square, and four times the square of the radius. 



Proposition VIII. Problem. 

(430) In a given square (F G H K) to inscribe a circle. 

Bisect two adjacent sides (Fig. Prop. VII.) G H and F G of 
the given square in C arid B, through C draw CA parallel 
to either F G or K H, and through B draw B D parallel to 
either G H or F K ; the circle described from the centre E 
with the radius E C is inscribed in the given square* 

Because G E, E H, E K, and E F are parallelograms (const.), 
their opposite sides are equal (XXXIV, Book I.), therefore C E 
and E B are equal to G B and G C ; but G B and G C are equal, 
for they are halves (const.) of the equal lines F G and G H, there- 
fore C E and E B are equal ; but E D and E A are equal to C E 
and E B, for they are equal to C H and B F the halves of G H 
and FG (const.), therefore the four lines EC, EB, EA, and 
E D are equal, and therefore the circle described from the centre 
E with the radius E C passes through B, A, and D ; and because 
the angles at C, B, A, and D are right, the sides of the square 
are tangents to the circle (XVI, Book III.), which is therefore 
inscribed in the given square. 

Proposition IX. Problem. 

(431) About a given square (A B C D) to circumscribe 

a circle. 

Draw A C and B D intersecting one another in E ; the circle 
described from the centre E with the radius E A must pass 
through B C and D. 
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For since ABC is an isosceles triangle, and the angle B is 
right, the other angles are each half a right angle 
(XXXII, Book I.) ; m the same manner it can be 
demonstrated that each of the angles into which the 
angles of the square are drvided, is half a right angle, 
they are therefore all equal, and therefore in the 
triangle A E B as the angles E A B and E B A are equal, the 
sides E A and £ B are equal (VI, Book I.) ; in the^same manner 
it can be demonstrated that E D and E C are equal to E A and 
E B, therefore the four lines E A, E B, E C, and E D are equal, 
and therefore the circle described from the centre E with the 
radius E A passes through B, C, and D, and is circumscribed 
about the given square. 

Proposition X. Problem. 

(432) To construct an isosceles triangle, in which each 
of the angles at the base shall be double of 
the vertical angle. 

Take any line A B and divide it in C, so that the rectangle 
under A B and C B shall be equal to the square of ^ 
A C (XI, Book II.) ; from the centre A with the 
radius A B describe a circle BED, and inscribe in 
it a line B D equal to A C (I) ; join A D, and 
B A D is an isosceles triangle, in which the angles 
B and D are each double of the angle A. 

Draw D C, and circumscribe a circle A C D about the triangle 
DC A. 

Because the rectangle under A B and B C is equal to the 
square of AC (const,), or. to the. square of B D (const), the line 
BD is a tangent to the circle AC D (XXX V II, Bobk III.), 
therefore the angle B D C is equal to the angle A in the alternate 
sequent (XXXII, Book III.) ; add to both the angle CD A, and 
B D A is equal to the sum of the angles C D A and A ; but since 
the sides AB and A D are equal, the angles B and B D A are 
equal, therefore the angle B is equal to the sum of C D A and A ; 
but the external angle B C D is equal to the sum of C D A and 
A (XXXII, Book I.), therefore the angles B and B C D are 
equal, and therefore the sides. B D and C D are equal (VI, 
Book I.) ; but BD and CA are equal (const), therefore CD 
and.CA are equal, and therefore the angles A and CDA are 
equal ; but B D A is equal to the sum of the angles A and 
CDA, therefore it is double of A, and therefore the angle B is 
also double of A. 
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Proposition XI. Problem. 

(433) In a given circle ( A B C D E) to inscribe an 
equilateral and equiangular pentagon. 

Construct an isosceles triangle, in which each of the angles at 
the base shall be double of the angle at the vertex 
(X), and inscribe in the ^iven circle a triangle ACE b 
equiangular to it (II) ; bisect the angles at the base 
A and £ by the right lines A D and £ B, and join 
A B, B C, C D, and D £. 

Because each of the angles C A £ and C £ A is double of 
E CA (const.), and is bisected, the five angles C£ B, B£A, 
A C £, CAD, and D A £ are equal ; and therefore the arcs 
upon which they stand are equal (XXVI, Book III.), and there- 
fore the lines C B, B A, A £, £ D, and D C which subtend these 
arcs are equal (XXIX, Book III.), and therefore the pentagon 
A B C D E is equilateral. 

And because the arcs A B and D £ are equal, if the arc BCD 
be added to both, the arc ABCD is equal to B C D £, and 
therefore the angles A £ D and B AlS standing upon them are 
equal (XXVII, Book III.) , in the same manner it can be demon- 
strated that all the other angles are equal, and therefore the 
pentagon is also equiangular. 

*4^* (484) Each diagonal of a regular pentagon is parallel to the nde 
with which it is not conterminous. For since the arcs B A and D E 
are equals the chords B D and A E are parallel (379) ; and the same 
may be applied to the other diagonals. 

Since the arcs A B and D E are together equal to B C D, it follows 
(380) that the angle B F A is equal to BAD. Hence it appears 
that A B F is an isosceles triangle equiangular with A C E^ and (here* 
fore having its base angle equal to twice its vertical angle^ The same 
is true of the triangles B C K, G C D, and F D E. 

It is easy to see that the figure A B H E is a lozenge ; and the same 
may be proved of A B C G, &c. 

The figure FG H I K is a regular pentagon. 



Proposition XII. Problem. 

(435) About a given circle ( A B C D E) to circumscribe 
an equilateral and equiangular pentagon. 
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'Let the points A, B, C, D, and E be the. vertices of the angles 
of an equilateral pentagon inscribed in the circle, 
and draw G H, H K, K L, L M, and M G tangents 
to the circle at these points ; G H K L M is an 
equilateral and equiangiUar pentagon, circumscribed 
about the given circle. 

Draw FA,FG, FE, FM, and FD. In the triangles FGA, 
FGE the ^ides GA and GE are equal (351), and also FA and 
FE ; F G is common, therefore the angles F G A and FGE are 
equal, and also A F G and E F G, therefore the angle A G E is 
double of F G E, and A F E double of G F E ; in the same man- 
ner it can be demonstrated that D M E is double of F M E, 
and that D F E is double of M F E ; but since the arcs A E 
and ED are equal (const), the angles A F E and DFE are 
equal (XXVII, Book III.), and therefore their halves GF E and 
MFEare equal, and the angles FEG and F E M are also 
equal, and the side E F is common, therefore the angles FGE 
and F M E * are equal, and also the sides G E and E M, and 
therefore the line G M is double of G E ; in the same manner 
it can be demonstrated that G H is double of G A, but G E 
and G A are equal, therefore G M and G H are equal ; in 
the same manner it can be demonstrated that the other sides 
are equal, and therefore the pentagon G H K L M is equi- 
lateral ; and because the angles D M E and AGE are double 
of F M E and F G E, and F M E and FG E are equal, D ME 
is equal to A G E ; and in the same manner it can be demon- 
strated tb^t the other angles are equal, and thei:efore G H K L M 
is also equiangular. 



Proposition XIII. Problem. 

(436) In a given equilateral and equiangular pentagiMi 
( A B C D E) to inscribe a circle. 

Bisect any two adjacent angles A and E by the right line A F 
and E F, and from their point of concourse F draw F G perpen- 
dicular to A E, the circle described from the centre F with the 
radius F G is inscribed in the given pentagon. 

Draw F B, F C, and F D, and from F let fall 
the perpendiculars F H, F N, F M, F L. 

In the triangles A F B, A F E the sides A B 
and A E are equal (hyp.), A F is common, 
and the angles FAB and F A E are equal 

K 2 
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(const.), therefore the angles AB F and A E F are equal (IV, 
^ook I.) ; but the angles ABC and A E D are also equal 
(hyp.), therefore since A E F is half of A E D (const.), A B F 
is half of A B C ; in the same manner it can be demonstrated 
that the other angles of the pentagon are bisected by the lines 
drawn from F : wherefore in the triangles F B H, F B M, the 
angles F B H and F B M are equal, the angles at H and M 
are right, and the side F B opposite to the equal angles H 
and Mis common, therefore the sides F H and F M are equal 
(XXVI, Book I.) ; and in the same manner it is proved that 
all the perpendiculars are equal, therefore the circle described 
from the centre F with the radius F G passes through the 
points H, M, N, and L, and the sides of the given pentagon 
are tangents to it, because the angles at G, H, M, N, and L are 
right. 



Proposition XIV. Problem. 

(437) To circumscribe a circle about a given equilateral 
and equiangular pentagon ( A B C D E)« 

Bisect the angles A ana E by the right lines A F and E F ; the 
circle described from their point of concourse F as centre with 
the radius A Fpasses through the points B, C, D, and E. 

Draw FB, FC, and FD. In the triangles FAE and FAB 
the sides F A and A E are equal to F A and A B, 
and the angle FAE is equal to FAB (const), 
therefore the angles F B A and FE A are equal (I V, 
Book I.) ; but me angles ABC and A E D are also 
equal (hyp.) ; therefore since the angle F E A is 
half of A E D (const.), F B A is half of A B C, and therefore 
A B C is bisected by F B ; and in the same manner it can be 
demonstrated that the angles C and D are bisected. Hence in 
the triangle A F E the angles FAE and F E A, being halves 
of the equal angles B A E and A E D, are equal, and merefore 
the sides F E and F A are equal fVI, Book I.) ; and in the 
same manner it is proved that the remaining lines F B, F C, 
and F D are equal ; therefore the five lines F A, F B, F C, 
F D, and F E are equal, and therefore the circle described from 
the centre F with the radius F A passes through the points 
B, C, D, and E, and therefore is circumscribed about the given 
pentagon. 
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Proposition XV. Problem. 



•1 




(438) la a given circle (A B C D E F) to inscribe an 
equilateral and equiangular hexagon. 

Let G be the centre of the given circle ; draw any diameter 
AG D ; from the centre A with the radius AG de- 
scribe a circle, and, from its intersections B and F 
with the given circle, draw the diameters B E and 
FC ; join AB, B C, C D, D E, E F, and FA, and 
the figure A B C D E F is an equilateral and equi- 
angular hexagon inscribed in the given circle. 

Since the lines A B and A G are equal, as being radii of the 
same circle B G F, and G A and G B also equal, as being radii 
of the same circle A B C D E F, the triangle B G A is equilateral, 
and therefore the angle B G A is the third part of two right angles 
rXXXII, Book I.). In like manner it is proved that the triangle 
A G F is equilateral, and the angle A G F equal to one third part 
of two right angles ; but the angles B G A and A G F together 
with FGE are equal to two right angles (XIII, Book I.), there- 
fore F G E is one third part of two right angles, and therefore the 
three angles B G A, A G F, and FGE are equal, and also the 
angles vertically opposite to them E G D, D G C, and C G B ; 
hence the six angles at the centre G are equal, and tlierefore the 
arcs on which they stand are equal, and the lines subtending 
those arcs (XXIX, Book III.) > therefore the hexagon A B C D E F 
is equilateral, and also, since each of its angles is double the angle 
of an equilateral triangle, it is equiangular. 

(439) It may be proved in general that every equilateral figure inscribed 
iu a circle must be equiangular, for its angles are contained in equal 
arcs, and therefore stand on equal arcs. 

(440) The side of the regular hexagon is equal to the radius of its cir- 
cumscribing circle, and its area is six times that of an equilateral triangle 
constructed on the radius of this circle. 

If any three alternate angles A C E of the hexagon be joined by 
right lines, they will form the inscribed equilateral triangle. 



Proposition XVI. Problem. 

(441 ) In a given circle (C A D) to inscribe an equt 
lateral and equiangular quindecagon. 
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Let C D be the side of an equilateral triangle inscribed in the 
circle CAD, and C A the side of an equilateral 
pentagon also inscribed in the circle CAD; bisect 
the arc A D ; the right line joining A B is the side of 
the inscribed quindecagon. For if the whole circum- 
ference be divided into fifteen parts, the arc C D, 
since it is the third part of the whole circumference, contains five 
of these parts ; in like manner the arc C A contains three of them, 
therefore the arc A D contains two, and therefore the arc A B is 
the fifteenth part of the whole circumference, and A B is the side 
of the inscribed equilateral quindecagon. 




BOOK V. 



DEFINITIONS. 

(442) . I. A less magnitude is said to be a part of a greater 

magnitude when the less measures the greater; 
that is, when the less is contained a certain 
number of times exactly in the greater. 

The word ' part, ' as applied in this definition, signifies an aliquot 
pari or suhmultiple. 

One quantity is said to measure another when, by continual subtrac- 
tion of the former from the latter, a remainder is at length obtained 
equal to the former. In such a case it is plain that the former quantity 
multiplied by a certain integer number will become equal to the latter. 
Of two magnitudes thus related, the greater is said to be a mvltiple of 
the lesser, and the lesser is said to be a submultiple or aliqvot part 
of the greater. Hence the meaning of the following definition is 
apparent. 

(443) II. A greater magnitude is said to be a multiple of a 

less, when the greater is measured by the less, 
that is, when the greater contains the less a cer* 
tain number of times exactly. 

By the greater containing the less ' a certain number of times exactly, 
is meant, that the less is a submultiple of the greater, as already 
explained. 

(444) A greater quantity is said to contain a lesser, as often as the 
lesser is capable of being successively subtracted fi'om the greater. If 
the greater be not a multiple of the lesser, there will be a final remainder 
less than the lesser quantity. The number of times the lesser is con- 
tained in the greater is expressed by that integer by which the lesser 
must be multiplied, in order to obtain the higHest multiple of it which 
is contained in the greater. 

The student should be cautious not to confound the expressions 
* measures' and * is contained in.' The number 3 is * contained three 
times in 10,' but does not measure 10, because iliere is a remainder 
1 less than 3. Again, 3 is contained also three times in 11, but it does 
not measure it. On the other hand it ' measures' 9, being coxUained 
in it three times exactly without any remainder. 
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(445) It is evident that one quantity cannot* be said to be contained in 
or to measure another, unless they be quantities of the same kind. Thus, 
for example, it would be manifestly absurd to say, that a line was 
contained a certain number of times in a surface, linear and superficial 
magnitude admitting of no comparison. No increase could render a 
line equal to a surface, because no increase could give it breadth^ 
which is essential to a surface. In like manner the magnitude of a 
wwrface admits of no comparison with that of a solid, because no 
increase can give the one thickness which is essential to the other. 

A line may be compared with a line, a surface with a surface, or a 
solid with a solid, as to magnitude, but none of these species can be 
compared with each other. This, however, does not apply to the lower 
species of magnitude. Different species of lines may be compared as 
to magnitude, because they all agree in having length only. Thus we 
can readily conceive aright line equal in length to a circular arc. The 
same applies to the different species of surfaces. 

Two magnitudes A, B are said to be equimultiples of two others 0, 6, 
when a and h measure A and B respectively the same number of 
times. Thus the length one foot and the number 36 are equimultiples 
of the length one inch and the number 3 ; for an ijich measures B.joot 
twelve times, and 3 measures 36 also twelve times. 

(446) III. Ratio is a mutual relation of two magnitudes of 

the same kind to one another, with respect to 
quantity. 

This definition has been by some commentators considered to be 
obscure and useless, and on the other hand greatly extolled by others. 
It is hoped, however* that the preceding observations will render it in- 
telligible. Ratio is, in fact, the relation between two magnitudes with 
respect to magnitude 07dy, that is, excluding every other property which 
they may have. Thus a circular arc and a straight line may agree as 
to magnitude, although they may differ in every other respect. When 
their ratio is considered, the figures, position, &c. are totally neglected, 
and nothing but their abstract magnitudes or lengths are considered. 
In the same manner we may conceive a circular arc double or triple a 
straight line. 

The two magnitudes between which ratio subsists are stated to be 
• of the same kind,* because if they were • of different kinds,' they would 
not admit of any comparison as to magnitude, as has been already 
explained. 

Two magnitudes are said to be equimultiples of two others, when 
they are measured by those others the same number of times. 

From this definition of ratio, nothing in mathematics has been 
deduced. Simson thinks that it is an interpolation of some unskilful 
editor. We think, however, with Playfair, that finding it necessary 
to use the word " ratio," Euclid thought that it was essential to that 
order and method for which geometry is so conspicuous, to give, in 
the proper place, a formal definition of the word. Its meaning appears 
more clearly from the fifth definition. This conjecture seems to be 
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coQDtenanced by the definitions of a straight line and a plane which 
stand in precisely the same predicament, no property of the line or 
plane being deduced from these definitions. 

We may here remark generally, that although the definitions and 
propositions of the fifth book are expressed as if they applied only to 
magnitude, they are equally applicable to any other species of quantity. 
The student will find no difficulty in applying them to number, which 
is that species of quantity firom which the clearest notions of propor- 
tion may be derived. 

(447) IV. Magnitudes are said to have a ratio to one another, 

when the less can be multiplied so as to exceed 
the other. 

In order to have a ratio they must be * of the same kind,' and being 
so, one admits of being increased by multiplication so as to exceed 
the other. 

(The student is advised to commence the propositions of the fifth 
book, omitting this and the succeeding definitions, and only to read 
them as he shall find them referred to firom the propositions.] 

(448) V. If there be four magnitudes, and any equimultiples 

whatsoever of the first and third be taken, and 
also any equimultiples whatsoever of the second 
and fourth be assumed ; if, according as the mul- 
tiple of the first is greater, equal to, or less than 
the multiple of the second, the multiple of the 
third is also greater, equal to, or less than the mul- 
ti|)le of the fourth ; then the first is said to have 
to the second the same ratio as the third has to 
the fourth. 

The two magnitudes between which a ratio is conceived to subsist, 
are called the ' terms ' of the ratio. That which is taken first in ex- 
pressing the ratio is called the ' antecedent,' and the other is called the 
* consequent.' To express the ratio both these terms are used, and 
the sign : is commonly placed between them. Thus if A be the ante- 
cedent, and B the consequent, the ratio is expressed by A : B. The 

ratio of A to B is also more compendiously expressed thus ^ 

B 

It is evident from all that has been observed, that a ratio depends 
on the relative and not on the absolute magnitudes of its terms, and 
that therefore, although the terms be changed, it is possible that the 
ratio may remain the same. In other words^ the same ratio may 
subsist between different pairs of magnitudes. The object of the pre- 
ceding definition is to establish a criterion by which two ratios may be 
determined to be equal, and the selection of a proper criterion for 
this equality has given rise to much discussion among geometers. 
Without entering into the metaphysics of this subject, we shall 
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endeavour to unibld to the student the nature of ratio, by commencing 

with particular cases which do not present the difficulties which are 

sought to be removed by the general definition. 

A u 
If there be two ratios =r and ^, the question is, under what circum- 

B 6 

stances they will be equal ? 

If B be a multiple of A, it is plain that the ratios cannot be equal, 
unless b be an equal multiple of a. That is, if A be contained in B a 
certain number of times exactly, then a must be contained in b the 
same number of times exactly. Thus ratios are the same if their con- 
sequents be equimultiples of their antecedents. 

In the same manner it will easily appear that they are also the same 
if their antecedents be equimultiples of their consequents. 

These conditions may also be expressed thus : If the antecedents of 
two ratios be equimultiples or equisuJbmultiples of their consequents the 
ratios are equal. 

If, however, neither term of the ratio be a multiple of the other, this 
test of equality of ratios will not be applicable. In that case let us 
suppose that some one magnitude M is found, which is at the same 
time a multiple of both terms of the ratio A : B, and let m be a magni- 
tude which is the same multiple of a as M is of A, so that A and a are 
contained the same number of times in M and m respectively without 
remainders. In that case if M and m be equimultiples of B and 6, the 
ratios A : B and a : b are equal, but otherwise not. Hence we per- 
ceive that * if any equimultiples whatever of the antecedents of two 
ratios be also equimultiples of their consequents the ratios are equal.' 
It will be easily seen that this criterion is more general than the 
former, and includes it. We presume that, with very little attention, the 
student will perceive that, in these cases, the relative magnitudes of the 
terms of the two ratios must be necessarily the same. 

If all ratios could be brought under the conditions just mentioned, 
there would have been no difficulty in the selection of a criterion for 
their equality. It however happens frequently that no magnitude can 
he found which is at the same time a multiple of both terms of the same 
ratio. In this case the criterion which we have just mentioned be- 
comes quite inapplicable; and it is this which creates the greatest 
difficulty UL the elementary theory of proportion. There are in this 
case no equimultiples of the antecedents which are also equimultiples 
of the consequents. Euclid has, however, instituted a criterion very 
analogous to that which we have explained in the other cases. Let 
M andm be equimultiples of A and a. Let the greatest multiple of 
B which is contained in M, and the greatest multiple of b which is 
contained in m, be found, and let us suppose that these are equimul- 
tiples of B and b. In this ease it is evident that all equimultiples of B 
and b are either both greater or both less than M and m. Now if this 
be the case, whatever equimultiples of A and a, M and m may be, the 
ratios A : B and a : b are equal, and not otherwise. 

A ratio is said to be of major or minor inequality according as the 
antecedent is greater or less than the consequent, and when they are 
equal it is a ratio ofcquaHty, 
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Euclid's criterion for the equality of two ratios may then be expressed 
thus : TtDo ratios are equal when the ratios of every 'pair of equi- 
multiples of their antecedents to every pair of equimultiples of their 
consequents are ratios of the same species of inequality. Thus if A 
and a be multiplied by the same number, the results must be either 
both greater, equal to, or less than the results obtained by multiplying 
B and h by any number. 

The present Bishop of Ferns, (Dr. Elrington,) in his edition of 
Euclid's Elements, publiidied for the use of the students in the Univer- 
sity of Dublin, has preferred to determine the equality of ratios by 
the equisubmultiples of the antecedents. His criterion is, that tvx) 
ratios are equeU when every pair of equisubmultiples whatever of their 
antecedents are contained the same number of times in their respective 
consequents. 

It should be observed, that the definition of Euclid would be more 
correct if instead of the word * any' the word * every* were substituted. 
For as the text now stands it might be understood to be sufficient to 
establish the equality of the ratios if any one pair of equimultiples of 
the antecedents were found to fulfil the proposed condition, whereas 
this might happen with unequal ratios. It is necessary that the con- 
dition expressed in the definition should not only be fulfilled by one 
pair of equimultiples of the antecedents, but by every pair of equi- 
multiples of them . 

(449) VI. Magnitudes which have the same ratio are called 

proportionals. * N. B. When four magnitudes 
are proportionals, it is usually expressed by say- 
ing, the first is to the second as the third to the 
fourth.' 

The equality of two ratios is expressed by the sign :; or = inter- 
posed between them thus, A : B :: a : ft or A : B = a ; 6, or more 

A a 
shortly, g = ;^' ' 

(450) VIL When of the equimultiples of four magnitudes (taken 

as in the fifth definition), the multiple of the first 
is greater than that of the second, but the multiple 
of the third is not greater than the multiple of the 
fourth ; then the first is said to have to the second 
a greater ratio than the third magnitude has to the 
fourth ; and, on the contrary, the third is said to 
have to the fourth a less ratio than the first has to 
the second. 

(451) VIII. * Analogy orproportion is the similitude of ratios.' 

For the word * similitude ' here, • equality ' would be substituted 
with advantage. 
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(452) IX, Proportion consists in three terms at least. 

This is not a definition but an inference ; for since proportion is the 
equality of ratios, and equality implies at least two things, it follows, 
that in every proportion there must be at least two ratios. Each of 
these ratios must have two terms, and even if one of the two terms be 
the same in both, still there will be three terms in all. 

(453) X. When three magnitudes are proportionals, the first 

is said to have to the third the duplicate ratio 
of that which it has to the second. 

(454) The proportion in this case is said to be continued. Any num- 
ber of magnitudes are said to be in continued proportion when the ratios 
of every successive pair of them are equal. Thus A, B, C, D are in 

A B C 

continued proportion if the ratios ^, p^, and =r are equal ; and this 

continued proportion is thus expressed, A : B : C : D. 

"When a series of quantities is in continued proportion, the first and 
last are called extremes^ and the intermediate terms are called means. 

Thus 2l mean proportional between two magnitudes is a third magni- 
tude, such that, if it were placed between the other two^ a series of three 
continued proportionals would be formed. 

Two mmn proportionals between two magnitudes are two magni- 
tudes which, if interposed between the other two, would form a series of 
four continued proportionals, and so on. 

When three magnitudes are in continued proportion, the third is 
called a third proportional to the other two. 

(455) XI. When four magnitudes are continual proportionals, 

the first is said to have to the fourth the triplicate 
ratio of that which it has to the second^ and so 
on, quadruplicate, &c. increasing the denomina- 
tion still by unity, in any number of propor- 
tionals. 

A a 

The ratio ^ is duplicate of -, when it is equal to the ratio of a to a 

third proportional to a and b, 

A a 

The ratio ^ is triplicate of -7-9 when it is equal to the ratio of a to 
B o 

a fourth continued proportional to a and b, 

(456) The terms subduplicate and subtriplicate are sometimes used 
in geometry. 

A a 

The ratio — is subduplicate of -, when it is equal to the ratio of a 

to a mean proportional between a and b. 

The ratio ^ is said to be subtriplicate of -r-, when it is equal to 
B . 

the ratio of a to the first of two mean proportionals between a and b 
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Of Compound Ratio, 

(457) XII. When there is any number of magnitudes of the 

same kind, the first is said to have to the last of 
them the ratio compounded of the ratio which 
the first has to the second, and of the ratio which 
the second has to the third, and of the ratio which 
the third has to the fourth, and so on to the 
last magnitude. 

For example, if A, B, C, D be four magnitudes of 
the same kind, the first A is said to have to the 
last D the ratio compounded of the ratio of A to 
B, and of the ratio of B to C, and of the ratio of 
O to D ; or, the ratio of A to D is said to be 
compounded of the ratios of A to B, B to C, and 
C to D. 

And if A has to B the same ratio which E has to 
F ; and B to C the same ratio that G has to H ; 
and C to D the same that K has to L ; then, by 
this definition, A is said to have to D the ratio 
compounded of ratios which are the same with 
the ratios of E to F, G to H, and K to L. And 
the same thing is to be understood when it is 
more briefly expressed by saying, A has to D the 
ratio compounded of the ratios of E to F, G to 
H, and K to L. 

In like manner, the same things being supposed, if 
M has to N the same ratio which A has to D ; 
then, for shortness' sake, M is said to have to N 
the ratio compounded of the ratios of E to F, G 
to H, and K to L. 

The term compound ratio, like all other technical terms^ is used for 
brevity, and to avoid circumlocution. A difficulty, however, arises with 
students respecting the use of this term, because it seems to imply 
something more than, or rather something different from what, it really 
is intended to express, 

A EG 

If we say that the ratio — is compounded of • the ratios — , — , 

K 

and Y~9 what is meant is this : if B and C be such magnitudes that 

A E , B G . . . . C K 

— = — and -- = — , that in this case -rr- =: r=r. 
B F C H D L 

(458) It is plain that the duplicate ratio is a ratio compounded of turn 

equal ratios^ and the triplicate ratio one compounded of three equal 

ratios. 
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(459) Xllt. In proportionals, the antecedent terms are called 

homologous to one another, as also the conse* 
quents to one another. 
* Greometers make use of the following technical 
words, to signify certain ways of changing either 
the order or mamiitude of proportionals, so that 
they continue still to be proportionals.' 

(460) XIV. Permutando, or alternando, by permutation or al- 

ternation. This word is used when there are 
four proportionals, and it is inferred that the 
first has the same ratio to the third which the 
second has to the fourth ; or that the first is to 
the third as the second to the fourth : as is shown 
in XVI, Book V. 

Permutation or alternation consists in the transposition of the 

means in four proportionals. Thus from ^ == -r w® ^^^^^ "" ^^ T • 

B 6 a 

(461) XV. Invertendo, by inversion ; when there are four pro- 

portionals, and it is inferred that the second is to 
the first as the fourth to the third. Proposition 
B. Book V. 

Inversion consists in the transposition of the antecpHents and con- 
sequents. Thus from — =3 — we infer — = — . 

B A a 

That ratio which is formed by the transposition of the terms of 
another ratio^ is called the reciprocal of that other ratio. Thus inver- 
sion may be said to consist in changing the two ratios of a proportion 
into their reciprocals. 

(462) It will appear hereafter, that the four terms of a proportion may 
be submitted to any change whatever in their order, provided that if one 
of the means be changed into an extreme, the other be also placed as the 
other extreme, and that if one of the extremes be placed as a mean, the 
other extreme be placed as the other mean. In other words, it is 
necessary either that the same terms remain as means and extremes, 
or that the means should be made extremes, and the extremes, means. 
Any change whatever in the places of the terms may be made, pro- 
vided these conditions be observed, but not otherwise. This will be 
proved hereafter. It appears therefore that alternation and inversion 
are only two of a number of changes to which four proportionals may 
be submitted. 

(463) XVI. Componendo, by composition ; when there are four 

proportionals, and it is inferred that the first 
together with the second is to the second, as the 
third together with the fourth is to the fourth. 
XVIII, Book V. 
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Con^XMiHon consists in sabstitutiug for the antecedents the sums of 
themselves and the consequents. Thus from A : B = a : 6 we infer 

A + B:B = a + 6:6, orfromA- |. we infer ^^= ^. 

DO B 6 

The sign -f-* or plus^ between two or more quantities, implies ad^ 
diUom, 



(464) XVII. Dividendo, by division • when there are four pro- 

portionak, and it is inferred that the excess of 
the first above the second is to the second, as 
the exqess of the third above the fourth is to the 
fourth. XVU, Book V. 

Divkion consists in substituting for the antecedents the differences 

A a 
between themselves and the consequents. Thus from -^ = — we 

B b 

. - A-B a-b 
infer — = — = — ; — . 
B b 

The sign — , or minus^ between two quantities, implies the subtraction 

of the latter from the former. 

(465) XVIII. Convertendo, by conversion ; when there are four 

proportionals, and it is inferred that the first is 
to its excess above the second as the third to 
its excess above the fourtli. Proposition E. 
Book V. 

Conversion consists in substituting the differences of the antecedents 

A a 
and consequents for the consequents. Thus from "^ = x ^^ ^^^'^^ 

B b 

A a 

(466) It will appear that we may, in like manner, substitute the 
sums of the antecedents and consequents for the consequents. 

(467) XIX. Ex aequali (sc. distantly), or ex aequo, from equa- 

lity of distance : when there is any number of 
magnitudes more than two, and as many others, 
such that they are proportionals when taken two 
and two of each rank, and it is inferred that the 
first is to the last of the first rank of magnitudes 
as the first is to the last of the others : * Of this 
there are the two following kinds, which arise 
from the different order in which the magnitudes 
are taken, two and two.' 
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(468) XX. Ex flequali, from equality. This term is used 

simply by itself, when the first magnitude is to 
the second of the first rank as the first to the 
second of the other rank ; and- as the second is 
to the third of the first rank, so is the second to 
the third of the other ; and so on in order : and 
the inference is as mentioned in the preceding 
definition; whence this is called ordinate pro- 
portion. It is demonstrated in the twenty-second 
proposition, Book V. 

Thus if there be two series of four magnitudes, 

A B C D, 
abed, 
and we have severally the following proportions, 

A_ a B__6 C_c 

A a 
we infer that -=r- = -t-. 

1/ a 

(469) XXI. Ex sequali in proportione perturbatft seu inordinatd, 

from equality in perturbate or disorderly propor- 
tion.* This term is used when the first magni- 
tude is to the second of the first rank as the last 
bat one is to the last of the second rank ; and as 
the second is to the third of the first rank, so is 
the last but two to the last but one of the second 
rank; and as the third is to the fourth of the 
first rank, so is the third from the last to the last 
but two of the second rank, and so on in a cross 
order : and the inference is as in the eighteenth 
definition. It is demonstrated m the twenty- 
third proposition of Book V. 

Thus if there be two series of four magnitudes as before, and we 
have severally the following proportions, 

B"~ d' C "~ c' D"~ T' 

we infer that — s= — . 

D d 

Both this and the former inference come under one general prin- 
ciple, scil, that ratios which are compounded of equal ratios are equal. 

One ratio is said to be aeaquiplicate of another when it is com- 
pounded of that other ratio and its subduplicate. 

♦ Archimedis de sphaer^ ct cylindro, Prop. 4, lib. 2. 
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AXIOMS. 

(470) I. Equimultiples of the same, or of equal magnitudes, 

are equal to one another. 

(471) II. Those magnitudes, of which the same or equal magni- 

tudes are equimultiples, are equal to one another. 

Or what is the same, equi sub multiples of the same, or equal magni- 
tudes, are equal. 

(472) III. A multiple of a greater magnitude is greater than the 

same multiple of a less. 

(473) IV. That magnitude, of which a multiple is greater than 

the same multiple of another, is greater than that 
other magnitude. 

Proposition I. Theorem. 

(474) If any number of magnitudes be equimultiples 

of as many others, each of each : what multiple 
soever any one of the first is of its part, the 
same multiple shall all the first magnitudes 
taken together be of all the others taken to- 
gether. 

Let any number of magnitudes A B, C D be equimultiples of 
as many others E, F, each of each : whatsoever multiple A B is 
of E, the same multiple shall A B and C D together be of E and 
F together. 

Because A B is the same multiple of E that C D is of F, as 
many magnitudes as there are in A B equal to E, so many 
are there in C D equal to F, Divide A B into magni- ^ 
tudes equal to E, viz. A G, G B ; and C D into C H, H D, g- 
equal each of them to F : therefore the number of the b 
magnitudes C H, H D, shall be equal to the number of c 
the others AG, G B : and because A G is equal to E, and 
C H to F, therefore A G and C H together are equal to ^" 
(Ax. II. Book 1.) E and F together: for the same reason, i 
because G B is equal to E, and H D to F, G B and H D 
together are equal to E and F together : wherefore as many 
magnitudes as there are in A B equal to E, so many are there in 
A B, C D together equal to E and F together : therefore, what- 
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soever multiple A B is of E, the same multiple is A B and C D 
together of E and F together. 

Therefore, if any magnitudes, how many soever, be equimulti- 
ples of as many, each of each ; whatsoever multiple any one of 
them is of its part, the same multiple shall all the first magni- 
tudes b6 of all the others : * For the same demonstration holds 
in any number of magnitudes, which was here applied to two.' 

mie y^asoning: in this book is employed about properties of ma^i-r 
tude in general, and therefore cannot be easily referred to or illustrated' 
by diagrams. This renders the demonstrations in some degpree con- 
ftfsed and perplexed. Also the arithhietical telMions which exist, or 
are instituted, between the quantities under consideration are ex- 
pressed in ordinary language with so much prolixness, that the parts 
of a Very simple demonstration become so separated oa^ from ano- 
ther, that the student fee1i§ extreme difftcuUy in perceiving the steps 
of the reasoning. This difficulty is, however, if we may use the ex- 
pression, purely verbal. If the ideas could be exhibited without the 
intervention of* language, all difficulty would disappear. We shall, 
however, be able to render the demonstrations shorter and more easily 
intelligible by using, as in algebra, letters to express the quantities or 
magnitudes, and the usual symbols to express arithmetical operations. 
The clemonsti^tion of the first proposition may then be expressed as 
fbWow^:-^ 

Let A, B, and € be magnitudes which are equimultiples of A', B', C, 
Suppose, for example, that the former are respectively three times the 
latter. We have the following equalities : «- 

A is A' + A' + A', 
B = B' + B' + B', 

c = c + c + c 

Adding these equals, we find that A + B + C is three times A' + 
B' + C', thtft Is, A + ft + C is the same multiple of A' + B' + C as 
A, B, and C aire respectively of A^ B', and C The same would evi- 
flehtly be true if A, B, and C were supposed to be any other equimul- 
tiples of A', B', and C^ 

)?jROPosiTioN n. Theorem. 

(475) If the first iBiagnitude be the same multiple of 
the second that the third is cff the fourth, and 
the fifth the same multiple of the second that 
the sixth is 6f the fourth ; then shall the first 
together with l!he fifth be the same multiple 
of the second*, that £he third together with the 
sixth is of the fourth. 
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Let A B the first be the same multiple of C the second^ tjiat 
DE the third is of F the fourth; and B G the fifth ^ » 
the same multiple of C the second, that E H the 
sixth is of F the fourth : then shall A G, the first 
together with the fifth, be the same multiple of ^ 
the second, that D H, the third together with the q 
sixth, is of F the fourth. 

Because A B is the same multiple of C that D E i^ of F ; 
there are as many magnitudes in A B equal to C^ lis there ai« in 
D E equal to F : in like manner^ as many as th^e axe i^ B jGr 
equal to C, 90 many are there in E H equal to F : therefar^ bs^ 
many as there are in the whole A G equal to C, }so ms^ny i^xe 
there in the whole D H equal to F ; therefore A (r i9 in ihp 
same multiple of C that D H is of F ; that i», A G» tbe iiir^t fi^ 
fiftti together, is the same multiple of the second Pt j^^ J) H^ 
the third and sixth together, is of the fomrtb F. If, {^^i^fo^, 
the first b^ ^e same mmtiple, &c. 

Let the six quantities be A, B, C, D, E, F, i^nd suppose, Ufv example, 
that A s= 3B and E cr 2 B, it follows by addingr these equals ths^ 
A + E s= 5 B. Again, suppose that C = 3 D and P 5= 2 D It follows 
by adding these equals that C 4 F = 5 D. Hence it follows that 
A + E is the same multiple of B that C + F is of D. And the same 
reasoning will apply if any other equifhulfiiples be assumed. 
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CoR. — ' From this it is plain that if any o 

number of magnitudes A B, B G, G H, be mul- a 
tiples of another C ; and as many D E, E K, B- 
K L, be the same multiples of F, each of each : 
then the whole of the first, viz, A Hj is the same 
multiple of C, that the whole of the last, viz. D L, 
13 ^F.' H 
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<476) If the first be the same ipidJiople of .the second, 

which tjie ^ird is of the fourth ; and if of the 

first and tfiird ther^ be tate» equimultiples ; 

these shall be equimuJtipdes, the one of the 

second, and the other of the foMrth. 
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Let A the first be the same multiple of B the second, that C 
the third is of D the fourth ; and of A, C let equimultiples E F, 
G H be taken : then E F shall be the same multiple of B, that 
GHisofD. 

Because E F is the same multiple of A that G H is of C, there 
are as many magnitudes in E F equal to A as p 
there are in G H equal to C : let E F be di- H 

vided into the magnitudes E K, K F, each 
equal to A ; and G H into G L, L H, each 
equal to C : therefore the number of the mag- 
nitudes E K, K F, shall be equal to the num- 
ber of the others G L, L H : and because A is 
the same multiple of B that C is of D, and 
that EK is equal to A, and GL equal to C; therefore EK 
is the same multiple of B that G L is of D : for the same 
reason, KF is the same multiple of B that LH is of D: and 
so, if there be more parts in E F, G H, equal to A, C: there- 
fore, because the first E K is the same multiple of the second 
B, which the third G L is of the fourth D, and that the fifth 
K F is the same multiple of the second B, which the sixth L H 
is of the fourth D ; E F, the first together with the fifth, is the 
same multiple (II, Book V.) of the second B, which GH, the 
third together with the sixth, is of the fourth D. If, therefore, 
the first, &c. 

Otherwise thus : 

Let A, B, C, D be the four quantities, and suppose, for example, that 
A = 3 B and C = 3 D. Then 2A=6Band2C = 6D; that is 
the equimultiples 2 A and 2 C of the first and third are also multiples 
of the second and fourth. The same reasoning is applicable in all cases. 

Proposition IV. Theorem. 

(477") If the first of four magnitudes has the same ratio 
to the second which the third has to the fourth ; 
then any equimultiples whatever of the first 
and third shall have the same ratio to any 
equimultiples of the second and fourth, .t?wr. 
* the equimultiple of the first shall have the 
same ratio to that of the second, which the 
equimultiple of the third has to that of the 
fourth.' 
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Let A the first have to B the second the sjELine ratio which 
the third C has to the fourth D ; and of A and K 
let there be taken any equimultiples whatever C, 
F ; and of B and D any equimultiples whatever 
G, H : then E shall have the same ratio to G 
which F has to H. 

Take of E and F any equimultiples whatever K, ^ 
L, and of G, H, any equimultiples whatever, M, N : l 
then because E is the same multiple of A that F 
is of C ; and of E and F have been taken equi- 
multiples K, L ; therefore K is the same multiple 
of A (III) that L is of C : for the same reason, 
M is the same multiple of B that N is of D. And 
because (hyp.), as A is to B, so is C to D, and of A 
and C have been taken certain equimultiples K, L, and of B and 
D have been taken certain equimultiples M, N ; therefore if K 
be greater than M, L is greater than N ; and if equal, equal ; if 
less, less (Def. V.) : but K, L are any equimultiples (const.) 
whatever of E, F, and M, N, any whatever of G, H ; therefore 
as E is to G, so is (Def V.) F to H. 

Otherwise thus : 

LetA.B = C:D, then 2A:3B= 2C:3D. For all equimul- 
tiples of 2 A and 2 C are also equimultiples of A and C (III), and for 
the same reason all equimultiples of 3 B and 3 D are also equimul- 
tiples of B and D. But (Def. V.) A and C are either both greater, 
equal to, or less than B and D, and therefore any equimultiples of A 
and C are both greater, equal to, or less than B and D, and also greater, 
equal to, or less than any equimultiples of B and D (Ax. III.) Hence 
2A:3B = 2C:3D (Def. V.) : and the same reasoning is generally 
applicable. 

Cor. — Likewise, if the first has the same ratio to the second, 
which the third has to the fourth, then also any equimultiples 
whatever of the first and third shall have the same ratio to the 
second and fourth : and in like manner, the first and the third 
shall have the same ratio to any equimultiples whatever of the 
second and fourth. 

Let A the first have to B the second the same ratio which the 
third C has to the fourth D, and of A and C let E and F be any 
equimultiples whatever ; then E shall be to B as F to D. 

Take of E, F any equimultiples whatever K, I/, and of B, D 
any equimultiples whatever G, H : then it may be demonstrated, 
as before, that K is the same multiple of A that L is of C; and 
because (hyp.) A is to B as C is to D, and of A and C certain 
equimultiples have been taken^ viz. K and L ; and of B and D 
certain equimultiples G, H ; therefore if K be greater than G, L 
is greater than H ; and if equal, equal ; if less, less (Def. V.) : 
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but K, L are litiy (cbtist.) ^uimultipleift whaikever of E, F, tnd 
G, H any what^vef of JB^ D ; therefore as E is to B (Def. V.), 
80 is F to D. Ahd in the same way the other case is demoQ'* 

strated. 

OthmiHse thus : 
Let A : B s= C : D, then 2 A : B = 2 C : D, because all equimul- 
tiples of 2 A and j^ C ar^ also equimultiples of A and C (III)> and are 
therefore both either i^eater, equal tb. Or less than B and D (Def. V.) 
In the same manner it may be proved that A : 2 B =: C : 2 D : and the 
same h'easoUing is generally applicable. 

Proposition V. Thkoekm. 

(478) If otae magnitude be the Mnae multiple of another. 
Which a ittagtiitude tiAk&n ftota the first is of a 
magnitude taken frotn the other ; the remainder 
16 the same multiple of the remainder^ that 
th6 wfadte isi at the wfaote. 

Let the magnitude A B be the same multiple of C D, that A E 
taken from the first isof CP taken from the other: the ^ 
remainder £ fi shall be the same multiple of the remainder 
P b, that the whole A B is of the whol6 C D. a- 

take A O the same multiple of FD tWt A E is of F : 
liierefpre A £ is (I^ the same multiple of C F that £ G ^ 
is of C D : but A E, by the hypothesis^ is the same mul- ^"' 
tiple of C F that AB i^ of C D ; tfaeiefore E G is the 
imake multiple «f C D that A B is of C D ; l^herefore E O B b 
is equal (Ax. I.) to A B : take from each of them the common 
ihagnitude A E ; and the remainder AG is equal to the remainder 
£ a. Whel^fore, simee A E is the same multiple of C F (constj 
fltet AG is of FD, Md diat AG is equal to £ B ; therefore A £ 
k Vbte sam6 Inultiple (dif C F that £ B is of FD t but A £ is the 
ilwtme midtit)le of C f ifhyp.) that A B is of C D ; therefore £ B 
is the same multiple of F D that A B is of C D. 

bihenmae tJnu %* 

Let A, By C. D be the quiiititiea^ and suf^ose that A and B are 
CuM tUnes € attd D respeetively. We have then 

A s= B + B -f B, 
iD = D + D + P. 
doblraeting the latter lirom ttie former ^e ta^ 

A-C:=i3(ft-D), 
or tliit A— C !s three times b-^D,that fs, the same muHiple of B-D 
«• A koA C are lof B luid D r^speetivel^. l*he same reaisotiing is 
amicable in all oases. 
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Proposition VI. Theorem. 

(479) If two magnitudes be equimultiples of two others, 
and if equimultiples rf these be taken from the 
first two ; the remainders are either equal to 
these others, or equimultiples of them. 

Let the two magnitudes A B, CD, be equii^iijUiples of the 
two E, F, and let A G, CH taken from the first two be equimul- 
tiples of the same E, F : the remainders Q J}> H D shall be either 
equal to E, F, or equimultiples of them. 

First, let G B be equal to E : H D shall be equal to F- Make 
C K equal to F : and because AG is the ^ame mul- j^ 

tiple of E (hyp.) that C H is of F, and that G B is- 
equal to E, and C K to F ; therefpre A B is the 
same multiple of E that K H is of F : but A B (hyp.) 
is the same multiple of E that CD is of F ; therefore ^ 
K H is the same multiple of F that C D is of F : 
wherefore K H is equal (Ax. I.) to C D : take away B D E p 
the common magnitude C H, then the nemainder K C is equal to 
the remainder H D : but K C is equal (const.) to F : therefore 
H D is equal to F. 

Next let G B be a multiple of E ; H D shall be the same mul- 
tiple of F. Make C K the same multiple of F that 
GB is ofE: and because A G is the same multiple ^ k 
of E (hyp.) that C H is of F ; and G B the same 
multiple of E that C K is of F ; therefore A B is the 
same multiple of E (11) that K H is of F : but A B q 
is the same multiple of E (hyp.) that C D is of F ; 
theiefore K H is the same multiple of F that C D is B D B F 
of F; wherefore K H is equal (Ax. I.) to C D : take 
away C H from both ; therefore the remainder K C is equal to 
the remainder H D ; and because G B is the same multiple pf E 
(const.) that K C is of F, and that K C is equal to H D ; there 
fore H D is the same multiple of F that G B is of £. 

OtherwUe ihvs : 
. Let A and B be the first two magnitudes, and C and D tbe others. 
Suppose that A =: 5 C and B c d D. If the /equimultiples of C and 
D, which are subtracted from A and B, be 4 € and 4 D, ithe remainders 
are evidently the magnitudes C and D themselves. If tl^e equimul- 
tiples of C and D, thus subtracted, be any which are less than 4 C and 
4 D, as 2 C and 2 D, the remainders axe 3 C «od 3 V>, w^cli are 
equimultiples. 

By using m and n to express any integer numbers, m bei^g i^p- 
posed to be greater than 7i, this demonstration may be made general. 
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Jjct A = m C and B = m D ; since n is less than wi, the equimul- 
tiples n C and n D are less than A and B. Let them be subtracted 
from the preceding equals and we have 

A — 7iC=mC — nC =(7;i — 7i)C, 
B — 7iD = mD— nD=: (m— 7i)D. 
If m exceed n by one, it is plain that these remainders are equal to 
C and D themselves, and if not, they are equimultiples obtained by 
multiplying C and D by (m — 71.) 

The next four Propositions are introduced by Simson. 

Proposition A. Theorem. 

(480) If the first of four magnitudes have the same ratio to the 

second which the third has to the fourth ; then, if the 
first be greater than the second, the third is also 
greater than the fourth ; and if equal, equal ; if less, 
less. 

Take any equimultiples of each of them, as the doubles of each : 
then, by Def. V. of this book, if the double of the first be greater than 
the double of the second, the double of the third is greater than the 
double of the fourth : but if the first be greater than the second, the 
double of the first is greater than the double of the second ; wherefore 
also the double of the third is greater than the double of the fourth ; 
therefore the third is greater than the fourth : in like manner, if the 
first be equal to the second, or less than it, the third can be proved to 
be equal to the fourth, or less than it. 

Proposition B. Theorem. 

(481) If four magnitudes are proportionals, they are propor- 

tionals also when taken inversely. 

Let A : B = C : D ; then also, inversely, B : A = D : C. 

Take of B and D any equimultiples whatever E and F ; 
and of A and C any equimultiples whatever G and H. First, 
letE be greater than G, then G is less than E : and because 
(hyp.) A is to B as C is to D, and of A and C, the first 
and third, G and H are equimultiples ; and of B and D, C> A ti I 
the second and fourth, E and F are equimultiples; and ^ ^ D 1' 
that G is less than E, therefore H is (Def. V.) less than F ; 
that is, F is greater than H ; if, therefore, E be greater 
than G, F is greater than H : in like manner, if E be 
equal to G, F may be shown to be equal to H ; and if less, less ; but 
E, F, are any equimultiples (const.) whatever of B and D, and G, H 
any whatever of A and C ; therefore (Def. V.) as B is to A, so is D 
to C. 
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Otherwise thus : 
Let m A and m C be any equimultiples of A and C, and n B, 7t D 
any equimultiples of B and D. Since A : B = C : D, w A and m C 
are either both ^eater, equal to, or less than n B and n D. If m A 
and m C be greater than n B and n D, then n B and n D are both less 
than m A and m C. If w A and m C be both less than n B and n D, 
then n B and n D will be both greater than ni A and m C. Hence 
any equiinultiples of B and D are both greater, equal to, or less than 
A and D, therefore B : A = D : C. 
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Proposition C. Theorem. 

(482) If the first be the same multiple or submultiple of the 
second, that the third is of the fourth ; the first is to 
the second as the third is to the fourth. 

Let the first A be the same multiple of the second B that the third 
C is of the fourth D ; A : B =: C : D. 

Take of A and C any equimultiples whatever E and F ; 
and of B and D any equimultiples whatever G and H : 
then, because A is the same (hyp.) multiple of B that C 
is of D ; and that E is the same (const.) multiple of A 
that F is of C ; therefore E is the same multiple of B (III) 
that F is of D ; that is, E and F are equimultiples of B 
and D : but (1 and H are equimultiples (const.) of B and 
D ; therefore, if E be a greater multiple of B than G is of 
B, F is a greater multiple of D than H is of D ; that is, 
if E be greater than G, F is greater than H : in like man- 
ner, if E be equal to G, or less than it, F may be shown 
to be equal to H, or less than it: but E, F are equimultiples (const.), 
any whatever, of A, C ; and G, H, any equimultiples whatever of B, 
D ; therefore (Def. V.) A : B = C ; I>. 

Next, let the first A be the same submultiple of the second B 
that the third C is of the fourth D : A shall be to B as C 
is to D. 

For since A is the same submultiple of B that C is 
of D, therefore B is the same multiple of A that D is 
of C : wherefore, by the preceding case, B : A = D : C ; 
and therefore inversely, A : B = C : D. 
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Proposition D. Theorem. 

(483) If the first be to the second as the third to the fourth, and 
if the first be a multiple or submultiple of the second ; 
the third is the same multiple or submultiple of the 
fourth. 

Let A : B =r C : D ; and first let A be a multiple of B : C shall 
be the same multiple of D. 
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Take E equal to A, and whatever multiple A or £ is 
of B, make F. the same multiple of D : theii, because 
(hyp.) A : B = C : D ; and of B the second, and D the 
fourth, equimultiples have been taken, E and F ; therefore 
A : E :r C : F ; but A is equal (const.) to E, therefore 
C is equal (A) to F ; and F is the same (const.) multiple 
of D that A is of B ; therefore C is the same multiple 
of D that A is of B. 

Next, let A be a submultiple of B ; C shall be the same 
submultiple of D. 

Because (hyp.) A : B = C : D ; then inversely, B : A 
nz D : C ; but A is a submultiple (hyp.) of B, that is, B is 
a multiple of A ; Uierefore, by the preceding case, D is the 
^ame multiple of C ; that is, C is the same submultiple of 
D that A is of B. 
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Proposition VIL Theorem* 



(484) 
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Equal magnitudes have the same ratio to the 
same magnitude : and the same has the same 
ratio to equal magnitudes. 

Let A and B be equal magnitudes, end C any other. A and 
B shall each of them have the same ratio to C : and C shall have 
the same ratio to each of the magnitudes A and B. 

Take of A and B any euuimultiples whatever D and E, and of 
C any multiple whatever F : then, because D is the 
same (const.) multiple of A that E is of B, and that A 
is equal (hyp.) to B : therefore D is (Ax. I.) equal 
to E : therefore if D be greater than F, E is greater 
than F ; and if equal, equal ; if less, less ; but D, 
E are any equimultiples of A, B (const.), and F is any 
multiple of C ; therefore (Def. V.) A : C = B : C. 

Likewise C : A = C : B. For, having made the 
same construction, D may in like manner be shown to be equal 
to E : therefore if F be greater than D, it is likewise greater uian 
E ; and if equal, equal ; if less, less : but F is any mmtiple what- 
ever of C, and D, E are any equimultiples whatever of A, B : 
therefore (Def. V.) C : A = C : B. 

Proposition VIIL Theorem. 

(485) Of two imequal magnitudes the greater has a 
gr^dater raiio to any other inagHitude than the 
less has: and the same magnitude has a 
greaiter ratio to the teas of two other magni- 
tudes than it has to the greater. 
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Let A B, B C be two unequal magnitudes, of which AB is 
the greater, and let D be any other magnitude. A B 
shall have a greater ratio to D than B C has to D : 
and D shall have a greater ratio to B C than it has 
to A B. 

If the magnitude which is not the greater of the two 
A C, C B be not less than D, take E F, F G, the 
doubles of A C, C B, as in Fig. 1. But if that which 
is not the greater of the two A C, C B be less than 
D (as in Fig. 2 and 3), this magnitude can be 
multiplied, so as to become greater than D, whether 
it be A C or C B. Let it be multiplied until it become 

freater than D, and let the other be multiplied as often ; 
! F be the multiple thus taken of A C, and F G the same mul- 
tiple of C B : therefore E F and F G are each of them greater 
than D : and in every one of the cases, take H the double of D, 
K its triple^ and so on, till the multiple of D be that which first 
becomes greater than F G : let L be that multiple of D which is 
first greater than F G, and K the multiple of D which is next 
less than L. 

Then, because L is the multiple of D which is the first that 
becomes greater than F G, the next pre- 
ceding multiple K is not greater than F G ; 
that is, F G is not less than K : and since 
EFisthe same multiple of AC (const.) 
that F G is of C B ; therefore F G is the 
same multiple of C B (I, Vj that E G is 
of A B : that is, E G and F G are equi- 
multiples of A B and C B : and since it 
was shown that F G is not less than K, 
and by the construction E F is greater than 
D ; therefore the whole E G is greater than 
K and D together : but K together with D 
u equal (const.) to L; therefore E G is 

rjater than L: but FG is not greater (const.) than L: and 
G, F G were proved to be equimultiples of A B, B C ; and L 
is a (const) multiple of D ; therefore (Def. VIL) A B has to D 
a greater ratio than B C has to D. 

Also D shall have to B C a greater ratio than it has to A B. 
For hame made the same construction, it may be shown, in like 
manner, Sat L is greater than F G, but that it is not greater than 
E G : and L is a (const) multiple of D; and F G, E G were 
fMroved to be equimultiples of C B, A B ; therefore D has to C B 
a greater ratio (Def. VlL) than it has to AB. 
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Otherwise thus : 

Let A + B and A be the two unequal mag^nitudes, and let C be any 
other. The ratio A + B : C is greater than A : C. Take equimul- 
tiples of A and B which are both greater than C, and let these bemA 
and m B ; also take the least of those multiples of C which are greater 
than m A + w B, and let this be n C. Hence it follows that (n— 1) 
C is less than m A + m B, or than m (A + B) ; or what is the same, 
m (A + B) is greater than (n— 1) C or n C — C. But since n C is 
greater than m A •{• m B, and also C is less than m B, 7i C — C must 
be greater than m A, or m A is less than n C — C or than (w — 1) C. 
Hence w (A + B), which is a multiple of A + B, is greater than 
(n— I) C, which is a multiple of C, while the same multiple m AofA 
is not greater than (n— 1) C. Therefore A + B : C is greater than 
A : C. (Def. VII.) 

Also since (ji — 1) C is greater than m A, but not greater than 
m (A + B), C : A is greater than C : A + B. 

Proposition IX. Theorem. 

(486) Magnitudes which have the same ratio to the 

same magnitude are equal to one another: 

and those to which the same magnitude has 
the same ratio are equal to one another. 

Let A, B have each of them the same ratio to C : A is equal 
toB. 

For, if they are not equal, one of them must be greater than 
the other : let A be the greater : then, by what was shown in the 
preceding proposition, there are some equimultiples of A and B, 
and some multiple of C, such that the multiple of A is greater 
than the multiple of C, but the multiple of B is not greater than 
that of C. Let these multiples be taken ; and let D, E be the 
equimultiples of A, B, arid F the multiple of C, such that D may 
be greater than F, but E not greater than F : then, because A : C 
= S : C, and of X B are taken equimultiples, D, E, and of C is 
taken a multiple F ; and that D is greater than F ; therefore E 
is also greater (Def. V.) than F : but E is not (const.) greater 
than F ; which is impossible : therefore A and B are not unequal ; 
that is, they are equal. 

Next, let C have the same ratio to each of the magnitudes A 
and B : A shall be equal to B. 

For if they are not equal, one of them must be greater than 
the other: let A be the greater: therefore, as was shown in 
Prop. VIII. there is some multiple F of C, and some equimul- 
tiples E and D of B and A, such that F is greater than E, but 
not greater than D : and because C : B = C : A, and that F the 
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multiple of the first is greater than E the multiple of the second 
(Def. V.) ; therefore F the multiple of the third is greater than 
D the multiple of the fourth : but F is not (const.) greater than 
D ; which is impossible. 

Otherwise thus : 

If A : C =: B : G, then A = B. For if not, let A be greater than B, 
and let such equimultiples m A,mB of A and B be assumed, that 
while 771 A is greater than ti C, m B is not greater than n C (VIII). 
Since A : C = B : C, all equimultiples of A and B must be at the same 
time greater, equal to, or less than n C ; but m A and m B are equi- 
multiples, one greater and the other less, which is absurd. 

Again, ifC:A=:C:B; A=B. For fty inversion, A : C = 
B : C ; and therefore by the first case A = B. 

Proposition X. Theorem. 

(487) That magnitude which has a greater ratio than 

another has to the same magnitude, is the 
greater of the two : and that magnitude to 
which the same has a greater ratio than it 
has to another magnitude, is the lesser of the 
two. 

Let A : C be greater than B : C. A is greater than B. 

For, because A : C is greater than B : C, there are (Def. VII.) 
some equimultiples of A and B, and some multiple of C, such 
that the multiple of A is greater than the multiple of C, but the 
multiple of B is not greater than it : let them be taken ; and let 
D, E be the equimultiples of A, B, and F the multiple of C, such 
that D is greater thap F ; but,E is not greater than F, therefore 
D is greater than E : and because D and E are equimultiples of 
A. and B, and D is greater than E, therefore A is greater than B, 

Next, let C ; B be greater than A : B. B is less than A. 

For (Def. VII.) there is some multiple F of C, and some equi- 
muhiples E and D of B and A, such that F is greater than E, 
but not greater than D : therefore E is less than D : and because 
E and D are equimultiples of B and A^ and that E is less than D, 
therefore B is less than A. 

Proposition XI. Theorem. 

(488) Ratios that are equal to the same ratio are equal 

to one another. 
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Let A : B = C : D ; and E : F = C : D : then A : B = E : F. 

Take of A^ C, E any equimaltiples whatever G, H, K ; and 
of By D, F any eqaimultipies whatever L, M, N. Therefore, 
since A : B = C : D, and G, H are taken equimultiples of A, C, 
and L, M, of R, D ; if G be greater than L» H is greater than 
M ; and if equal, ^ual ; and if less, less. (Def. V.) Again, be- 
cause E : F = C : Dy and H, K are taken equimultiples of C, E ; 
and M, N, of D, F ; if H be greater than M, K is greater than 
N ; and if equal, equal : and if less, less : but if G be greater 
than L, it has been shown that H is greater than M ; and if 
equal, equal ; and if less, less : therefore if G be greater than L» 
K is greater than N ; and if equal, equal ; and if less, less : and 
6, K are any equimultiples whatever of A, E ; and L, N any 
whatever of B, F : therefore (Def. V.) A : B z= E : F. 

This proposition is to ratios what Axiom I. Book I. is to mag^ 
nitudes. 



PROPOsrrfON XII. Theorem. 

(489) If any number of magnitudes be proportionals, 
as one of the antecedents is to its consequent, 
so are all the antecedents taken together to 
all the consequents. 

Let any number of magnitudes A, B, C, D, E, F, be ppopor- 
tionals; thatis,A: B = C : D = E : F. Then A : B = A + C 
+ E : B + D + F. 

Take of A, C, E any equimultiples whatever G, H, K ; aad ^rf 
B, D, F any equimultiples whatever L, M, N : then, because 
A : B = C : D = E : F; and that G, H, K are equimuWpks of 
A, C, E. and L, M, N equimultiples of B, D, F ; if G be creator 
than L, H is greater than M, and K greater than N ; and irequal, 
equal ; and if less, less (Def. V.) : wherefore if G be greater than 
L, then G + H + K are greater than L + M + N ; and if 
equal, equal •; and if less, less : but G, and G + H + K are any 
equimultiples of A, and A + C + E ; because if there be my 
number of magnitudes equimultiples of as many, each of each, 
whatever multiple one of them is of its part, the same multiple is 
the whole of the whole (I) : for the same reason L, and L + M 
+ N are Any equimultiples of B, and B + D + F : iherefiure 
A:B = A + C+E:B + D + F. 
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Proposition XIII. Theorem. 

(490) If the first have to the second the same ratio 
which the third has to the fourth, but the 
third to the fourth a greater ratio than the 
fifth has to the sixth ; the first also has to the 
second a greater ratio than the fifth has to the 
sixth. 

Let A the firgt have the same mtio to B the second which C 
the third has to D the fourth, but C the third a greater ratio 
to D the fourth, than E the fifth has to F the sixth : also the 
first A shall have to the second B a greater ratio than the fifth 
£ has to the sixth F. 

Because C has a greater ratio to D than E to F, there are 
some equimultiples of C and E, and some of D and F, such that 
the multiple of C is greater than the multiple of D, but the mul- 
tiple of E is not greater than the multiple of F (Def. VII.) : let 
these be taken, and let G, H be equimultiples of C, E, and K, L 
equimultiples of D, F, such that G may be greater than K, but H 
not greater than L : and whatever multiple G is of C, take M 
the same multiple of A ; and whatever multiple K is of D, take 
N the same multiple of B : then, because A is to B (hyp.) as 
C to D^ and of A and C, M and G are equimultiples ; and of B 
and D, N and K are equimultiples ; if M be greater than N, G 
is greater than K ; and if €qual, equal ; and if less, less (Def. 
V.) : but G is greater (const.) than K ; therefore M is greater 
than N : but H is not (const.) greater than L : and M, H are 
equimultiples of A, E ; and N, L equimultiples of B, F ; there- 
ifore A has a greater ratio to B than E has to F (Def. VII.). 

Othenvise thus : 

Let A, B, C, D, E, F be six magnitudes, and let A : B = C : D, 
but C : D be greater than E : F, then A : B is greater than E : F. 
Since C : D is greater than E : F, equimultiples m C and fn E of C 
and £ may be assumed such that one is greater and the other less 
than equimultiples n D and n F of D and F. Now since A : B =: 
C : D, if m C be greater than 71 D, m A will also be greater than n B. 
Hence m A is greater than n B, and m E less than n F. Therefore 
A : B is greater than E : F (Def. VII.) 

This proposition is equivalent to stating that if any ratio be greater 
than another, »every ratio which is equal to the former will also be 
greater than the -latter. 

It is evident also that if one ratio be grreater than another, every 
ratie which is greater than the former is also greater than the latter. 
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Cor. — And if the first have a greater ratio to the second than 
the third has to the fourth, but the third the same ratio to the 
fourth which the fifth has to the sixth ; it may be demonstrated, 
in like manner, that the first has a greater ratio to the second 
than the fifth has to the sixth. 

Proposition XIV. Theorem. 

(49 1) If the first have the same ratio to the second which 

the third has to the fourth ; then, if the first 
be greater than the third, the second shall be 
greater than the fourth ; and if equal, equal ; 
and if less, less. 

Let A : B = C : D ; if A be greater than C, B is greater 
than D. 

Because A is greater than C, and B is any other magnitude, 
A : B is greater than C : B (VII) : but A : B = C : D (hyp.) ; 
therefore C : D is also greater than C : B (XIII) : but of two 
magnitudes, that to which the same has the greater ratio is the 
lesser (X) : therefore D is less than B ; that is, B is greater 
than D. 

Secondly, if A be equal to C, B is equal to D. For A : B = 
C : D or = A : D ; therefore B is equal to D (IX). 

Thirdly, if A be less than C, B is less than D. For C is greater 
than A ; and because C is to D as A is to B, therefore D is greater 
than B, by the first case ; that is, B is less than D. 

Proposition XV. Theorem. 

(492) Magnitudes have the same ratio to one another 

which their equimultiples have. 

Let A B be the same multiple of C that D E is of F : then 
C:F = AB:DE. 

Because A B is the same multiple of C that D E is of F, there 
are as many magnitudes in A B equal to C as there are A 
in D E equal to F : let A B be divided into magnitudes, | ^ 
each equal to C, viz. A G, G H, H B ; and D E into ^' k 
magnitudes, each equal to F, viz, D K, K L^ L E : h 
then the number of tne first A G, G H, H B is equal 
to the number of the last D K, K L, L E : and because B 
A G, G H, H B are all equal, and that D K, K L, L E are also 
equal to one another ; therefore (VII) AG:DK = GH:KL 
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r= H B : L E : but as one of the antecedents to its consequent, 
(XII) so are all the antecedents together to all the consequents 
together, wherefore, as AG : D K = A B t D E : but A G is 
equal to C, and D K to F ; therefore C : F = A B : D E. 

Otherwise thus : 

Let A, B be two magnitudes. A : B r= A : B. Hence A : B = 
A + A : B + B (VII), or A : B = 2 A : 2 B. Hence (VII) A : B 
£= A + 2 A : B + 2 B or A : B =r 3 A : 3 B, and so on for all 

equimultiples of A and B. 

Proposition XVI. Theorem. 

(493) If four magnitudes of the same kind be propor- 
tionals, they are also proportionals when taken 
alternately. 

Let A, B, C, D be four magnitudes of the same kind, and let 
A : B = C : D : they are also proportionals when taken alter- 
nately ; that is^ A : C = B : D. 

. Take of A and B any equimultiples whatever E and F ; and 
of C and D take any equimultiples whatever G and H : and be- 
cause E is the same multiple of A that F is of B, and that 
magnitudes have the same ratio to one another (XV) which 
their equimultiples have ; therefore A : B = E : F : but A : B 
= C : D (hyp.) ; wherefore C : D = E : F (XI) : again, be- 
cause G, H are equimultiples of C, D, therefore C : D = G : H 
XV) : but it was proved that C : D = E : F ; therefore E : F 
= G : H (XI). But when four magnitudes are proportionals 
(XIV), if the first be greater thaii the third, the second is greater 
than the fourth ; and if equal, equal ; if less, less : therefore if 
E be greater than G, F likewise is greater than H ; and if equal, 
equal ; if less, less : and E, F are any (const.) equimultiples 
whatever of A, B ; and G, H any whatever of C, D : there- 
fore (Def V.) A •. C = B : D. 

Otherwise thus: 

Let A : B =: C : D, and let m A and m B be any equimultiples of 
A and B, and let n C and n D be any equimultiples of C and D ; 
m A : m B =: A : B (XV), and therefore m A : m B = C : D (XJ, 
and hyp.) Also n C : w D = C : D (XV), and therefore (XI) m A : 
m B = 71 C : n D. Hence m B is greater, equal to, or less than n D 
according as m A is greater, equal to, or less than n C (XIV). But 
m A and m B are any equimultiples of A and B, and n C and n D are 
any equimultiples of C and D. Hence, &e. (Def. V.) 

In this case it is necessary that the four magnitudes be of the same 
species, for otherwise, by alternation, ratios might be instituted between 
heterogeneous quantities (445). 

M 
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Proposition XVII. Theorem. 

(494) If magnitudes, taken jointly, be proportionals, 
they are also proportionals when taken se- 
parately : tliat is, if two magnitudes together 
have to one of them the same ratio which 
two others have to one of these, the remaining 
one of the first two has to the other the same 
ratio which the remaining one of the last two 
has to the other of these. 

Let AB, EC, C D, DF be the magnitudes takenjointly which 
are proportionals : that is, A B : B £ =: C D : D F : they shall 
also be proportionals taken separately, viz, A E : E B = C F : 
FD. 

Take of A E, E B, C F, F D any equimultiples whatever G H, 
H K, L M, M N; and again, of E B, F D take any 
equimultiples whatever K X, N P : and because G H 
is the same multiple of A E that H K is of E B, 
therefore GH is the same multiple (I) of AE that K 
G K is of A B : but G H is the same multiple of AE 
that L M is of C F ; therefore G K is the same mul- 
tiple of A B that L M is of C F. Again, because 
L M is the same multiple of C F that M N is of FD ; 
therefore L M is the same multiple (I) of C F that 
L N is of C D : but L M was shown to be the same multiple of 
C F that G K is of A B ; therefore G K is the same multiple of 
A B that L N is of C D ; that is, G K, L N are equimultiples of 
A B, C D. Next, because H K is the same multiple of £ B 
that M N is of F D ; and that K X is also the same multiple of 
E B that N P is of F D ; therefore H X is the same multiple (II) 
of E B that MP is of F D. ' And because A B : B E = CD : 
D F (hyp.), and that of A B and C D, G K and L N are equi- 
multiples, and of E B and F D, H X and M P are equimul- 
tiples ; therefore (Def V.) if G H be greater than H A, then 
L N is greater than M P ; and if equal, equal ; and 'if less, less : 
but if G H be greater than K X, then, by adding the common 
part H K to both, G K is greater than H X ; wherefore also L N 
is greater than M P ; and by taking away M N from both, L M 
is greater than N P : therefore if G H be greater than K X, L M 
is greater than N P. In like manner it may be demonstrated^ 
that if G H be equal to K X, LM is equal to N P ; and if less, 
less: but GH, l-M are any equimultiples whatever of AE,CF 
(const.), and K X, N P are any whatever of E B, F D : therefore 
CDef. V.)as AE:EB = CF:FD. 
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Otherwise thus : 

IfA + B:B = C + D:D, then A : B = C : D. Take any mul- 
tiples m A, 71 B of A and B. First let w A be ^eatcr than n B. Add 
w B to both, and m A + m B or m (A + B) will be greater then 
mB + 71 B or (m + w) B. But since A + B:B = C +D:D, il 
follows that if m (A + B) be greater than (m + n) B, that tw (C + D) 
will also be greater than (m + ti) D, or that m C + m D will be 
greater than mD + tiD. Take mD from both/ and mC will be 
greater than n D ; that is, if m A be greater than 7t B, m C will also 
be greater than n D. 

In the same manner it may be proved, that ifmA=:nB, mG=: 
n D, and that if mA be less than nB, mC will be less than tiD. 
Hence (Def. V.) A : B = C : D by division, (Def, XVII.) 



Proposition XVIII. Theorem. 

(495) If magnitudes, taken separately, be proportion- 
als, they are also proportionals when taken 
jointly : that is, if the first be to the second 
as the third to the fourth, the first and second 
together are to the second as the third and 
fourth together to the fourth. 

Let A E, E B, C F, F D be proportionals ; that is, if A E : 
EB=:CF:FD: then also AB : BE = CD : DF. 

Take of AB, B E, C D, D F any equimultiples whatever G H, 
H K, L M, M N ; and again, of B E, D F, take any equimul- 
tiples whatever K O, N P : and because K O, N P are equimul- 
tiples of B E, D F, and that K H, N M are likewise equimultiples 
of B E, D F ; therefore if K O, the multiple of B E, be greater 
iban K H, which is a multiple of the same B E^ then N r, the 
multiple of D F, is also greater than N M, the multiple of the 
same D F ; and if K O be equal to K H, N P is equal to N M ; 
and if less, less. 

First, let K O be not greater than K H ; therefore N P is not 
greater than N M: and because 6H, H K are H 
equimultiples of A B, B E, and that A B is greater o 
than B E, therefore G H is greater (Ax. III.) than 
H K ; but K O is not greater dian K. H ; therefore K 
G H is greater than K O. In like manner it may 
be shown that L M is greater than N P. There- 
fore if K O be not greater than K H, then G H, the 
multiple of A B, is always greater than K O, the o 
multiple of B E ;- and likewise L M, the multiple of C D, is greater 
than N P, the multiple of D F, 
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Next, let K O be greater than K H ; therefore, as has been 
shown, N P is greater than N M : and because the q 
whole G H is tne same multiple of the whole A B 
that H K is of B E, therefore the remainder G K 
is the same multiple of the remainder A E (V) that ^ 
G H is of A B ; which is the same that L M is of 
CD. In like manner, because L M is the same 
multiple of C D that M N is of D F, therefore the ^ 
remainder L N is the same multiple of the remainder 
C F (V) that the whole L M is of the whole CD: but it was 
shown that LM is the same multiple of C D that G K is of AE ; 
therefore G K is the same multiple of A E that L N is of C F; 
that is, G K, L N are equimultiples of A E, C F. And because 
K O, N P are equimultiples of B E, D F, therefore if from K O, 
N P there be taken K H, N M, which are likewise equimultiples 
of B E, D F, the remainders H O, M P are either equal to B E, 
D F, or equimultiples of them (VI). First, let MO, M P be 
equal to B E, D F: then because (hyp.) A E : E B = C F : 
F D, and that G K, L N are equimultiples of A E, C F ; 
therefore G K : E B = L N : F D : but HO is equal to E P, 
and M P to F D ; wherefore G K : H O = L N : M P : there- 
tore if G K be greater than H O, L N is greater than (Ax. V.) 
M P ; and if equal, equal ; and if less, less. 

But let H O, M P be equimultiples of E B, F D : then (hyp ) 
because A E : E B = C F: F D,and thatof A E, o 
C F are taken equimultiples G K, L N ; and of 
E B, F D, the equimultiples H O, M P ; if G K 
be greater than H O, L N^ is greater than M P ; and 
if equal, equal ; and if less, less (Def. V.) ; which 
was likewise shown in the preceding case. But if 
G H be greater than K O, taking K H from both, 
G K is greater than H O ; wherefore also L N is 
^eater than M P ; and consequently adding N M to both, L M 
IS greater than N P : therefore if G H be greater than K O, L M 
is greater than N P. In like manner it may be shown, that if 
G H be equal to K O, L M is equal to N P ; and if less, less. 
And in die case in which K O is not greater than K H, it h&s 
been shown that G H is always greater than K O, and likewise 
LM greater than NP: but GH, LM are any equimultiples 
whatever of A B, C D (const.), and K O, N P are any whatever 
of BE, DF; therefore (Dei. V.) AB : B E = CD : DF. 

Othenoise ihu9 : 
If A : B = C : D, then by composition A + B:B=:C-|-D:D. 
For if C + D : D be not equal to A + B : B, let C + d : d he equal 
to A + B :B,d being a magnitude not equal to D. Since A + B : B 
= C + (f : (f, by (XVII), A : B =: C :d ; but (hyp.) A: B = C : D ; 
therefore (XI) C : D = C : (f , and therefore (IX) D and d are un- 
equal, contrary to hyp. 
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Proposition XIX. TnEOftfiM. 

(496) If a whole magnitude be to a whole as a mag- 
nitude taken from the first is to a magnitude 
taken from the other; the remainder is to 
the remainder as the whole to the whole. 

Let the whole A B be to the whole C D as A E a ma^itude 
taken from A B is to C F a magnitude taken from CD: the 
remainder E B shall be to the remainder F D as the whole A B 
to the whole C D. 

Because AB:CD=:AE:CF; therefore alternately (XVI), 
AB : AE = CD:CF: and because if magnitudes A 
taken jointly be proportionals, they are also proportionals 
(XVII) when tsdcen separately ; therefore B E : E A = E 
D F : F C ; and alternately, BE:DF = EA:FC; 
but A E : C F = A B : C D (hyp.) ; therefore also the 
remainder B E is to the remainder D F (XI) as the whole 
AB to the whole CD. 



B D 



Otherwise thus : 

If A : B =: C : D, C and D being less than A and B, then A — C : 
B— D = A : B. For by altematiou A : C = B : D, and by di\ision 
A— C : C = B— D : D, and again by alternation A— C : B — D = 
C : D = A : B. 

(497) Cor. — If the whole be to the whole, as a magnitude taken 
nom the first is to a magnitude taken from the other; die remainder 
shall likewise be to the remainder, as the magnitude taken from 
the first to diat taken from the other. The demonstration is con- 
tained in the preceding. 

Ory since A-C ; B— D = A : B, and also C : D =i A : B, there- 
fore A— C : B-D = C : D. 

The following proposition is added by Simson. 

Proposition E. Theorem 

(498) If four magnitudes be proportionals, they are also propor- 

tionals by conversion : that is, the first is to its excess 
above the second as the third to its excess above the 
fourth « 

Let A : B = C : D, then A : A— B = C : C— D. For by division 
A—B : B =: C-D : D, and by alternation A— B r C — D = B : D. 
But since A : B = C : D, by alternation A : C r=i B : D. Therefore 



166 ELEMENTS OF EUCLID. 

(XI) A : C = A - B : C — D, and by alternation A : A - B = 
C : C - D. 

In a similar ^ay it may be proved that A:A + B = C:C + D. 

Proposition XX. Theorem. 

(499) If there be three magnitudes, and other three, 
which, taken two and two, have the same 
ratio ; then if the first be greater than the 
third, the fourth is greater than the sixth ; 
and if equal, equal ; and if less, less. 

Let A, B, C, 

A',B',C', 
be two series of three magnitudes, which taken two and two have 
the same ratio, viz. 

A : B = A' : B', B : C = B' : C. 

First: let A be greater than C ; A' is also greater than C. 

Because A is greater than C, and B is any other magnitude, 
and that the greater has to the same magnitude a greater (VIII) 
ratio than the less has to it ; therefore A : B is greater than 
C : B ; but (hyp.) A' : B' = A : B ; therefore . (XIII) A' : B' 
is greater than C : B ; and because B : C = B' : C, by inversion 
C : B = C : B' ; and it was shown that A' : B' is greater than 
C : B ; therefore A' : B' is greater than C: B' ; but the magni- 
tude which has a greater ratio than another to the same mag-* 
nitude, is the greater (X) of the two ; therefore A' is greater 
than a. 

. Secondly, let A = C ; then A' = C Because A = C, A : B 
= C : B (VII) ; but (hyp.) A : B = A': B',aiidC : B = C :B'; 
wherefore A' : B' = C' : B' (XI) ; and therefore A' = C. 

Thirdly, let A be less than C ; A' is also less than C. For 
C is greater than A, and as was shown in the first case C : B =: 
C : B', and also B : A = B' : A ; therefore C is greater than A' 
by the first case, or A' is less than C. 

Proposition XXL Theorem. 

(500) If there be three magnitudes, and other three, 
which have the same ratio taken two and 
two, but in a cross order ; then if the first 
magnitude be greater than the third, the fourth 
is greater than the sixth ; and if equal^ equa) ; 
and if less, less. 
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Let A, B, C, 

a;,b', c, 

be two. series of three magnitudes which have the same ratio 
taken two and two, but in a cross order, viz. 

A : B = B' : C, B : C = A' : B'. 

First, let A be greater than C ; then A' is also greater than C. 
For since A is greater than C and B is any other magnitude, A : B 
is greater (Vfll) than C:B; but (hyp.) B' : C = A : B; 
therefore (XlII) B' : C is greater than C : B ; and because 
(hyp.) B : C = A' : B' by inversion, C : B = B' : A' ; and it was 
shown that B' : C is greater than C : B ; therefore B' : C is 
greater than B' : A' : but the magnitude to which the same has 
a greater ratio than it has to another, is the lesser (X) of the 
two : therefore C is less than A' ; that is, A' is greater than C. 

Secondly, let A = C ; then also A' = C Because A = C, 
A : B = C : B rVII) : but A : B = B' : C (hyp.) : and C : B = 
A' : B'; wherefore B' : C = B' : A' (XI) ; and therefore A' = 
C^(IX). 

Thirdly, let A be less than C; then also A' is less than C. 
For C is greater than A j and as was shown, C : B = B' : A', and 
also B : A = C : B' ; tiberefore C is greater than A' (by the 
first case) ; that is A' is less than C. 

Proposition XXII. Theorem. 

(501) If there be any number of magnitudes, and as 
many others, which taken two and two in 
order have the same ratio ; the first has to the 
last of the first magnitudes the same ratio 
which the first has to the last of the others. 
N. B. This is usually expressed by the words 
" ex lequali,'- or^ ** ex mquo.'' 

First, let A, B, C, 

A', B', C, 
be two series of three magnitudes, which taken two and two have 
the same ratio, as expressed in Prop. XX. 

Take any equimultiples o, a' whatever of A and A' , and also 
any equimultiples 6, V whatever of B, B' ; and lastly, any equi- 
multiples c, d whatever of C, C. Then because A : B = A' : B', 
and that a, a' are equimultiples of A, A', and 6, V equimultiples of 
B, B', therefore a : 6 == a' : 6' ; and for the same reason 6 : c = 
V ix! (IV) ; and because there are three magnitudes a, 5, c, and 
other three a', V, dy which two and two have the same ratio 
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(XX) ^ therefore a! is greater, equal to, or less than c\ according 
as a is greater, equal to, or less than c ; but a, a' are any equi- 
multiples whatever of A, A', and c, c' any equimultiples whatever 
of C, C, therefore A : C = A' : C (Def. V.) 
Next let A, B, C, D, 

A',B',C',p'. 
be two series of four magnitudes, which taken two and two have 
the same ratio, viz. 

A : B = A' : B', 

B: C = B':C', 

C:D = C':D', 
then A : D = A' : D'. Because taking the first three in each 
series, it follows from the first case that A : C = A' : C. Then 
there are two series of three magnitudes, vix. 

A, C. D, 

a;, CD', 

which taken two and two are in the same ratio, and therefore by 
the first case A : D = A' : IX. 

It is evident that this reasoning may be extended to series con- 
sisting of any number of magnitudes. 

Proposition XXIII. Theorem. 

(502) If there be any number of magnitudes, and as 
many others, which taken two and two in a 
cross order have the same ratio : the first has 
to the last of the first magnitudes the same 
ratio which the first has to the last of the 
others. N. B. This is usually expressed by the 
words " ex wquali in proportione perturbatd ;** 
or ^^ ex wquo perturbato." 

First let A, B, C, 

A', B', C, 
be two series of three magnitudes related as explained in Ph>p« 

Jx.j\.M., 

Take any equimultiples whatever a, b and a' of A, B and A' : 
also any equimultiples whatever c, V, d of C, B', C ; and be- 
cause a^ b are eouimultiples of A, B, and that magnitudes have 
the same ratio (XV) which their eouimultiples have ; Aerefore 
A : B = a : 6, and m like manner B' : C = 6' : c/ ; but (hyp.) 
A : B = B' : C; therefore a:b = b':(/ (XI) ; and because 
(hyp.) B : C = a' : 6', and 6 and a' are equimultiples of B and 
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A', and also c,' V of C, B' ; therefore 6 : c =a' : 6' (IV) ; and it 
has been shown that a : 6 =r 6' : c'; therefore, because there are 
&ree magnitudes a, 6, c, and other three a', 6', c', which have 
the same ratio taken two and two in a cross order^ a! is greater, 
equal to, or less than c', according as a is greater, equal to, or 
less than c (XXI) ; but a, a' are any equimultiples whatever of 
A, A', and c c' any whatever of C, C ; therefore A : C = A' : C, 
(Def. v.). 
Secondly, let A, B, C, D, 

A', B', C, p', 
be two series of four magnitudes, which taken two and two in a 
cross order have the same ratio, vt^r. 

A : B = C : D', 

B : C = B' : C, 

C : D = A' : B', 
then also A : D = A' : D'. For the first three in tfie 6rst series 
and the last three in the second, are two series of three magni- 
tudes which are in the same ratio taken two and two in a cross 
order. Hence A : C = B' : D' by the first case. Wherefore 
again by the first case A : D = A : D', and so on, whatever be 
the number of magnitudes. 

Proposition XXIV. Theorem. 

(503) If the first have to the second the same ratio 
which the third has to the fourth; and the 
fifth to the second, the same ratio which the 
sixth has to the fourth; the first and fifth 
together have to the second, the same ratio 
which the third and sixth together have to the 
fourth. 

Let A B the first have to C the second the same ratio 
which D E the third has to F the fourth ; and let B G 
the fifth have to C the second the same ratio which 
E H the sixth has to F the fourth : A G, the first and 
£fih together, have to C the second, the same ratio 
which D H, the third and sixth together, has to F the 
fourth. 

Because B G ; C = E H : F ; by inversion, C : B G A c d F 
= F : EH: and because AB : C = D E : F (hyp ) ; and C : 
BG = F : E H ; ex tBqwili (XXII), AB:BG=DE:EH: 
and because these magnitudes are proportionals, they are likewise 
proportionals when taken (XVIII) jointly ; therefore A G : G B 



H 
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= D H : H E : but (hyp.) G B : C = HE : F ; therefore ex 
cpgimK (XXII), AG : C = D H : F. 

(504) Cor. 1 . — If the same hypothesis be made as in the pro- 
position, the excess of the first and fifth shall be to the second 
as the excess of the third and sixth to the fourth. The demon- 
stration of this is the same with that of the proposition, if division 
be used instead of composition. 

(505) Cor. 2. — ^The proposition holds true of two ranks of mag- 
nitudes, whatever be their number, of which each of the first rank 
has to the second magnitude the same ratio that the corresponding 
one of the second rank has to a fourth magnitude ; as is manifest. 

This proposition may be thus expressed, ' If two series of four pro- 
portionals have the same consequents, another series may be formed 
with the same consequents, and taking the sums of the antecedents 
as antecedents.' 
Let the two series be A : B = XU : D, 

A':B = C\D. 
then it follows that A + A^• B = C + C : D. 

Since A^ : B = C : D, 

(mi?.) B : A' = D : C, 
(hyp:) A : B = C: D, 
(dr. €eq,) \ : A^ :=: C ; C^ 
(comp) A + A' : A'= C + C' : C^ 
{hyp.) A^• B =: C : D, 
(ex, (Bq') A + A' : B = C 4- C : D. 

(506) In a similar way it may be proved that A — A^ : B = 
C-C':D. 

(507) Also, it may be proved that if A : B s= C : D, then A + B : 
A-B=C + D;C-D. 



For, 



(comp.) A + B;B = C+D:D, 

idiv.) A - B : B = C - D : D, 

(tnv.) B:A-Bc=D:C — D, 

{ex. (Bq.) A + B : A - B = (C + D) : C - D. 



Proposition XXV. Theorem. 

(508) If four magnitudes of the same kind be pro- 
portionals, the greatest and least of them 
together are greater than the other two to- 
gether. 

Let the four magnitudes A B, C D, E, F be proportionals, viz. 
A B : C D = E : F ; and let A B be the greatest of them, and 
consequently F the least (XIV). A B together with F shall be 
greater than C D together with E. 



D 
H- 
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Take AG equal to E> and CH equal to F: then bec&use 
A B : C D = E : F, and that A G is equal to E, b 
and C H equal to F, therefore AB : C D = A G : 
C H (VII, Xl) : and because A B the whole is to 
the whole CD asAG is toCH, likewise the re- 

K'nder G B is to the remainder H D as the whole 
is to the whole (XIX) C D : but A B is greater A (i e ^ 
(hyp.) than C D ; therefore G B is greater than H D : and be- 
cause A G is equal to E, and C H to F ; AG and F together are 
equal to C H and E together : therefore if to the unequal magni- 
tudes G B, H D, of which G B is the greater, there be added 
equal magnitudes, viz, to G B the two A G and F, and C H and 
£ to H D ; AB and F together are greater than C D and E. 

The following propositions are added by Simson 

Proposition F. Theorem. 

(509) Ratios which are compounded of the same ratios are 

equal to one another. 

Let A : B = A':B'; and B : C = B' : C: the ratio which is com- 
pounded of the ratios of A : B, and B : C, which by the 
definition of compound ratio is the ratio of A : C, shall 
be the same with the ratio of A' : C, which, by the same defi- 
nition, is compounded of the ratios of A': B'j and B' to C 

Because there are three magnitudes. A, B, C, and three others A' 
B^ C, which, taken two and two, in order, have the same ratio ; ex 
(Bquali A : C = A' : C (XXII). 

Next, let A : B = B' : C, and B : C = A' : B' : therefore ex (Bquali 
in proportiotie perturbatd (XXIII), A : C = A': C; that is, 
the ratio of A : C, which is compounded of the ratios of 
A : B, and B : C, is the same with the ratio of A' : C, which 



A. B.C. 
A'.B' C 



A.B.C. 
A'.B'.C'. 



is compounded of the ratios of A' : B', and B': C. And in like manner 
the proposition may be demonstrated, whatever be the number of 
ratios in either case. 

Proposition G. Theorem. 

(510) If several ratios be equal to several other ratios, each 
to each ; the ratio which is compounded of ratios which 
are equal to the first ratios, each to each, is equal to the 
ratio compounded of ratios which are equal to other 
ratios, each to each. 

In the two series of magnitudes 

A, B, C, D, 
A', B', C, D', 
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let A : B = A' : B' and C : D = C : ly. Also in the two series 

K, L. M, 

K' U M' 
let K : L =5 A : B and L : ]VI = b : b ; also K' : L' = A' : B', 

and L' : M' = B' : C. Then the ratio K : M is (by the definition of 
compounded ratio) compounded of the ratios of K : L and L : M, 
which are equal to the ratios A : B and C : D. Again, the r^fp 
K' : M' is compounded of the ratios K' : 1/ and 1/ : M' which are 
equal to A' : B' and C : IV. It is then to be proved that K . M = 

K' : M'. 

Because K : L = A : B and A : B = A' : B', and A' : B^ =: K' : L', 
therefore (XI) K : L = K' : L'. Again, because L : M = C : D, 
and C : D = C : IV, and C : D' = L': M', therefore (XI) L :M = 
1/ : M'. Hence in the series K, L, M and K'» L', M', (ex. ceq.) 
K : M = K' : M'. 

The student is advised to omit the remainder of this book. 



Proposition H. Thborem. 

(511) If a ratio which is compounded of several ratios be equal 
to a ratio which is compounded of several other ratios ; 
and if one of the first ratios, or the ratio which is com- 
pounded of several of them, be equal to one of the last 
ratios, or to the ratio which is compounded of several of 
them ; then die remaining ratio of. the firsts or, if there 
be more than one, the ratio compounded of the re- 
maining ratios, are equal to the remaining ratio of the 
last, or, if diere be more dian one, to the ratio com- 
pounded of these remaining ratios. 

Let the first ratios be those A : B, B : C, C : D, D : E, and £ : F; 
and let the other ratios be G : H, H : K, R : L, and L : M : also, 
let the ratio A : F, which is compounded of (definition of com- 
pound ratio) the first ratios, be equal to G : M, which 
is compounded of the other ratios; and besides, let the |aH.K.L.M.i 
ratio A : D, which is compounded of the ratios A : B, 
B : C, C : D, be equal to G : K, which is compounded of the ratios 
G : H, and H : K : then the ratio compounded of the remaining first 
ratios, to wit, D : E, and E : F, which compounded ratio is equal to 
D : F, shall be equal to K : M, which is compounded of the remaining 
ratios R : L, and L : M of the other ratios. 

Because, by the hypothesis, A : D = G : R, by inversion D : A s: 
R : G; and (hyp.) A : F = G : M ; therefore, (XXII), ex aquaU^ 
D:F=:R:M. 



BOOK THE FIFTH. 173 



Proposition K. Theorem. 

(512) If there be any number of ratios, and any number of 
other ratios such that the ratio which is compounded 
of ratios which are equal to the first ratios, each to 
each, is equal to the ratio which is compounded of 
ratios which are equal, each to each, to the last ratios ; 
and if one of the first ratios, or the ratio which is com- 
pounded of ratios which are equal to several of the 
first ratios, each to each^ be equal to one of the last 
ratios, or to the ratio which is compounded of ratios 
which are equal, each to each, to several of the last 
ratios ; then the remaining ratio of the first, or, if there 
be more than one, the ratio which is compounded of 
ratios which are equal each to each to the remaining 
ratio of the first, are equal to the remaining ratio 
of the last, or, if there be more than one, to the ratio 
which is compounded of ratios which are equal each to 
each to these remaining ratios. 

Let the ratios A : B, C : D, E : F, be the first ratios ; and the ratios 
G : H, K : L, M : N, O : P, Q : R, be the other ratios : and let A : B 
= S:T; aridC:U = T: V; andE :F=:V:X: therefore, by the 
definition of compound ratio, the ratio S : 



A, A, /. 
A,B; C, D; E, F. S, T, V, X. 

G, Hj K,Lj M,N; 0,P; Q, R. Y,Z,a,&,c,rf. 
^/>^- m,n,o,p. 



X is compounded of the ratios S : T, T : Y, and V : X, which arc equal 
to the ratios A : B, C : D, E : F, each to each. Also, G : H = Y : Z ; 
and K : L = Z : a ; M : N = a : 6 ; O : P =r 6 : C ; and Q : R s: 
c : d: therefore, by the same definition, the ratio Y : dis compounded 
of the ratios Y : Z^Z : a^a : b^ b : c, and c : d, which are equal each 
to each, to the ratios G : H, K : L, M : N, O : P, and Q : R : there- 
fore (hyp.) S : X = Y : £?. Also, let the ratio A : B, that is, the 
ratio S : T, which is one of the first ratios, be equal to the ratio 
€ : gt which is compounded of the ratios e :f^ and/: g, which (hyp.) 
are equal to the ratios G : H, and R : L, two of the other ratios ; and 
let the ratio h : I he that which is compounded of the ratios h : k, 
and k : /, which are equal to the remaining first ratios, viz, C : D, and 
E : F ; also, let the ratio m : phe that which is compounded of the 
ratios m : n, n : o^ and o : j9, which are equal each to each, to the 
remaining other ratios, viz, M : N, O : P, and Q : R : then the ratio 
h : I shall be equal to the ratio m : p; or h : I =: m : p. 
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Because c:/=G:H=:Y:Z; and /:g = K:L = Z:a 
therefore, (XXU) ej? (squcUi, e: g =: Y : a : and by the hypothesis, 
A:B = S:T = c:gr; wherefore (XI) S : T = Y : a ; and, by in- 
version, T : S = a : Y : but S : X = Y : rf ; therefore, ex <Bquali, 
T : X = a: d\ also (hyp.) because h : k :::: C:D=T:V; and 
ifc:/ = E:F=V:X; therefore, ex <BqudlU A : Z = T : X : in like 
manner it may be demonstrated that m : p = a : d ; and it has been 
shown that T : X =: aid; therefore (XI) h : I :=: m : p, Q. E. D. 

The propositions G and K- are usually, for the sake of brevity, ex- 
pressed in the same terms with propositions F and H : and therefore 
it was proper to show the true meaning of them when they are so 
expressed, especially since they are very frequently made use of by 
geometers. 
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DEFINITIONS. 

(513) I. Similar rectilinear figures are those whose aggies are 

severally equal each to each^ and whose sides 
including equal angles are severally proportional. 

(514) II. A straight line is said to be cut in extreme and 

mean ratio when the whole line is to one segnient 
as that segment is to the remaining one. 

This definition is thus expressed by Euclid : ' The whole line is to 
the greater segment as the greater segment is to the lesser/ But it 
is objectionable to assume in one part of a definition a property which 
may be deduced from the remainder of it. In this case, one of the 
segments is a mean proportional between the whole line and the other, 
and since the whole line is greater than the mean segment, so this 
mean segment must be greater than the other. 

(515) III. The altitude of a figure is the perpendicular drawn 

from its vertex to its base. 

The altitude can scarcely be considered to have any distinct meaning, 
except as applied to a triangle, or a parallelogram, and the latter has 
no vertex properly speaking. The altitude of a parallelogram is the 
perpendicular drawn from its base to the opposite side. 
. It is evident that any side of a figure may be considered as the 
base. 

Proposition I. 

(516) Triangles and parallelograms having the same 
altitude are one to another as their bases. 

Let the triangles be A B C, A E D, having a common vertex A, 
and their bases B C and E D on the same 
right line. Produce B E both ways, and take 
successively any number of parts B G, G H 
equal to B C ; and E F, F I equal to D E ; » o ». c i> « » i 
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and draw lines A 6, A H, A F, A I from the common vertex A 
to their extremities. 

Since the bases C B, B 6, G H, are equal, the triangles on these 
bases are also equal (XXXYIII» Book I.), therefore the triangle 
A H C and its * base H C are equimultiples of the triangle ABC 
and its base B C. In like manner it may be proved that the 
triangle DAI and its base D I are equimultiples of the triangle 
DAE and its base D E. It is evident that the triangle H A C 
is greater^ equal to, or less than D A I^ according as its base H C 
is greater^ equal to, or less than the base D I. Hence it appears 
that since equimultiples of the first base and first triangle are at 
the same time greater, equal to, or less than equimultiples of 
the second base and second triangle, the triangles are as their 
bases. 

Parallelograms having the same altitude are the doubles of 
triangles on their bases and having the same altitude/ and are 
therefore proportional to them. Hut the triangles are as their 
bases (Part 1°.), and therefore their doubles (XV, Book V.), the 
parallelograms, are as their bases. 

(517) Triangles and parallelograms having equal altitudes are as 
their bases. 

For let the bases be placed on the same right line, and the triangles 
on the same side of it. The line joining their vertices will be then 
parallel to the base (XXXIII, Book I.), and the same demonstration 
may be applied as above. 

The parallelograms are as their bases, being the doubles of 
triangles. 

(518) Triangles and (their doubles) parallelogrrams having equal 
bases are as their altitudes. 

For they are equal to right angled triangles or parallelograms, 
haying bases and altitudes respectively equal ; and in these letter the 
altitude may be taken as the base, and vice vend. Hence the proof 
is reduced to (517). 

(519) Triangles and parallelograms in general are In a ratio com- 
pounded of their bases and altitudes. 

Let T and T be. two triangles or parallelogprams, and let the base 
and altitude of the first be 6, a and of the second b', a'. Let M be a 
triangle or parallelogram with the altitude a of the first, and base V 
of the second. By (517) we have 

T:M :: b:b\ 

and by (518) M:T :: a : of. 

Hence T : ^ : : {^\- J!}, . , 

That is, the triangles or parallelograms are in a ratio compounded 
of the ratios of their bases and altitudes. 

* We ezpreas a compounded ratio thus by enclotinff the component ratios within a 
parenthesis. . ■ " 
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(520) The rectangle under two lines is a mean proportional l^tweeu 
tiieir squares. 

Let A and B be the lines. The square of A is to the rectangle 
A X B as A : B, since they have the same altitude A ; and again 
A X B is to the square of B as A : Bt since they have the same 
base B. 

(521) If two triangles or parallelograms be as their bases, they have 
equal altitudes, and if they be as their altitudes, they have equal bases. 
These easily follow ex ahsurdo. 

Proposition II. Theorem. 

(522) r . If a right line (D E) be drawn parallel to 

any side (A C) of the triangle (A B C), 
it divides the other sides, or those sides 
produced, into proportional segments. 

2\ And if a right line (D E) divide the sides 
of a triangle, or those sides produced » 
into proportional segments, it is parallel 
to the remaining side (A C). 

Part 1*^. — Let D E be parallel to A C, and A D is to D B as 
CEistoEB. 
For draw A E and D C, and 




£i Uy ana oeiween ine same pa- ^ 

rallels ED and C A, they are equal (XXXVII, Book I.), there- 
fore AE D has the same ratio to D £ B which C D E has to the 
same EDB; but AED is to DEB as A D to DB (I), and 
CDE is to EDB as CEtoEB (I), therefore A D is to DB 
as CEistoEB. 

Part 2*^.— Let A D be to D B as C E to E B, and the right line 
D E is parallel to A C. 

Let me same construction remain, and AD is to D B as the 
triangle A E D to the triangle D E B (I), and as CE toE B,so is 
the triangle C DE to the triangle E DB (I) ; but AD is to D B 
as CEtoEB (hyp.), therefore AE Dis toDE B asCD E to the 
same EDB (VII, Book V.), therefore A E D is equal to C D E 
(IX, Book v.) ; but they are upon the same base D E, and at 
the same side of it, and therefore D E is parallel to A C (XXXIX, 
Book I.). 

The enunciation of this proposition is inaccurate in several respects. 
In the first part the manner in which the parallel cuts the sides is not 

N 
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diaiinctly described, and the second part is, strictly speaking, fake, ih« 
asmuch as a line may cut two sides proportionally y and yet hot be 
parallel to the third side. 

To perceive these defects and the manner of correcting them, it is 
only necessary to consider in how many ways a finite right line may 
be divided in a given ratio. Let the line be A B, and let A D : D B 
be the given ratio, D will be one point of section such as required. 
Let C be the point of bisection, and take o a b c n b t 

C D = C E, V B E = AD, and AE := ' ^-*-^ ^ 

B D, V B E : E A is the given ratio, and E is another point of 
section such as is required. Thus there are twa points of internal 
section in a given ratio. In the same way if A F : B F and A G : B G 
be each the given ratio, F and G are two points of external section, 
which cut the line AB in the given ratio. It therefore appears that 
there axe four points at which a line may be cut in a given ratio. 
Now it would be necessary, in order to render tbe first part of this 
proposition distinct^ and the second part true, to state in the enun- 
ciation in which of these ways each side is cut. 

The enunciation would be correct if thus changed : ' 1°. If a line 
ie drawn parallel to any side of a triangle, it divides the other sides, 
or those sides produced, so that their segments between the parallel 
and the third side shall have the same ratio to their segments between 
the parallel and the vertex of the opposite angle ; and 2°, if a line cut 
the two sides in this manner it will be parallel to the third side.' 

Dr. Elrington proposes to add to the present enunciation the words 
' 80 that the homologous segments are at the same side' of the parallel 
or cutting line. But this, although less objectionable than Euclid's, is 
still imperfect, since it is only a distinction when the parallel cuts the 
sides internally. When it cuts them externally, all the seg[ments lie at 
the same side of the cutting line, and therefore ho distinction is thus 
introduced. 

The enunciation of this important proposition would, however, be 
still further improved if given thus : If two indefinite intersecting right 
lines be cut by two parallel right lines three points of division are 
obtained on each linei scU* the point where they intersect each other, and 
their points of intersection with the parallels; the parts intercepted 
between any two of these points on one line are in the same ratia 
lyith the p^rts intercepted by the corresponding points on the. other 
line, and if the points of section of the lines fulfil this conditioQ^ the. 
lines joining them respectively will be parallel. 

The three diagrams accompanying this proposition result from the 
three different ways in which the parallel maj cut the ^ides : 1®. it 
riiay cut them internally : 2^, it may cut them produced through the 
base i 3°. it may cut them produced through the vertex. 

Jn every case the two triangles which aire proved equal are tho^ 
whieh haye the parallel (Part 1®.) or cutting line (Part 2°.) as their base, 
and their vertices.ajt the extremities of the base :x>f the given triangle. 
T'be common triangle with which these are compared is that which 
has the parallel (Part 1°.) or the cutting line (Part 2°.) as base, and 
its vertex at the vertex of the given triangle. 
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(593) If several parallels D £, F G, H 1 be drawn to the base of a tri- 
angle, every pair of corresponding segments in each side 
will be proportional. For draw D L, F K parallel to B C. 
In the parallelograms D C, F E, the opposite sides are 
equal. •.' FM = EG, DL= EC. By the triangles 
FBG, AFK wehave 

BH;HF = BI:IG, 

FD : DA = FM : MK = G£ :EC, &c. 

Proposition III. Theorem. 

(524) r. A right line (A D) bisecting the angle of 

a triangle (B A C) divides the opposite 
sides into segments (B D, D C) propor- 
tional to the conterminous sides (B A, 

AC). 

2°. And if a right line (A D) drawn from any 
angle of a triangle divide the opposite 
side (B C) into segments (B D, D C) 
proportional to the conterminous sides 
(BA, AC), it bisects the angle. 

Part 1°. — Draw through C a rijght line C E parallel to A D 
until it meet the side B A produced, to E. 

Because the lines A D and E C are parallel, the angle B A D is 
equal to the internal angle at.jthe same side 
A E C (XXIX, Book I.), therefore the angle 
DA C isfequal to AE C ; but D A C is equal to 
the alternate angle ACE, therefore ACE and 
A E C are equal, and thefrefore the opposite 
sides A E and A C are equal (VI, Book I^; but since AD is 
parallel to E C, E A Is to A B ais C D is to D B ; therefore since 
E A and AC are equal, A C is to A B as C D is to D B. 

Part 2°. — Let the same construction remain, and B A is to A E 
aa B D to D C (11) ; but B D is to D C as B A to A C (hyp.), 
therefore BAistoAEasBAtoAC (XI, Book V.), and there- 
fore A B and A C are equal (1X> Book Y.)> and the angle A E C 
is equal to A C E (V, Book L) { but since A D and E C are 
parallel, the angle D AC is equal to the alternate angle ACE, 
and the angle BAD equal to the internal angle at the same 
side AE C (XXIX, Book I.); therefore, since A E C and A C E 
are equal, BAD and D A C are also equal, and therefore the 
nght line A D bisects the angle B A C, 

N 2 




180 ELEMENTS OP EUCLID. 

(525) From this proposition it follows that if the same line bisect 
the base and vertical angle, the triangle is isosceles. 

(526) This proposition is applicable also to the bisector of the external 
angle of the triangle. Let the side B A be produced. 

to F, and draw A D bisecting the angle C A F, and A-''^ 

through C draw CE parallel to AD. The angles k^-^7\ 

ACE and A E C are proved equal to C A D and ^ ^^:d2s/..,^^ 
D A F, as in the proposition, and are therefore equal, *' ^ 

and therefore A C = A E. In the triangle B E C, 
A D is a parallel to E C cutting the sides produced (II), '.• B A : AE 
= BD : DC, •.• BA: ACrrB D :D C. Also, if B A : AC = 
BD : DC, AD will bisect the angle C AF. For by the parallels 
as before B A : AE =BD : DC, v AE = AC, •.• AC E = AE C ; 
but these angles are respectively equal to C A D aud D A F. 

If the triangle be isosceles the bisector of the external angle is pa- 
rallel to the base. Even in this case the proportionality of the external 
segments to the sides is preserved, for the point of external section 
becomes, as it were, infinitely distant, and the infinite segments whose 
difference is the base are equal, since their difference bears an infinitely 
small ratio to the segments themselves. 

(527) The segments of the base made by the external bisector are pro- 
portional to those made by the internal bisector, since each is propor- 
tional to the sides of the triangle. Hence the bisectors of the internal 
and external angles cut the base internally and externally in the same 
ratio. 

*nt* (528) If the base of a triangle and the ratio of its sides be given, 
the points where the internal and external bisectors meet the base may 
be found by cutting the base internally and externally in the ratio of the 
sides. The solution of this problem is effected by Prop. IX., and de- 
pends only on Prop. II. 

%* (529) Since the two bisectors are at right angles (83), it fol- 
lows that the vertex of the triangle must be on the circumference of a 
circle whose diameter is the part of the base intercepted between the 
bisectors. Hence (389) if the base and ratio of the sides be given, 
this circumference is the locus of the vertex. 

*♦* (530) Def. — ^Three magnitudes are said to be in harmonical 
progression^ when the first is to the third as the difference between 
the first and second to the difference between the second and third. 
*^* (531) Dep. — A right line A B is said to be cut harmonically 
at two points C D, when A C, A D, A B are in © d 

harmonical progression. ^ • — ►— n 

*»* (532) If AC, A D, and A B be in harmonical progression, B D, 
B C, and B A will also be in harmonical progression. For by (hyp.) 
we have A C : A B = C D : D B, and by alternation A C : C D = 
A B : B D, and by inversion B D : B A = C D : C A, i. c. B D, B C, 
and B A are in harmonical progression. 

*ij* (533) If the internal and external bisectors be ^<^ 

drawn, the line A E is cut harmonically at D C, for by ^y/\ n. 
(327) EC:EA=CD:DA. j^^^-^'^^ 



p c 
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*m* (^^^) ^^ ^^^ indeftnite right lines A B, C D intersect, and that 

two other indefinite right lines E F and G H 

bisect, the angles under these, any right line 

M N terminated in two of the four indefinite 

right lines, and intersected by the other 

two, wiU be cut harmonically. This is 

evident fix)mwhat has been already proved 

(538). 

%* (535) It follows from this and the first 

proposition that the bisector of an angle of a triangle divides it into two 

triangles proportional to the sides which include the bisected angle. 

*^* (536) Also we may infer that perpendiculars, drawn from the 

point which divides the base either internally or externally in the ratio 

of the conterminous sides, will be equal, and vice versd (521). 



Proposition IV. Theorem. 

(537) In equiangular triangles (BAG and C D E) the 
sides about the equal angles are proportional, 
and the sides which are opposite to the equal 
angles are homologous. 

Let . sides B C and C E, which are opposite to equal angles 
B A C and C D E, be placed so that they may form f 

one straight line, the triangles being at the same 
side, and the equal angles B C A and C E D not 
being conterminous ; since the angles ABC and 
B C A are together less than two right angles 
(XVII, Book L), and C E D is equal to S C A, A B C and C E D 
are less than two right angles, and therefore the lines B A and 
E D must meet if produced (Ax. XII. Book I.); let them meet in 
F ; because the angles B C A and C E D are equal (hyp.), C A is 
parallel to E F (XXVIII, Book I.), and because the angles ABC 
and D C E are equal, C D is parallel to B F (XXVIII, Book I.), 
therefore A F DC is a parallelogram, and the side AC equal to 
F D, and A F also equal to C D (XXXIV, Book I.). 

In the triangle B F E the line A C is parallel to F E, therefore 
B A is to AF, or to CD equal to A F, as B C to C E (II) ; and 
by alternation, ABistoBC as CDtoCE; and since C D is 

Earallel to B F, B C is to C E as F D, or A C equal to F D, to 
> E (II) ; and by alternation, B C is to C A as C E to E D, there- 
fore, since A B is to B C as DC to CE, andB C to A C as C E 
to ED. ex aquali(XXU, Book V.). AB is to AC as DC to D E, 
therefore the sides about the equal angles are proportional, and 
those which are opposite to the equal angles are homologous. 
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(538) It is evident that the sides opposite to equal angles are propor- 
tional, for since AB :AC=:DC :DE,by alternation we have A B : 
D C = A C : D E. 

In describing the method of placing the triangles in this demonstra-^ 
tion, it would have been better to have said that the triangles should 
be so placed, that, while the sides opposite to one pair of equal angles 
were in the same right line, the other equal angles should be placed 
80 as to be externally opposite to each other, and hence the parallelism 
of the sides opposite to these angles would be immediately perceptible. 
As the demonstration at present stands, the particular case of equi- 
lateral triangles is absolutdy excluded. Although the proportionality 
of the sides in this case is evident, yet in strictness it ought either to 
be included in the demonstration, or if not it should be expressly and 
separately mentioned. 

(539) If diverging lines B A, B O, B C cut parallel lines A C, D E, the 
corresponding segments of the parallels will be propor- 
tional. For the triangles B D I and B A O are similar, 
therefore BI:BO = DI:AO. In like manner 

BI :B O = IE : OC, v DI: AO= IE : OC,or 

by alternation DI:IE = AO:OC. 

Thus it appears that parallels not only cut diverging lines propor- 
tionally, as proved (II), but are cut proportionally by them. 

(540) In a triangle the bisector of the base dravon from the vertex 
bisects every parallel to the base. 

f541) A parallel to the base of a triangle cuts off a similar triangle, 
(542) In equiangular triangles the perpendiculars on the sides opposite 
equal angles are proportional to those sides. 

For these perpendiculars form with the other sides opposite equal 
angles equianglar right angled triangles, and (IV) are therefore pro- 
portional to the sides. 

(548) If two triangles have one angle in each equals the perpendiculars 
on one pair of sides about the equal angles are as the other pair of sides, 
(544) If two triangles have one angle in each equals their areas are as 
the rectangles under the sides about those equal angles. For they are as 
the rectangles under either of those sides and the perpendiculars ; and 
the perpendiculars are as the other sides. 

Proposition V. Theorem. 

(545) If two triangles ( A B G, D E F) have their sides 
proportional (BAtoAC as EDto DF and 
AC to CB as DF to FE) they are equian- 
gular, and the equal angles are subtended by 
the homologous sides. 

At the extremities of any side D E of either triangle D E F, 
let the angles E D G and D E G be constructed eqiud to the 
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90gle& A and B at the extremities 
of the side A B, which is homolo^ 
gous to E D, and in the triangle 
£> £ G the remauiing angle 6 is 
equal to the angle C in the tri- 
angle ABC (XXXII, Book I.). 

Because the triangles ABC and D E 6 are equiangular 
(const ), B A is to A C as ED to DG (IV); but B A is to A C 
asE D to DF (hyp), therefore ED is to DG as ED to D F 
(XI, Book v.), and therefore DG and D F are equal (IX, 
Book V.) ; in the same manner it can be demonstrated thatE G 
and E F are equal, therefore the triangle E D G is equilateral to 
E D F, and therefore equiangular to it (VIII, Book I.) ; but the 
triangle E D G is equiangular to B A C (const.), and therefore 
B A C is equiangular to E D F, and it is evident that the homo- 
logous sides subtend the equal angles. 

(546) By the fourth and fiflh proposition it appears that of ^the two 
requisites for similitude (Def. I.) if triangles have either, they will neces- 
sarily have the other. That figures may be similar two things are 
necessary : 1°. the equality of the angles : 2°. the proportionality of 
the sides. By the fourth, if triangles have the first requisite, they will 
have the second, and by the fifth, if they have the second they will 
necessarily have the first. Triangles are in this respect unique. In 
all other figures, either of the requisites for similitude may subsist 
without the other. Thus two quadrilateral figures may have their 
sides proportional without having their angles equal, or vice versa* A 
rectangle may have sides equal to those of an oblique parallelogram, 
and two rectangles may have sides unequal. 

The property of similar triangles established in the last two propo- 
sitions, and those of the right angled triangle established in the forty- 
seventh and forty-eighth of the first book, are by far the most im- 
portant principles in. the elements of geometry. On these depend the 
application of algebra to geometry, and they implicitly include the 
solution of all problems respecting rectilinear figures ; for all such figures 
may be resolved into triangles, and a triangle may be resolved into 
two right angled triangles by the perpendicular. 

Proposition VI. Theorem. 

(647) If two triangles (A B C, D E F) have one angle 
in each equal (A equal to D), and the sides 
about the equal angles proportional (B A to 
A C as E D to D F), the triangles are equian- 
gular, and have those angles equal which the 
equal sides subtend. 
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At the extremities of either of the sides about the equal an^es 
D E in the triangle D E F, let the 
angles E D G and G E D be con- 





structed equal to the angles A and / \ A^( 

B at the extremities of the side A B / \ / \X ^ 

which is homologous to E D ; and ^ ^ r i> 

in the triangle DEG the remaining angle G is equal to the 
remaining angle C in the triangle ABC (XXXII, Book I.). 

Since the triangle AB C is equiangular to D E G (const), B A 
is to AC as E D to DG (IV), but B A is to AC as ED to DF 
(hyp.), therefore EDistoDGasEDtoDF (XI, Book V.), and 
therefore D G and D F are equal (IX, Book V.); the angles E D G 
and E D F are also equal, because each of them is equal to the 
angle A (const.), and the side E D is common to both ; therefore 
the triangle E D F is eqiiiangular to E D G (IV, Book I.) ; but 
B A C is equiangular to E D G (const.), therefore B A C is equi- 
angular to E D F, and it is evident that the equal sides subtend 
the equal angles. 

*«* (548) From this proposition it follows, that if through any points 

6, c, d, &c. of a right line M N parallels 

6 B, c C, ci D, &c. be drawn and are iL-^ 

proportional to the distances A 6, Ac, ^^"^/ / 

A d, &c. irom any point A on that right ^ ^ ^ ^ ^ ** 

line, their extremities B, C, D, &c. will be on the same right line passing 

through the point A. 

For since Ab ibB = Ac:cC, and the angles A 6 B and A c C 
are equal, the triangles A 6 B and A c C are similar, v the, angles 
B A 6 and C A c are equal ; and since the sides A b and A c coin- 
cide, and the other sides A B and A C lie at the same side of them, 
they must also coincide. And the same will apply to the points 
D,&c. 

It is on this principle that the equation of a right line in analytte 
geometry depends. 

Proposition VII. 

(549) If two triangles (A B C, D E F) have one angle 
in each equal (B equal to E), the sides about 
two other angles proportional (B A to A C as 
ED to DF). and each of the remaining angles 
(C and F) either less or not less than a right 
angle^ the triangles are equiangular, and those 
angles arei equal about which the sides are 
proportional. 
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Because the an^es B A C and EDF are 
equal, for if it be possible let one of them 
B A C be greater than the other, and at the 
point A with the right line A B make the angle 
BAG equal to the less angle EDF. 

In the triangles D E F, A B G the angles E and B are equal 
(hyp.), and EDF and BAG are also equal (const.), therefore 
E F D is equal to B G A (XXXII, Book I.), therefore the triangles 
are equiangular, and BAistoAGasEDto DF (IV) ; but B A 
is to AC asED to DF (hyp.), therefore B Ais to AG as B Ais 
to AC (XIjBook v.), and theiefore AG is equal to AC (IX, 
Book v.), therefore the angle A C G is equal to A G C (V, Book I.) 
and each of them acute (XVII, Book I.) ; since A G C is acute, 
A G B must be obtuse, and also E F D which is equal to A GB, 
but since A C G is acute E F D must also be acute^ which is 
absurd. 

The angle B A C, therefore, is not greater than EDF; and in the 
same manner it can be demonstrated that E D F is not greater 
than B A C ; they are therefore equal, and since the angles ABC 
and D E F are also equal (hyp.), the triangles are equiangular 
(XXXII, Book I.), and therefore have the sides about the equal 
angles proportional (IV). 

The demonstration of this proposition is unnecessary prolix in 
Simson's edition. We would propose, however, to remodel this entire 
proposition as follows. 

(550) If two triangles (A B C, D E F) have two sides in the one prO' 
portional to two sides in the other (BA:AC = ED:DF), and the 
angles (B, E) opposite one pair of homologous sides (A C, D F) equals 
the angles (C, F) which are opposite the other pair of homologous sides 
(A B, D E) will be either equal or supplemental. 

The angles A, D included by the proportional sides must be either 
equal or unequal. 

1°. Let them be equal ; since the angles B, E are equal (hyp.) the 
angles C and F must be also equal. b 

2®. Let them be unequal ; let A be the greater, and y^ « 

let the construction described in the proposition be ^y__J^ j^^ m 
made. It follows as in the proposition that the \/ ' 

angleAGB=F andthat AGC = ACG. But Y 
A G B and AGO are supplemental, therefore A C B and F are like- 
wise supplemental. 

Hence it follows that if besides the proportionality of two sides, 
and tlie equality of the angles opposite to one pair of homologous 
sides, any circumstance be given which proves that the angles oppo- 
site the other pair of homologous sides are not supplemental, they 
must be equal, and the triangles must be similar. The circumstances 
which can determine this have been already mentioned in (108) et seq. 

If either of the angles C or F be known to be right, they will be both 
equal and supplemental, and the triangles will be similar. 
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(551) The several criterions for determining the similitude of two tri- 
angles, established in this and the preceding propositions, may be enu- 
merated as follows : 

1°. The equality of the angles (IV). 

2°. The proportionality of the sides (V). 

3°. The equality of two angles and the pn^rtionality of the con- 
taining sides (VI). 

4°. The proportionality of two sides in each, the equality of the angles 
opposite one pair of homologous sides, and any circumstance which 
determines either that the angles opposite the other pair of homologous 
sides are not supplemental or that one of them is right. 



Proposition VIII. Theorem. 

(552) In a right angled triangle (A B C), if a perpen- 
dicular (B F) be drawn from the right angle 
upon the opposite side, it divides the triangle 
into parts which are similar to the whole and 
to one another. 

In the triangles A F B, A B C the angle A F B is equal to the 
angle A B C (hyp.), and the angle A is common to 
both, therefore the remaining angle A B F is equal yK 

to the remaining one C (XXXII, Book I.), and the ^ y^ I \ 
triangles are equiangular, therefore the sides about ' 

the equal angles are proportional (IV) and the triangles are 
similar. 

In the same manner it can be demonstrated that the triangle 
B F C is similar to the triangle ABC. 

Since the angle A B F is equal to the angle C, and the angles 
A F B and B F C are also equal, the remaining angles A and 
F B C are equal, and the triangles A B F and B C F are equi- 
angular, therefore the sides about the equal angles are propor- 
tional (IV), and therefore the triangles are similar. 

(553) From the similitude of the whole triangle and the partial ones, 
we may infer that each side is a mean proportional between the 
hypotenuse and conterminous segment. Because ABC and A F B 
being similar, we have AC:AB=:AB:AF (IV). And in like 
manner AC:BC = BC:CF. 

(554) In like manner it follows that the hypotenuse is to either side 
as the other side is to the perpendicular, orAC:AB = BC:BF. 

(555) Also from the similitude of the partial triangles it follows 
that the perpendicular is a mean proportional between the segments 
okAF.FB.FC. 

*** (^56) In a triangle, if the perpendicular form with the sides similar 
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right angled triangles, the angles which it makes with the sides must 

he either equal or complemental. 

*^* (557) If they be equal, and therefore it bisects the Tertical angTe> 

the partial triangles must not only be similar but equal, and the 

whole triangle must be isosceles. 

*»* (5^8) If they be not equal, and the perpendicular fall within the 

base, they must be equal to the alternate base angles respectively, and 

the vertical angle will then be equal to the sum of the base angles^ 

and will therefore be right, and the angles under the perpendicular 

and the sides will be complemental. 

*** (559) If the perpendicular fall without the base, and the triangles 

contained by it and the sides be similar^ the angles under 

the perpendicular and sides must be complemental, for 

CB D = BAD and ABD = BCD, v C BD and 

A B D are complemental. ^ ^ ^ 

*^* (560) If the perpendicular from the vertex of a triangle on the 
base be a mean proportional between the segments, the right angled 
triangles contained by it and the sides must be similar. This easily 
follows by Prop. VI. Hence if in this case the perpendicular fall 
within the base the vertical angle is right. 

%* (561) If one side of a triangle be a mean proportional hetween 
the base and conterminous segment, the right angled triangle included 
by that segment and the perpendicular will be similar to the whole, 
providing that the perpendicular fall within the base ; for in this case 
the angle included by the side and base is common to the two triangles, 
which are therefore similar (VI). But if the perpendicular fall with- 
out the base, the angles included by the proportional sides will not 
be common, but will be supplemental. The converse of (553) is 
therefore only true when the perpendicular falls within the base. 
*m* (562) If each side be a mean proportional between the base and 
conterminous segment, the perpendicular must fall within the base, for if 
it fell without it, the greater side would be greater than both the con- 
terminous segment and the base, and therefore could not be a mean 
between them. Hence in this case the component triangles are 
similar, and the whole triangle is right angled. 

*i^* (563) If the base of a triangle, the two sides, and the perpendi- 
cular be four proportionals, the triangle must be right angled, for in the 
whole triangle and one of the component triangles there are two sides 
proportional, the angles opposite to one pair of homologous sides 
equal, and of the angles opposite to the other pair of homologous sides 
one is a right angle, therefore (VII) (350) the whole triangle is similar 
to the partial triangle. 

*^* (564) The eighth proposition, and the consequences which we have 
deduced from it, are only particular cases of a more general principle. 
Let A B C be any triangle, and draw B D and B E, making the 
angles B D A and B E C each equal to 
the angle ABC. The triangle DBE 



will then be isosceles, and the triangles // \\ >//Vv 

B D A and B E C will be similar to each / / \ \ X/W 



other and similar to the whole. When the A.Jii>c ai>«c 
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angle A B C is obtuse, the angles B D A and B E C are the external 
angles at the base of the isosceles, and when A B C is acute, they are 
internal. As the obtuse angle ABC decreases and approaches to a 
right angle the base D £ of the isosceles triangle diminishes, and the 
sides BD,B E approach each other and actually coincide when the 
angle A B C is right. In the general proposition, this isosceles triangle 
D B E is what the perpendicular is when the given triangle ABC 
is right angled. Accordingly we find that the sides of this triangle, 
and the triangles under them and the sides of the given triangle, 
possess many of the properties already proved in the case of a right 
angled triangle. The student will find no difficulty in establishing the 
following, and in perceiving their analogy to what has been already 
proved : — 

AC : AB : AD, 

A C : C B : C E, 

AC: A B = B C : B E. 

A D ; B D : C E, (B D = B E). 
It may be an useful exercise for the student to examine whether 
the converses of these are true, or of what modifications they may be 
susceptible. 

Smce AD:BD =AB:BC, it follows that the segments A D 
and E C are in the duplicate ratio of the sides A B and B C. 
%* (565) Hence in a right angled triangle the segments of the 
hypotenuse by the perpendicular are in the duplicate ratio of the sides. 

Proposition IX. Problem. 

(566) From a given finite right line ( A B) to cut off 

any part required. 

From either extremity A of the given line draw A D, making 
anyangle with A B ; in it take any point C and make 
A D the same multiple of A C that A B is of the re- 

2uired part ; join B D^ and draw through C a right line 
' I, parallel to B D ; A I is the part required. 
For A I is to AB as AC to AD (II), therefore 
whatever multiple AD is of A C, A B is the same multiple of A I. 

The word ' part' here means aliquot part or submultiple. This is 
equivalent to the problem to divide a right line into any number of 
equal parts. 

It is evident that (X, Book I.) is a particular case of this problem. 

Proposition X. Problem. 

(567) To divide a given right line (A B) similarly to 

a given divided line (FG). 
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From either extremity A of the given line A B draw A C 
making any angle with it ; take A D, D I, 
and I L equal to the parts of the divided 
line F P, P R, and R G (II, Book IM 
join L B, and draw through I and D 
lines I K and D O parallel to L B. 

Since in the triangle B AL, the lines K I and OD are pa- 
raUel to B L, BK is to KOasLI to I D (II), or as G R to 
R P (const.), and KO is to O A as I D to D A (II), or as R P 
to PF (const), and therefore the given line A B is divided 
similarly to F G. 

A right line is said to be cut similarly to another when its several 
segments are proportional to those of the other. 

(568) By this proposition a line may be cut internally or externally in 
a given ratio. Let A B be the given line, 
and let the given ratio be that of m : n. 
Draw AC at any angle with A B, and 

take upon it A D and D F equal to m and "^ o ^ ^ 

n^ and draw B F and D E parallel to B F ; F will be the point of 
section required. Since a segment A £ might be taken from the ex- 
tremity B, there are evidently two points at which the line A B can be 
cut internally as required, and these points are equally distant from 
the extremities or from the middle point. If the ratio be of equality, 
this problem becomes the tenth of the first book. In this case the 
two points of section coincide, and the problem has but one solution. 

If it be required to cut A B externally in the ratio m : n, take 
A D =: 71 and D E := m, draw B E and 
parallel to it draw D F. The point F 
will cut the line as required. For A F : 
B F = A D : D E = 71 : m. It is evi- 
dent that a point taken in the production of the line beyond A, at the 
same distance from A as F is from B, will also cut the line as required. 
*nt* (^6^) It is evident that a line cannot be cut externally in a ratio of 
equality, since the line itself is always the difference of the segments. 
It is, however, sometimes considered that the point of equal external 
section is a point in the produced part at an infinite distance. The 
meaning of this will be perceived, if the lesser term of the ratio m or 
D E be supposed to approach to equality with n or DA. In that 
case, the point E continually approaching A, the line E B will con- 
tinually approach to coincidence with AB, and the parallel to B E 
from D will continually approach to parallelism with A B, and there- 
fbre the point F will continually recede from B. When m and n are 
equal, the point E actually coincides with A, and the line E B with 
A B, and therefore the line parallel to E B through D is parallel to 
A B, and its intersection with A B is removed to au infinite distance. 

In strictness, however, this expression of * section by a point at an 
infinite distance,' should be only understood as expressing the limit 
of the varying construction, as the given ratio m : n approaches inde- 
hnitely near to a ratio of equality. 




m 
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Proposition XI. Problem. 

(570) To find a third proportional to two given right 
lines (A Band FG). 

At ehher extremity of the given line A B draw A E making 
any angle with it ; taJke A C equal to the other 
given line F G, and join B C ; in A B produced 
tal{e B D equal to F G, and through D draw 
D E parallel to B C ; C E is the third propor- «/ — ; 
tional to A B and F G. 1/ 

For in the triangle D A E, B C is parallel to a 
DE, therefore AB istoBDasACtoCE (11) ; but B D and 
A C are equal to F G (const), therefore A B is to F G as F G is 
to C E. 

%* (571) If it be required to continue the progressiou, a repetition of 

the same construction will solve the problem. Let 

A B and B C be the given antecedent and consequent, 

and take A 6 = B C and draw the parallels B 6,^C c. 

Take C D = 6 c, and draw the parallel D d. In like 

manner take D £ = cd^ and draw the parallel E e, and so on. It is 

evident that 

A B : B C : C D : D E, &c. 
%* (572) There are various other constructions by which this problem 
may be solved. The following are very obvious. 

Let AB, B C at right angles be the antecedent and 
consequent ; join A, C, and draw C D perpendicular to 
AC. Then AB : B C ; B D (555). 

Let A B be the antecedent, and B C a line perpendicular to it. 
If the antecedent be less than the consequent, 
inflect AC on B C equal to the consequent, and 
produce AB and AC indefinitely beyond the 
points B and C. Draw C D perpendicular to j^ 
A C, and we have A B ; A C : A D (553), so 
that A D is the third proportional. If, how- 
ever, the consequent be less than the antecedent, let it be AB, and 
let A C be the antecedent. In this case draw B d perpendicular to 
A C, and A d is the third proportional (553). In each case the series 
may be continued. From D draw D E perpendicular to A D, and 
from E, E F perpendicular to A E, &c. and we have (553). 

A B : A C : A D : A E ; AF, &c. 

Also from d draw d e perpendicular to Ad^ and from c,e/perpe;ii 
dicnlar to A E, &c. and we have 

AC : AB :Ad: Ac: A/&c. 
\* (573) A ratio may be continued in a series, also by the follow- 
ing construction. 
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Let A B be one of the terms of the ratio, and draw the lines AM 
and B N perpendicular to it, 
and take AM = ABandBN 
equal to the other term of the 
ratio, and draw M N. The ratio 

not being supposed tobea^' b abcdjs a 

ratio of equality M N will not be parallel to AB, and therefore these 
lines will meet at Z, if produced on the side of the lesser term B N of 
the ratio. First let A M be the antecedent and B N the consequent. 
Draw the line M B, and from N draw N C parallel to M B, and from 
C draw C O parallel to B N. Again from O draw O D parallel to 
M B, and from D draw D P parallel to B N, and so on. Then we 
have AB:BC :CD:DE, &c. 



For (IV) 



Conv. 



AZ: AMr=BZ:BN, 
AZ : BZ : CZ, 
AM:BN: CO, 
A B : B C : C D. 



Hence C D is the third proportional, and by continuing the process 
D E will be the next term of the series, and so on. It appears there- 
fore that if each perpendicular A M be equal to the intercept A B of 
the base between it and the next perpendicular, those perpendiculars 
will be in geometrical progression. 

Next, let B N be the antecedent and A M the consequent. Draw 
B M, and parallel to it draw A tti to meet Z M produced at m. Draw 
m b parallel to M A, In like manner draw b n and n c parallel to 
B M and M A, and so on. We have thea 

C B : B A : A 6 : 6 c, &c. 

This is evident from what has been already stated. 
*** (^74) If a series of magnitudes A, B, C, D, be in continued pro- 
portion, their successive differences a, 6, c» <i, are also in continued pro* 
portion and in the same ratio. For since 

A : B : C, 
Conv. A : a = B : 6, 

Alt. A : B = a : 6. 

In like manner we find B : C = & : c. 

a :h : c\ 

and by continuing the same process we have 

a:b I c : d : &c., 

%* (575) If a series in continued proportion be an increasing (me, 
there u no limit to th& increase cfits terms. 

' As before, let the series be A : B : C : D and let a be the 

excess of B above A, b the excess of C above B, and so on. Now by 
continuing the series there is no magnitude so great that we may not 
obtain a greater. Let M be any magnitude however great. Find how 
often the magnitude a is contained in M, and continue the proposed 
series through a greater number of terms. The last term will then 
exceed A by the sum of the series a, 6, c, d, &c. continued to as many 
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terms as the number of times that a is contained in m. But since th« 
series a^h^ c, , . . .is increasing (574), each succeeding term in it 
is greater than a, and therefore their sum increased by A must be 
greater than M. 

*«* i^^^) V ^ *^^* *^ continued proportion he a decreasing oncy 
there is no limit to the diminution of its term£. 

Let the series be A : B : C : it may be continued 

until a term is found less than any assigned magnitude m, however 
small. For let I be such a magnitude that m : I = BiA^ and let the 
ratio m : f be continued in a series (573). Since m"^ I (for B > A) 
this series increases, and therefore it may be continued until a term a is 
found greater than A (575). This being done, let the series A : B : C : 
... be continued through the same number of terms, and its last 
term M Mrill be less than the assigned magnitude m. For in the 
two series A : B : C : D . . . . : L : M, 

a : b : c : d ....::/: m, 

each pair of successive terms are in the same ratio, therefore ex aquo 
ordinatS A : M =r a : m, 

Alt. A : a = M : m ; 

but A is less than a, and therefore M is less than m. 

*»* (577) If a series of magnitudes decreasing in continued proportion 
he continued or imagined to be continued to an infinite number of terms, 
the sum of all the terms or the sum of the series unll be a finite and 
determinate magnitude. 

Resuming the construction in (573), let the decreasing series be 
A B : B C : C D : D E : &c. Its 
sum, if the number of terms be 
unlimited, is A Z. It is not greater 
than A Z, for each perpendicular, 
£ Q, is less than the magnitude 
£ Z, from which it is to be taken In order to obtain the point from 
which the next perpendicular is to be erected. By the proportion 
(IV) AM:AZ = £Q:EZ, 

it follows that since A M <* A Z, •.• E Q < E Z. 

Neither can the sum when the series is unlimited in its number of 
terms be less than A Z, for if it were let it be equal to A Y. Now 
since the perpendiculars A M, B N, C O, &c. are in decreasing con- 
tinued proportion, the lines A Z, B Z, C Z, &c., which are proportional 
to them (IV), are also in decreasing continued proportion. This 
series may then be continued through a determinate number of terms, 
so that a term may be found which is less than Y Z. This being done, 
the sum of the corresponding perpendiculars must be greater than 
A Y, but these are the terms of the proposed series. Hence it appears 
that the sum of a limited number of terms of the proposed series is 
greater than the sum A Y of an unlimited number, a part greater than 
the whole, which is absurd. Therefore A Z is not greater than 

* The sign ^ signifies less than, and ^ signifies ' greater than.* 
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the sum of the series when the number of terms is increased withqut 
limit. 

If the magpiitudes in the proposed series be not lines, yet lines beings 
taken proportional to them the same conclusions may be obtained. 

The sum may immediately be obtained from the first two terms A B 
and B C. For draw N L parallel to A Z. Then 

ML:LN=MA:AZ. 

But L N = M A = A B, therefore 

A.B-BC:AB : AZ. 

The sum of the series is therefore a third proportional to the dif- 
ference of the first and second terms and the first term. 
*^* (578) Hence, and from subsequent propositions, it follows that 
of the three quantities, the first and second terms and the sum of the 
series, if any two be given the remaining one may be found. 

The case where the first and second terms are given has been just 
noticed. If the sum of the series (A Z) and the first term (A B) be 
given, a third proportional to them will be (A B — B C) the difference 
between the first two terms, which being taken from the first term 
leaves a remainder equal to the second. 

If the sum (A Z) and the difference (AB — B C) be given, a mean 
proportional (XIII) between them will be the first term, firom which 
and the difference the second may be inferred. 

Let the sum (A Z) and the second term B C be given to find the 
first We have (573) 

AB : AZ =:BC :BZ. 

therefore (XVI) AB xBZsAZxBC, *.* AZ is divided at B, 
so that the rectangle under its parts is equal to A Z X B C. Let it 
be so divided (297), and either segment A B will be the first term of 
the series. 

It is easy to see that whichever segment of A Z be taken as the 
first term, the sum of the series and the second 
term will be the same. For if A N be drawn 
and produced to meet a perpendicular through 
Z at X, we shall have B Z = Z X. For 
A B : B N = A Z : Z X. But also by 
what has just been proved A B : A Z = 
BN:BZ, and alt. AB : BN=: A Z: BZ 
*.* B Z = Z X. Hence Z A is the sum of 
the series whose first term is B Z and second term B N. 

Thus it appears that, when the sum of the series iwd second term 
are the data, the problem has two solutions. 



Proposition XII. Problem. 

(579) To find a fourth proportional to three given 
lines (F, E, and G). 
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Draw two lines A D and A I making any angle in A D, take 
AB and B D equal to F and E, and in A 1 take 
A C equal to G, join B C, and through D draw 
D I parallel to B C ; C I is the fourth proportional 
to F, E, and G. 

For in the triangle DAI, B C is parallel to 
D I ; therefore AB is to B D as A C to C I (II) ; . , 
but the given lines F, E, and G are equal to AB, B D, and A C 
(const.), therefore F is to E as G is to C I. 

This problem may be solved by various other constructions ; ex. gr. 
Let E and G be placed in the same straight line, and 
from their common extremity C, in any direction, draw 
a line equal to F. Describe a circle through the extre- 
mities of the three lines E, F, G, and produce E to meet 
its circumference at H ; C H is the fourth proportional 
sought. This easily follows from the similitude of the 
triangles. 

Proposition XIII. Problem. 

(580) To find a mean proportional betv^reen two given 
right lines (E and F). 

Draw any right line A C, take in it A B and B C equal to E F, 
and bisect AC in D ; from the centre D with the 
radius D A describe a semicircle A I C, and through 
B draw B I perpendicular to A C and meeting the 
circumference in I : B I is the mean proportional 
between E and F. 

Draw A I and I C. Since in the triangle AI C the angle I is 
right (XXXI, Book III.), and I B is perpendicular from it upon 
the opposite side, I B is a mean proportional between A B and 
B C (555), and therefore between the given lines E and F, which 
are equal to A B and B C (const.). 

(581) There are various other constructions by which this problem 
may be solved. 

Let A B and B C be Uie extremes. Describe any 
circle through A and C, and let E be its centre, and 
draw B E and D B perpendicular to BE; D B is the 
sought mean. For D B = B F (III, Book III.), and 
the triangles DBA and C B F are similar, *.* &c. 

Again, let A B and B C be the -extremes, and on A B 
describe a semicircle. Draw C D perpendicular to 
A B, and draw D B, which is the mean sought. 

Also, it may be solved thus : let A B and B C be the extremes* and 
describe any segment on A B, and draw C D, making D C B equal to 
an angle in the segment ; D B is the mean (553). 



^ 



B C 




^ 
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Or, if a segment be described on A C, and a tangent B D be drawn 
to it from B, this tangent is the mean. 

(582) By this proposition and the eleventh it appears, that of three 
lines in continued proportion, if any two be given, the remaining one 
can be found. 

*^* (583) Also, if any one and the sum of the other two be given, 
the other two may be found severally. 

I^. Let the mean and the sum of the extremes be given. On A C, 
the sum. of the extremes, describe a semicircle, and draw 
the perpendicular C D equal to the given mean, and 5^^^1^ 
through D draw D E parallel to A C, meeting the semi- £i<^^^^ 
circle in E, and draw EB perpendicular to A B. Since ^^ ^^ 
the triangle A E B is right-angled, B E is a mean between A B and 
B C (555)« which are therefore the extremes. It is evident that each 
of the points E will give the same extremes. 

2^. If one extreme and the sum of the mean and the other extreme 
be given ; on A D, the sum of the three, describe .*j 

the segment of a circle containing an angle equal y/^^ 
to the external angle of an equilateral triangle, and £ J^ 
take A B equal to the given extreme ; draw B E, 
making A B E equal to an angle in the segment, and E C, making E C D 
equal to the same angle. B E C is an equilateral triangle, and B E or 
B C is a mean proportional between A B and C D, so that we have 
A B : B C : C D. Hence B C and C D are the mean and the other 
extreme. 

%* (584) Also, if any one of three lines in continued proportion 
and the difference of the other two be giveu^ the other two may be 
found. 

1^. Let the mean and the difiPerence of the extremes be given. On 
the given difference A C describe any segment of 
a circle ADC, and inflect a tangent betw<een the 
circle and produced chord A C B, so that B D 
shall be equal to the given mean (354). In this 
case it is clear that B D is a mean between A B 
and B C, from the similitude of the triangles A D B and B D C. 

2®. Let one extreme and the difference between the mean and the 
other extreme be given. In the solution of this case we shall antici- 
pate the sixteenth proposition. Since in continued proportion the dif- 
ferences of the successive terms are as the terms themselves (574), 
it follows that the rectangle under one extreme and the difference of 
the mean and the other is equal to the rectangle under the mean and 
the difference between it and the given extreme (XVI). Since, then, 
the area of this rectangle and the sum or difference of its sides are 
given, the sides themselves may be found. 

»* (585) By the thirteenth proposition, 3, 7, 15, &c. means may be 
found between two given lines. For having found one mean, means may 
be found between it and each extreme, and thus we shall have three 
means. Inserting again means between every pair of successive terms 
of the series thus found, we shall have 7 means, and in the same 
manner 15 means may be obtained, and so on. Any number of 
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means which is one less than a power of 2 may thus be found, the 
powers of 2 being 2, 4, 8, 16, 32, &c. 

(586) The problem to determine two mean proportionals between two 
given lines, which produced so much discussion among the ancient 
mathematicians, has never been solved geometrically. The circum- 
stance which has rendered the solution of this problem so desirable is, 
that upon it depends the solution of a most important problem in 
solid geometry, viz, * to construct a solid of a given species and given 
magnitude,' or * to construct a solid similar to a given one, and 
bearing to it a given ratio.' It is an established principle of solid 
geometry that similar solids are in the triplicate ratio of their homo- 
logous rectilinear edges. Hence to find a solid similar to a given one 
bearing a given ratio to it, it is only necessary to find a line which 
shall bear the given ratio to one of its edges ; and if two mean propor- 
tionals be found between this line and the edge of the given solid, the 
similar solid, with the first of these means as an edge, will be that 
which is required for the construction of the solid. 

The problem to vary the scale of solids in any required proportion 
is so very obvious a geometrical inquiry, that it most probably first 
attracted the attention of the ancient geometers to the investigation of 
two mean proportionals. Nevertheless, an ancient author ascribes the 
origin of this problem to the following occurrence. A plague hap- 
pening to rage in Greece, deputies were sent to consult the Delphic 
Oracle as to the means of assuaging it. The Divinity answered that 
if his altar, which was of a cubical form, were doubled, its shape being 
retained, he would remove the evil. The ignorant deputies accord- 
ingly doubled its edges, by which its capacity or solid dimensions were 
in fact increased eight times. The plague still raging, the deputation 
returned and received the same answer. The geometers were now 
consulted, and the problem was brought to Plato, the first mathema- 
tician of the age. Plato immediately perceived its difficulty and 
declined it, referring the solution of it (according to Valerius Maximus) 
to Euclid. And since that time the matter has remained undetermined. 
The problem has been hence called * the Delian Problem.' 

This tale, however, bears strong marks of fiction. Among others is 
the circumstance of an anachronism in referring Euclid to the time of 
Plato, he having flourished half a centurj' after him. It is much 
more probable that the whole tale is a fabrication of an early writer or 
mathematician of minor note, invented to give an adventitious import- 
ance to the problem. 

Tliis question was, however, raised at a very early period, and 
received the name of * the duplication of the cube' from the fable we 
have related. Hippocrates of Chios first reduced it to the determi- 
nation of two mean proportionals. Failing in the geometrical solu- 
tion of the problem, various mechanical means have been from time 
to time suggested, some of which we shall now mention. By me- 
chanical means we would be understood to mean some instrument 
different fi-om the rule or compass, which are the only ones allowed in 
geometry. 
%* (587) One of the earliest solutions of this problem is that of Plato. 
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Let A B C be two straight. rulers fixed at a right angle^ and let D E 
be a ruler sliding along A B, but always per- 
pendicular to it, so as to be capable of being 
successively moved into the positions D E. 
Let the given extremes F G and G H be 
placed at right angles and produced inde- 
finitely through the vertex G of the right 
angle. Let the mstrument now be so placed 
that while the production of oiie extreme 
passes through the right angle B, the sliding 

ruler D E may be so moved that when it passes through the extremity 
F of that extreme it will also pass through the point D where the pro- 
duction of the other extreme H G meets the ruler B A^ and at the same 
time let the other rulers B C be made to pass through H. This being 
done, the intercepts G B and G D are the two means. For since 
H B D is a right angle (555), H G : G B : G D, and since B D F 
is a right angle, B G : GD : GF. 

*«* (588) Another ancient geometer {Philo of Byzantium) has 
imagined the following solution. 

Let the extremes A B, B C be placed at right angles, and the rect- 
angle completed, and a circle described 
round it. Produce D A and D C inde- 
finitely through A and C. Let a gra- 
duated straight ruler be made to revolve 
on the point B, extending on both sides 
of that point, and let it be adjusted in 
such a position that B F shall be equal 
to G E. Then C E and A F will be the 
required means. 

For by similar triangles we have the 
proportions 

AB:AF=ED:DF, 
C E : C B = E D : D F. 

Also since GE = BF, v BE x GE = GF x BF. But 
(XXXVI, Book in.) B E X GE=DE x CE,alsaGFx BF = 
DF X FA, •.• DE X CE = DF x FA. 

Since these rectangles are equal, their sides (XVI) are reciprocally 
proportional, therefore 

AF:CE=ED:DF. 
From this and the former propositions we find 

AB:AF:CE:CB. 

%* (589) NicomedeSy a Greek geometer, who lived about two cen- 
turies before the Christian era, found that the determination of two 
mean proportionals depends on the solution of the problem, ' To draw 
a right line passing through a given point and intersecting the sides 
of a given angle so that the part of it intercepted shall have a given 
magnitude.' 

To solve this problem he invented an instrument called the Tram' 
mel of Nicomedes, 
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Let A B be a flat ruler in which there is a groove C D. Attached 
to the middle E of this is another flat ruler 
£ F, perpendicular to it in which, at I» is a 
fixed pin, which is inserted in the groove 
of a third ruler G H, in which there is also ^| 
a fixed pin at K, which is inserted in the 
groove C D. The instrument being thus 
constructed, let a stem H P, of a length 
equal to that part of the line which is 
proposed to be intercepted by the sides of 
the angle, be attached to it. This done, 
let the fixed pin I be placed upon the given 
point, and the groove C D on one side of 
the g^ven angle, and let the ruler H G be 
moved so that the pin K will move over one side of the angle, and let 
it be so moved until the point P shall come upon the other side of 
the angle. The required line will then be evidently that which joins 
the points P and I. 

To apply this to the determination of two mean proportionals : — 
Let a and d be the extremes, and let a rect- ^^ 
angle be constructed whose sides are equal to ''^^^ — — ^ 
the extremes A B = a, A C = rf. On A B con- 
struct an isosceles triangle B D A, the side 
of which B D is equal to half of A C. Pro- 
duce B A so that A £ =: B A, and connect 
D and E, and through B draw B I parallel 
to D £. Through B produce A B, and through D draw D F by 
the trammel, so that I F = B D, and draw F G intersecting A C pro- 
duced in H. Then B F = 6, and C H == c, 6 and c being the sought 
means. 

For since B I and D E are parallel, DI:IF::EB : BF, or 
D I : ^(2 : : 2a : B F. But also on account of the similar triangles, 
HC:a::d:BF, v HC = DI Since B D A is isosceles, the 
square of D F is equal to the rectangle under AFandFB, together 
with the square of B D. But also the square of D F is equal the 
square of the sum of H C, and half of A C, or to the rectangle under 
AH and H C, together with the square of half of A C. Taking away 
this last from both, it follows that the rectangle under A H and H C is 
equal to the rectangle under AF and F B. By this and the similar 
triangles we have the proportions 

AH: AF 
AF 
AF 
BF : 

h 




AH 
AH 
AC 






AC 
BF 
HC 
HC 



BF, 
HC, 
AB, 
AB, 



or a 



d. 



%* (590) There are various other mechanical solutions for this 
celebrated problem. We shall, however, only mention the contrivance 
of Descartes, by which any number of means may be found between 
two given extremes. 
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Let A B C be two rulers, united at their extremities B by a pivot 
on which they turn. In each of these 
rulers is & groove in which several 
niters D d, E e, Ff, &c. move so as to 
he always peq>endicular to the gf ooved 
rulers respectively, and so that the 
perpendicular D d nearest to B, upon 
opening the rulers, pushes forward the 
ruler E e, and E e pushes forward Ff, 
and so on. 

Now if two meanr be required, let the first ruler D d be moved 
from B until B D is equal to the lesser extreme, and let B C be closed 
upon B A and all the perpendicular rulers moved up to D. Let the 
ruler D d be screwed to the position in which it is placed, and then 
let the rulers C B A be opened. The ruler D d will push £ e from B, 
and E e will in like manner push Ff, and so on. ' Let the rulers be 
opened until B G be equal to the greater extreme. Then B F and B E 
are the two means, as is evident from(55S}. 

If three means be required, the rulers are to be opened until B H 
is equal to the greater estreme, and then B E, B F, and B G are the 

If four be required, B I is to be equal to the greater extreme, and 

In general, if an even number of means be required, the extremes 
will be on different rulers, and if an odd number be required, they 
will be on the same ruler. 

",• (591) We have before alluded U another problem which has 
baffled the skill of geometers, >cil. ' the trisection of an angle.' Indeed 
the modem analysis shows that the solutions of both these problems 
depend on the same principles, and that neither of them can be solved 
by the circle and right line, but require the aid of an higher geometry. 
It is scarcely necessary to observe that the investigations respecting 
their geometrical solution are purely speculative, since they can be 
solved practically and analytically with any degree of accuracy. 

They were early discovered to depend on the same principle. Nico- 
medes showed that both could be solved by the trammel. 

Let A B C be the angle to be trisected. Prom A draw A C perpen- 
dicular to B C, and from A draw A D parallel ,1 ^ 

to B C. Inflect (by the trammel) B D so that /t<^::^^ 

F D shall be equal to twice B A. Then the angle „^:±:Z' 
FBCisonethirdof ABC, and if A B F be " 

bisected the angle A B C wilt be trisected. 

For bisect F D at E, and join A E. Since F A D is a right angle 
AE = EDr:FE, therefore the angles E A D and A D E are equal, 
and A E B is equal to twice ADB; butADB = DBC (XXIX, 
Book I.), and therefore A E B is twice D B C ; but A E = A B, ■.■ 
AEB = ABE, '.- ABE is equal to double DBC, and .FBCis 
one third of ABC. 
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Proposition XIV. Theorem. 

(592) r. Equal parallelograms (A D and G C), which 

have one angle in each equal, have the 
sides about the equal angles reciprocally 
proportional (A B to B C as B G to B D). 
2^ And parallelograms which have one angle 
in each equal, and the sides about them 
reciprocally proportional, are equal. 

Part 1®. — ^Let the sides A B and B C be so placed that they 

may make one right line, and that the equal i>....j 

angles may be vertically opposite ; since A B D / / ,.' 

and D B C are equal to two right angles a: b / /c 

(XIII, Book I.) and G B C is equal to A B D / / 

(hyp.), GBC and DBC are equal to two / / 

right angles, and therefore G B and D B form / / 

one right line (XIV, Book I.). Complete the / / 
parallelogram DC. as 

Since the parallelograms A D and G C are equal (hyp.), A D 
is to D C as GC to D C (VII, Book V.) ; but AD is to D C 
asAB to BC (I), and G C is to D C as G B to B D (I), 
therefore AB is to BCasGBtoBD. 

Part 2^ — Let the same construction remain ; A D is to D C 
as AB to B C, and G C is to D C as G B to B D ; but A B is to 
B C as GB to B D (hyp.), therefore ADistoDCasGCto 
DC (I), and therefore the parallelogram AD is equal to the 
Jiarallelogram G C (IX, Book V.). 

(.593) The sides of two figures are said to be reciprocally propor- 
tional when the extremes of the proportion are sides of one figure, 
and the means are sides of the other. 

On the other hand, they are said to be directly proportional when 
two sides of each figure are a mean and an extreme. 

Of the three properties contemplated in this proposition, soil. 1®. the 
equality of the angles ; 2°. the reciprocity of the sides ; 3°. the equa- 
lity of the areas : if any two of them be given, the third may always be 
inferred. Of the three cases to which Ms inquiry resolves itself two 
are determined in the proposition. The third is, that ' if two paral- 
lelograms have equal areas, and their sides reciprocally proportional, 
they will be equiangular.' For the proof of this, see observations on 
Prop XVI. 
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Proposition XV. Theobem. 

(594) r. Equal triangles, which have one angle in 

each equal (A B D equal to C B L), have 
the sides about the equal angles recipro- 
cally proportional ( A B to B C as L B to 
BD). 

2°. And two triangles (A B D and C B L) which 
have one angle equal, and the sides 
about the equal angles reciprocally pro- 
portional, are equal. 

Part 1°. — ^Let two of the sides A B and B C about the equal 
angles be so placed that they may form one right 
line, and that the equal angles may be vertically 
opposite ; then since A B D and D B C are equal 
to two right angles (XIII, Book I.^, and L B C 
is equal to A B D (hyp.), D B C and L B C are 
equal to two right angles, therefore D B and B L form one right 
line (XIV, Book I.) : join D C. 

Since the triangles A B D and L B C are equal, A B D is to 
DBC as LBC is to the same DBC (VII, BookV.); but 
ABD is to DBC asABtoBC (I), and LBC is to DB C as 
L B to B D (I), therefore A B is to B C as LB is to B D. 

Part 2^. — Let the same construction remain, and A B D is to 
DB C as AB to B C, and L B C is to D B C as LB to D B (I) ; 
but A B is to B C as LB to D B (hyp.) ; therefore A B D is to 
DBCasLBCtoDBC (XI, Book V.), and therefore AB D is 
equal to L B C (IX, Book V.). 

This proposition might have been inferred from the last, since the 
triangles are the halves of equiangular parallelograms. This consi- 
deration also' shows that the same property extends to the case of 
triangles in which the angles included by the reciprocal sides are sup 
plemental. 

Proposition XVI. Theorem. 

(595) If four right lines be proportional (A to B as C 

to D), the rectangle under the extremes (A and 
D) is equal to the rectangle under the means 
(B and C). 



c 
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And if the rectangle under the extremes be 
equal to the rectangle under the means, the 
right lines are proportional. 

Part 1°. — Draw A E and G C equal to D and C, and erect 

AF and C K perpendicular to them ^ ^„ 

and equal to A and B ; complete the 
rectangles E F and G K. 

Because in the parallelograms E F 
and GK the angles 'A and C are 
equal, and the sides about them re- 
ciprocally proportional (hyp.), E F is 
equal to G K (XIV). 

Part 2°. — Let the same construction remain : because the 
parallelograms E F and G K are equal (hyp.) and the angles A 
and C are equal, AFis toCK as GCtoAE, and therefore A 
b to B as C to D (XIV). 

This proposition (of which the succeeding is a particular case) is 
one of the most important in the Elements, and in its fertility equals the 
celebrated forty-seventh of the first book. The following principles, 
which are very generally useful in geometry, give this proposition as a 
necessary consequence. 

(596) Def — Two ratios are said to be reciprocals when the antecedent 
is to the consequent in one as the consequent to the antecedent in the 
other, 

(597) A raiio compounded of reciprocal ratios is a ratio of equality. 
For let A : B and a : 6 be the reciprocal ratios. Since A : B = 

b : a, 

•.• A:B\_jA:Bl_ . . 
a : 6J""\B:Aj- ^ ' ^* 
which is a ratio of equality. 

A • Bl 

(By . I, M^ meant a ratio compounded of A : B and a : b.) 

(598) If a ratio of equality be compounded of two ratios they muM 
be reciprocals. 

For if A : A be compounded of two ratios, one of which is a : 6, 
let the other be c : (2, and lei c : d := b : Xy then 

a : b\ {a : b\ 

But (hyp.) a : <r is a ratio of equality, • . • j? = a. Hence 6 : « is the 
reciprocal of a : 6, and * . • c : d is the reciprocal of a : b. 

(599) By (519) it was proved that triangles and parallelograms are in 
a ratio compounded of their bases and altitudes. When they are equal, 
therefore, their bases and altitudes arc reciprocally proportional (598), 
and if their bases and altitudes be reciprocally proportional they will 
be equal (597). 
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Hence the sides of equal rectangles are four proportionals, the means 
being the sides of one and the extremes of the other, &iid vice versa the 
rectangle under the means is equal to the rectangle under the ex- 
tremes. Thus the sixteenth proposition follows immediately from the 
first. 

(600) It is evident that the same is true of any equiangular paralldo- 
grams, or of triangles having one angle equal or supplemental. 

(601) Also if the sides of parallelograms or triangles be reciprocally 
proportional and their areas equal, the angles contained by the reci- 
procal sides will be either equal or supplemental. 

Let ACS and D E F be parallelograms or triangles, and let 
A B : D E = E F : B C. Let the perpendi- 
culars A G and D H be drawn. By (599) 
AG: DH =:EF:BC, ••• ABrDEr?* 
A G : D H, and by alt. A B : A G = D E : 
D H. Hence (550) the triangles A B G and 
D E H are similar. If then the perpendicu- 
lars fall within both bases B C and E F, the 
angles ABC and D E F are the angles in- 
cluded by the reciprocal sides. If they fall without both bases, these 
angles are the supplements of the angles included by the reciprocal 
sides, and if one fall within and the other without, one of these angles 
is that included by the reciprocal sides, and the other is the supple- 
ment of that included by the reciprocal sides in the other figure. 
Hence in all cases the angles included by the reciprocal sides must bef 
either equal or supplemental. 

If the figures be parallelograms, they must be equiangular. 

Proposition XVIL Theorem. 

(602) P. If three right lines be proportional (A to B 

as B to C) the rectangle under the ex- 
tremes is equal to the square of the 
mean. 

2°. And if the rectangle under the extremes be 
equal to the square of the mean, the 
three right lines are proportional. 

Part 1®. — ^Assume a line D equal to B, and A is to B as D to 
C (hyp.), therefore the rectangle under A and C is equal to the 
rectangle under B and D (XVI), and therefore equal to the 
square of B. 

Part 2®. — ^Assume a line D equal to B ; the rectangle under A 
and C is equal to the rectangle under D and B, therefore A is to 
B as D to C (XVI), and therefore A is to B as B to C. 
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This proposition is only that particular case of the last in which the 
means are equal. We shall subjoin some of the most remarkable con- 
sequences deducible from these and the preceding propositions 
■ By combining the inferences made from (VIII) with these^ the fol- 
lowing properties may be immediately deduced. 

In a triangle let the sides be called A and B, the base H, and let 
the perpendicular on H be P, and the segments of H conterminous 
with A and B respectively a and 6. 

(603) If the angle opposite H be right the square of P = a x h. 
Also the square of A = a x H, and the square of B = 6 X H, and 
A X B = H X P. 

It also follows that in any triangle if the square of P = a x ^, the 
angles under P and the sides are complemental, in which case if P 
fall within H, the angle opposite to H is right. Also, if P fall within 
H, and the square of A = H x a, the angle opposite H is right. Also, 
if H X P = A X B the angle opposite H is right. 

If from the vertex B of a triangle ABC lines B E, B D be drawn, 
making the angles B D A and BED equal 
to the angle ABC, the square of B D =: 
A D X E C, the square of A B = C A x 
A D, and the square of B C = A C x C E ; 
and vice versa, if these equalities subsist the ^^^^^ aj>ec 
lines B E and B D are inclined to the base at angles equal to A B C. 

The sum of the squares of the sides A B and B C is equal to the 
sum of the rectangles A C x A D and A C X C E. But since these 
rectangles have a common side A C, they are together equal to the 
rectangle under A C, and the sum of A D and C E (I, Book II.). If 
the angle A B C be obtuse, the square of A C exceeds this rectangle 
by the rectangle A C X D E, and if A B C be acute, this rectangle 
exceeds the square of A C by the rectangle AC x D E. Hence it 
follows that in every case the difference between the sum of the 
squares of the sides and the square of the base is the rectangle under 
the base A C and the base D E of the isosceles triangle D B E. 

When A B C is a right angle D E vanishes, and the result becomes 
the forty-seventh, Book I. 

It thus appears that the forty- seventh proposition of the first book 
can be deduced as a consequence from the property of similar triangles 
established in (IV) and (V), thus the fundamental propositions of geo- 
metry are reduced to that single property. 

The student has already seen many instances of propositions already 
established reappearing in the consequences deduced from subse- 
quent principles. One of the most striking beauties of geometry, and 
at the same time the most convincing proof of the certitude of its 
reasonings^ is this constant verification of its own processes. Foi 
were it otherwise, were there the slightest want of exactitude in die 
results, there would be an inevitable discordance and contradiction in 
these consequences drawn from difierent sources, and they would not 
converge, as they do, always to the same point. There are many ways 
of error, but only one of truth. 
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If a line A B be cut hBrmonically at C, D, the rectangle A B x 
CD under the whole line and middle part 
IS equal to the rectangle A C x D B under j^ ? P 3 

the extreme parte, for (530, 531) AB : B D 
= A C : C D. 

*^* (604) If a circle he circumscribed about a triangle AB C, and from 
the vertex B two lines be dravm making 
eqval angles DBA and E B C loith the 
sides, and one B D 6e drawn to meet the base 
AC or its productiouy and the other BE 
to meet the circle; the rectangle B D X 
B E under these lines is equal to the rectangle under the sides A B x 
BC. 

Draw C E. The angles A B D and C B E are equal (hyp.) ; also 
the angles C E B and B AD (XXI, XXII, Book III.). Hence the 
triangles B AD and C B E are similar ; v B A : B D = B E : B C 
(IV), V BAxBC=BDxBE (XVI). 

*^* (605) If B D and B E coincide they will bisect the angle A B D, 
andEB xBD=A5xBC. ButEB xBD = EB 
X B C together with the square of B D. But A B X 
BC = ADxDC (XXXV, Book III). Hence A B 
xBGssADxDC together with the square of B D. 
Hence if a line BD be drawn bisecting the vertical angle 
of a triangle the rectangle under the sides is equal to the 
square of that line, together with the rectangle under the 
segments of the base, 

*** (606) If a line B D 6e drawn to the base of a triangle, so that its 
square together with the rectangle A D X D C under the segments shall 
be equal to the rectangle A B x B C under the sides, that line B D toill 
bisect the angle ABC, except when the sides A B and B C are equals 
in which case every line drawn to the base (253) wiU have the proposed 
property. 

For let the circle be circumscribed and C E be drawn. Then A D 
xDC=:BDxDE; add to both the square of B D, and A D x 
D C together with the square of B D, or (hyp.) the rectangle A B X 
B C is equal to B D x D E, together with the square of B D or 
(III, Book II.) B E X BD. Since BE x B D = AB x B C, we 
have (XVI) A B : B D = E B : B C ; and since the angles BAD 
and BED are equal, the angles B C E and B D A are either equal 
or supplemental (550). 

1°. Let them be equal. The angles A B D and E B C are there- 
fore also equal, and B D bisects ABC. 

2°. Let them be supplemental. The arc B A E together with the 
arcs B A and C E is equal to the whole circumference (377). 

Hence the arcs B A and B C are equal, and therefore their chords 
are equal. 

*«* (607) If B E and B D lie in the same straight line, B D will 
bisect the external angle FB C of the triangle. For E B A =F B D. 
In this case, if the square of B D be added to the rectangle E B X B D, 
the sum will be equal to the rectangle E D x D B^ which is equal to 
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the rectangle A D x D C (XXXVI, Book III). Hence Uie rectangle 
A D X D C = the rectangle A B X B C together 
with the square of B D. Hence if a line be drawn 
bisecting the external angle of a triangle, the rect- 
angle under the sides together with the square of 
tliat line is equal to the rectangle (A D X D C) 
under the segments of the base. 
*^* (608) If a line B D 6e dratvnfroni the vertex of a triangle to 
the produced base, so that the square of this line B D together with the 
rectangle under the sides A B x B C 6c equ^U to the rectangle under 
the segments of the base A D x D C, the line B D will bisect the 
external angle of the triangle except when the sides A B and B C are 
equal, in which case every line drawn to the produced base has this 
property. 

This may be proved nearly in tlie same manner as (606). 
*^^* (609) From (605, 607) it follows, that if the bisectors B D, B E 
of the internal and external angles be drawn, the rectangle under the 
external segments of the base exceeds the rectangle under the sides by the 
square of the external bisector, and the rectangU under the sides exceeds 
the rectangle under the internal segments of the base by the square of 
the internal bisector. 

Hence if the two bisectors be equal, the three rectangles A E x E C, 
A B X B C, A D X D C are in arithmetical pro- ,j 
gression. That this may take place it is necessary ^^^ff\^ 
>hat the angles B D E and BED should be equal, ^X/ / N^ 
and therefore each half a right angle (83). ^ ^ c ^ 

Therefore the difference of the angles B D C and B D A is a right 
angle, and therefore also the difference of the angles B C A and 
B A C is a right angle. 

Hence when the difference of the base angles is a right angle the 
three rectangles are in arithmetical progression* 

*** (610) In order that three similar figures be in continued propor- 
tion, it is necessary (XXIX) that their homologous sides be in continued 
proportion. Hence if the rectangles AE xEC, AB xBC, and A D 
X D C be in continued proportion, their sides E C, B C, and D C must 
be in continued proportion. But since D B E is a right angle, if B C 
be a mean proportional between D C and C E it must be perpendi- 
cular to D E (560), • . • B C A is a right angle. Hence, if the three 
rectangles be in continued proportion or geometrical progression, one of 
the base angles must be right. 

*^j* (611) If these three rectangles be in hurmonical progression, the 
first must be to the third as the difference between the first and second 
to the difference between the second and third. Hence A E X C E : A D 
X C D as the square of B E is to the square of B D. But since the 
rectangles are similar figures, and also the squares, We have (XXII) 
CE:CD=BE:BD; -.(III) the angles EBC andCBDarc 
equal, and each is therefore half a right angle. But also C B D and 
D B A are equal, and * . ' C B A is a right angle. 

Hence the three rectangles art in harmoniccU progression when the 
verdeal angle U right 




BOOK THE SIXTH. 207 

%* (^12) It is evident that in every case the rectangle C E X A E 
eicceeds AD x D C by the square of D E. 

*:^* (613) If the line B D drawn to the base be the perpendicular, the 
line B £ will be a diameter. For the angle 
B A E is equal to B D A, and therefore is 
right, and B E is (XXXI, Book III.) a 
diameter. Hence the rectangle under the 
sides A B X B C of a triangle is equal to 
the rectangle under the altitude B D, and 
Hie diameter D E of the circumscribed circle. 

*** (^1**) ^^ is evident that the converse of this is true ; sdl. : That if 
a line be drawn from the vertex to the hoM such that the rectangle under 
it and the diameter is equal to the rectangle under the sides, that line 
will be the perpendicular. Also, if on the perpendicular as base a 
rectangle be constructed equal to the rectangle under the sides, the alti- 
tude of that rectangle will be equal to the diameter of the circumscribed 
circle, 

*»* (^15) Hence of the four lines, the two sides, the altitude and the 
diameter of the circumscribed circle, if any three be given, the remaining 
one can be found. Or if any two and the sum or difference of the other 
two be given, the other two can be separately found. 
*^* {616) The rectangles under two sides of any triangles inscribed 
in the same or equal circles, are as the perpendiculars on the third 
sides, for these rectangles are equal to the rectangles under the 
perpendiculars and equal diameters which (I) are as the perpendi- 
culars. 

*** (617) Hence if a quadrilateral A B C D be inscribed in a circle, 
the rectangles ABxBC, BCx CD under contermi- 
nous sides are as the perpendiculars B F and C E on 
the diagonals. 

%* (618) From this it is easy to infer that the rectangle 
under the segments of each pair of conterminous sides 
is proportional to the conterminous segment of the diagonal. For the 
right-angled triangles BGF and CGE are similar, and therefore 
B G : C G = B F : C E. By applying the same principle to each 
pair of conterminous sides we obtain the following proportions : 

ABxBC:BCxCD=BG:CG, 

BCxCD:CDxCA=CG:DG, 

CDxCA:DAxAB = DG:AG, 

DAxAB:ABxBC=:AG:BG, 

AB x BC: AD xDC = BG:GD, 

BC X CD.BA X AD = CG:G A. 

By the last two proportions combined we have AB xBC + AD 

XDC;BC xCD + BAxAD = BD:AC, that is, * the sums 

of the rectangles under the pairs of sides terminated in each diagonal 

are as the respective diagonals.' 

*0* (619) The converse of these properties may be easily established ; 
soil. : If the rectangles under any two pairs of conterminous sides of a 
quadrilateral be proportional to the conterminous segments of tfie diago- 
neUs, the quadrilateral may be circumscribed by a circle. 
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For the segments of the diagonals are proportional to the perpen- 
diculars firom the common extremities of the sides on the other diago- 
nals. Thus BG:CG=:BF:CE. Hende the rectangles are as 
these perpendiculars, and therefore the diameters of the circles circum- 
scribing the triangles ABC and BCD are equal, and therefore they 
must be the same circle. This is evident from the principle that but 
one circle of a given diameter can pass through two given points. 
*^* (620) The sum of the rectangles under the opposite sides of a 
quadrilateral inscribed in a circle is equal to the rectangle under the 
diagonals. 

If B D do not bisect the angle ABC draw BE, ^ 
making the angle C B E equal to A B D. The triangle 
A B D is then similar to B E C, and A B E to D B C 
(604). Hence A D : D B = C E : C B, » 

AB:AE = BD:DC. 

Hence (XVI) ADxCB = BDxCE, andABxDC=:BD 

XAE, /ADxCB + ABxDCrrBDxCE + BDxAE. 

But the rectangles BDxCE andBDxAE under B D and the 

parts of A C are together equal to the rectangle under B D and A C 

(I, Book II.). 

Proposition XVIII. Problem. 

(621) On a given right line (A B) to construct a recti- 
linear figure similar to a given one (F G I K I) 
and similarly placed. 

Draw F I and F K ; make at the extremities of the line A B 
the angles BAG and ABC equal to L F K 
and F L K ; let the lines A C and B C meet 
in C, and the angle B C A is equal to L K F ; 

in the same manner construct upon A C a , , ^ ^ 

triangle equiangular with F K I, and so on. 

The angles ABC and F L K are equal (const.) ; B C D and 
L K I are also equal, because B C A is equal to L K F and A C D 
to F K I (const.) ; and in the same manner it can be proved that 
the angles in the figure A E D C B are severally equal to the 
angles in the figure F G 1 K L^ therefore the figures A E D C B 
and F G I K L are equiangular ; but since the triangles ABC and 
FLK are equiangular (const.), AB istoBCasFLto LK 
(IV), and also BC to CAas LK to KF (IV); also ACD 
and F K I are equiangular, therefore C A is to C D as K F to 
K I (IV), and therefore ex cBquali BCistoCDasLKtoKI; 
and in the same manner it can be proved that the sides about 
the other equal angles are proportional, and since the figures 
A E D C B and F G I K L are equiangular, they are similar. 





BCX>K THE SIXTH. "' 209 

(622) The fi^re A E D B is said to be placed oit A B simi^ 
larly toFGIKLonFL, when A B and F L are homologous sided 
in the two figures 

If two or more sides in two polygons be equal, those only are con- 
sidered homologous which are placed between angles which are equal 
each to each. 

As many figures of the same species with different areas can be 
constructed on the same right line as a figure of the proposed species 
has sides of different lengths. 

(623) Dep. — A figure is said to be given in species when its several 
angles and the ratios of the sides about them are given. 

(624) Def. — A figure is said to be given in magnitude when its 
area^ or any figure equal to it in area, is given. 



Proposition XIX. Theorem. 

(625) Similar triangles (A B C, F I L) are to each 

other in the duplicate ratio of their homolo- 
gous sides. 

Take a third proportional K C to the homologous sides A C 
and F L, and join B K. . & 

Since AC istoCBasFLtoLI (hyp.), A \ 

alt. AC is to FL as CB to LI; but AC is /j\ /\ 
toFLas FL to CK (const.), therefore C B is a k c f~1:. 
toLIasFLto CK, and the angle C is equal to the angle L 
(hyp,), therefore the triangle KB C is equal to F I L (XV), and 
ABC has to both the same ratio ; but ABCistoKBCasAC 
to KC (I), therefore AB C is to FI L as AC to KC, or in the 
duplicate ratio of A C to F L (369). 

(626) Cor. — From this it is manifest, that if three straight lines 

be proportionals, as the first is to the third so is any triangle 
upon the first to a similar and similarly posited triangle upon 
the second. 

In the construction for the demonstration of this proposition when 
a third proportional to two homologous sides has been found, a part 
equal to it is to be taken upon whichever side was taken as antece* 
dent of the ratio in finding the third proportional ; for otherwise the 
sides of the constructed triangle B C K would not be reciprocally pro- 
portional to those of the consequent triangle. If in taking the third pro- 
portional the lesser of the two homologous sides be taken as antece- 
dent» the third proportional K C will be greater than the antecedent 
A C ; in which case it will be necessary to produce A C through A, 
and from the produced line, 'to take C K equal to the third propor 
tional. It is worth notice that C K the third proportional may be 
taken on the production of AC through C. In this case the angles 
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B C K and I L F will be supplemental, and the sides about them reci- 
procally proportional. 

This proposition might be easily inferred as a particular case of 
the general principle deducible from the first proposition of this book, 
that triangles are in the ratio compounded of their bases and alti- 
tudes (519). When they are similar their altitudes are as their bases, 
and this compound ratio is therefore the duplicate ratio of their 
bases (374). 



Proposition XX. Theorem. 

(627) Similar polygons may be divided into similar 

triemgles equal in number and proportional 
to the polygons ; and the polygons are to 
each other in the duplicate ratio of their ho; 
mologous sides. 

Part 1®. — For the angles G and E are equal; and the sides 

about them proportional (hyp), therefore i k 

the triangles FGI andAED are similar o/T/y /f7^ 

(VI); since the angles G I F and E D A are Wy ^(J// 
equal^ and also the angles G I JK and E D C ■• i. -*^ » 

hyp.), the remainders FIK and ADC are equal; and since 
"I is to IG as AD to DE, and IGtolK as DE to DC 
(hyp.), ex cequali F I is to I K as AD to D C, and therefore %s 
the angles contained by them are equal, the triangle F I K is 
similar to A D C (VI) ; and in the same manner it can be proved 
that all the other triangles are similar. 

Part 2<^.— As the triangle F G I is similar to A E D, F G I is 
to A E D in the duplicate ratio of F I to A D (XIX), also FIK 
is to A D C in the duplicate ratio of F I to A D, ther^ore F G I is 
toAEDasFIKtoADC; and in the same manner it can be 
proved that FIK is toADCas FK L to A CB, therefore as 
one of the antecedents is to one of the eonsequents, so are all 
the antecedents to all the consequents (XII, !Book V.)^ or thp 
polygon FGIKL to the polygon AEDCB. 

Part 3°.— As the polygon F G I K L is to the polygon AEDCB 
as the triangle FGI to the trian^e A E D, and F G I is to A E D 
in the duplicate ratio of the side FGtoAE, FGIKL istp 
A E D C B in the duplicate ratio of F G to A E. 

(628) CoR. 1. — In like manner it may be proved that simtiiMr 
four-sided figures, or of any number of sides, are one to another 
in the duplicate ratio of their homologous sides: and it has 
already been proved in triangles : therefore, universally, similar 
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rectilinear figures are to one another in the duplicate rptio of 
their homologous sides. 

(629) Cor. 2. — ^And if to A B, F G, two of the homologous sides, 
a third proportional M be taken, A B h.^& to M the duplicate n^tio 
of that which A B has to F G : but the polygon upon A B has to 
the polygon upon F G likewise the duplicate ratio of that which 
A B has to F G, therefore as A B is to M so is the figure upon 
AB to the figure upon F G : which was also proved in triangles : 
therefore, universally, it is manifest that if three straight Unes be 
proportionals, as the first is to the third so is any rectilinear 
figure upon the first to a similar and similarly placed rectilinear 
figure upon the second. 

(630) Squares, like all other similar figures, are in the duplicate ratio 
of their sides. Hence it is usual ta say, that similar figures * are as the 
squares of their homologous sides ;* this being only another way of 
expressing the duplicate ratio. 

(631) 'Hie perimeters of similar rectilinear figures are as their ho* 
mologous sides. For the homologous sides being those of similjur 
triangles, are severally proportional each to each, and therefore the 
sum of the antecedents or the perimeter of the one polygon is to 
the sum of the consequents, or the perimeter of the other polygon as 
one antecedent i^ to one consequent, that is, as any two homologous 
sides. 

(632) Since the homologous diagonals are as the homologous sides, 
being sides of similar triangles, it follows that the perimeters of 
idmilar rectilinear figures are as their homologous diagonals, and theit 
areas are in the duplicate ratio of these diagonals. 

Circles may be considered as similar figures and have the ^ame 
properties, their diameters being esteemed diagonals. We shall then 
establish the two IMlowing principles. 

♦^u* (6S3) The circumforencea of circles are oi their diameters or 
radUt and their areas are in the duplicate ratio of their diameters or 
padU. 

It is evident that any two regular polygons having the same number 
of sides are similar, and may be inscribed in circles. 
The radii of the circles are homologous lines in the 
polygons, and the perimeters of the polygons are as 
those radii) and their areas in the duplicate ratio, of 
those radii. Through the vertices of the several angles 
of the inscribed polygons let tangents be drawn. These 
tangents will, if produced, form similar circumscribed 
polygons. By bisecting each of the arcs whose chords are the sides 
^ Uie inscribed polygons, and drawing lines firom the points of bisec- 
tion to the angles of the polygons, inscribed polygons of double the 
ili^lXir of sides will be obtained, and corresponding circumscribed 
polygons may be found in the same manner as ' already described. 
Thi9 bisection of the arcs may be continued without any limit, so that 
tiie ares into which the circumferences are divided, as well as the sides 
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gf tbe polygons, will be increased in number, and diminished in mag- 
nitude without limitj every pair of polygons inscribed and circum- 
scribed being always similar, and having their perimeters as the radii 
and their areas as the squares of the radii. 

As the arcs are diminished without limit, the angles under their 
chords, and the tangents through the extremities of those chords, are 
diminished without limit ; for these angles are equal to the angles in 
the alternate segments which stand on the arcs, and which, as the 
arcs are diminished without limit, will also be diminished without limit. 
Hence the excess of the sum of the tangents above the chord is dimi- 
nished without limit, as also the area of the triangle formed by the 
chord and tangents. Hence by the continual bisection the excess of 
the perimeter of the circumscribed polygon above the perimeter of the 
inscribed polygon is diminished without limit, and the same may be 
said of their areas. Since, then, the differences of the perimeters and 
areas of the inscribed and circumscribed polygons may be diminished 
witkovt limits it follows still more evidently that the differences between 
either of them and the perimeters and areas of the circles (which are 
less than those of the circumscribed polygons and greater than those 
of the inscribed) may be diminished withovt limit. 

Let C and C^ be the circumferences and R and R^ the radii of the 
circles. Then R : R' = C : C^• for if not, let R : R' = C : X, X 
being a line greater or less than C^ 

First, let X be less than C. Let P, P' be the perimeters of the 
inscribed polygons ; R : R' = P : P'. Hence P : P' = C : X ; and 
by alternation P : C = P' : X. Hence, since P is less than C, P' 
must be less than X. But X is (hyp.) less than Qfy therefore Cf 
cannot exceed P' by a magnitude less than that by vrhich C exceeds 
X, and therefore the difference between C* and P^ cannot be dimi- 
nished without limit, contrary to what has been proved. 

If X be greater than C, let P, P' be the perimeters of the circum- 
scribed polygons ; and in the same manner we find P : C = P' : X, and 
since P is greater than C, P' must be greater than X ; but X is greater 
than (y (hyp.), and therefore the difference between P' and C most 
be always greater than the difference between X and C^ and cannot 
therefore be diminished without limits contrary to what has been 
proved. 

Since then X is neither greater nor less than C, it must be equal to 
C^ and therefore R : R' z= C : C. 

If R and R' be supposed to represent the squares of the radii, and 
C and C the areas of the circles, the same proof will establish the 
second part of the proposition, that the areas of circles are &s the 
squares of their diameters. 

The same reasoning which we have here applied to circles may also 
be applied to semicircles or any similar segments of circles, or to 
sectors of circles in which the central angles are equal. Hence nmt2ar 
arcs are as their radiiy and similar sectors or segments are as the du* 
plicate ratio of the radii, 

*«* (634) The circumference of every circle bears the sam£ raHo 1o Us 
radius (^ ^diameter. 
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For C : C = R : R', '.• by alternation C : R:± C: R^ Hence if 
the ratio of the circumference of any one cirole to its radius were 
known, we should 4>e able to find a straight line equal to the circum- 
ference of a circle. This ratio, however, does not admit of being 
exactly expressed either by whole numbers or fractions. The radius 
and circumference are incommensurable lines. The results of analy^ 
tical investigation, however, enable us to express the ratio with a^ 
much exactness, as may be required for the most accurate practical 
investigations. It is found that if the diameter of a circle were jdivided 
into 100 equal parts, that 314 of these parts would be less than the 
circumference, and 315 greater. That if the diameter were divided 
into 1000 equal parts, 3141 of these parts would be less, and 3142 
greater than the circumference. Again, if the number of parts of the 
diameter be 10000, those of the circumference will be greater than 
31415, and less than 31416, and even a much greater accuracy if ne- 
cessary might be obtained. 

*^* (635) The area of a regular polygon is equal to the rectangle under 
the radius of the inscribed circle and its semiperimeter, 
. For it may be resolved into equal isosceles triangles by lines from 
the centre to the angles, and the area of each triangle is equal to the 
rectangle under the radius and half the base, and therefore the area of 
the whole polygon is equal to the rectangle under the radius and half 
the sum of the bases or the semiperimeter. 

*«* (^36) The area of a circle is equal to the rectangle under its radius 
and semi' circumference. 

For the area of a polygon circumscribed round it is equal to the 
rectangle under the radius of the circle and the semiperimeter of the 
polygon. But by the continual bisection of the arcs, and the unlimited 
increase of the number of sides of the polygon, the difference between 
its perimeter and area and those of the circle may be diminished 
without limit, and the demonstration may be completed ex absurdo^ 
as in (633). 

Hence if a right line could be found equal to the circumference of 
a circle, a rectangle or square could be constructed equal to a circle, 
and the celebrated problem of * squaring the circle' would thus be 
solved. The area of a circle may, however, be obtained with any pro- 
posed degree of accuracy, because the circumference may be com- 
puted with any degree of approximation (634). 

The following practical rule may be derived from (634) and (636). 

^ To find the area of a circle multiply the square of the radius by 
31415, and divide the result by 10000.' This will give the area, 
subject to an error of less than the 10000th part of the square of the 
raidius. 

Theproblem to * square the circle,' or what is the same, to find a 
right line by geometrical construction equal to the circumference of 
the circle, has never been solved. The solution of this problem would 
be attended with no real advantage whatsoever, for the power of ap- 
proximating numerically without limit to the circumference answers 
every purpose, and in fact is much more useful in practice than any 
geometrical construction could be. Accordingly we find at the present 
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day no one wastes their time on these disquisitions i^xcept those wbbse 
knowledge of mathematica] science is too limited to make them per- 
ceive their futility. 

The degree to which the approximation has been carried by actual 
computation may be conceived, when we state that the circumference 
of a circle whose diameter is unity, has been expressed to 140 decimal 
places, by which the circumference of any circle can be found to within 
a nth part of the diameter, the number n being 1 followed by 140 
ciphers. The following number expresses the circamfifirence of a circle 
whose diameter is unity to 16 decimal places : 

3,1415936^5897932. 
\* (637) To coTutrud ajigure nmUar to a given one and bearii^ a 
given ratio to it. 

liCt A be any side of the given figure, and m : n be the given ratio. 
Let m : n = A : B, and let A : B : €. Construct the similar figure 
on C (621). 

If the given figure be a circle, A may be its diameter. And, in general, 
in theorems and problems respecting similar figures when applied to 
circles, the radii or the chords of similar segments take the places of 
homologous ndes. 

Proposition XXI. Theorem. 

(638) Rectilinear figures (A and B) which are similar 

to the same figure (C) are similar also to each 
other. 

Since the rectilin^r figures A and C are similar, they are 
equiangular, and have the sides about the equd angli^ propor- 
tional ; and since the figures B and C are also similar, tney are 
equiangular, and have the sides about the equal angles propor- 
tional ; therefore the rectilinear figures A and B are also equi- 
angular, dud haVe the sides about the equal angles proportional, 
and &re therefore similar. 

Proposition XXII. Thboreh* 

(639) If four right lines be proportional (A B to C D 

as E F to G H), the similar rectilinear figures 
similarly described on them aire also projpor- 
tional. 

And if four similar rectilinear figures, similarly 
, described on four right lines, be proportional, 
the right lines are also proportional. 
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Pkrt 1**. — ^Take a third proportional X to A B and C D, and a 
third proportional O to E F and G H ; 
since AB is to C D as EF to GH 
(hyp.), CDistoXasGHtoO 
(const), therefore, ex aquali^ A B is 
toXas EFtoO; but AKB is to 
C LD as AB to X (XX), and E M 
to GN as EFtoO; therefore AKB 
is to C L D as E M to G N. 

Part 2°. — Let the same construction remain : A K B is to 
CLDasEMtoGN (hyp.), therefore ABistoXasEFtoO 
(const.), and therefore A B is to C D as E F to G H. 

This proposition is equivalent to stating that if two ratios be equal, 
their duplicates and subduplicates will idso be equal. 

Proposition XXIII. Theorem. 

(640) Equiangular parallelograms (A D and C G) are 
to each other in a ratio compounded of the 
ratios of their sides. 

Let two of the sides A B and B C about the equal angles be 
placed so that they may form one right line ; 
since the angles A B D and D B C are equal 
to two right angles, and GB C is equal to 
ABD (hvp.), GBC and DBC are equal 
to two right angles, and therefore G B and 
B D form one right line (XIV, Book I.) ; 
complete the parallelogram B F. 

Since the parallelogram A D is to B F as 
AB to BCI(I),andBF to B E as B D to BG(I), AD has 
to BE a ratio compounded of the ratios of AB to B C, and of 
B D to B G. 

This proposition may be immediately inferred from (I). For. since 
the angles are equal, the altitudes will be as the sides to which they 
are not perpendicular. 

Proposition XXIV. Theorem. 

(641^ In any parallelogram (AC) the parallelograms 
(A F and F C) which are about the diagonal 
are similar to the whole and to each other. 

As the parallelograms AC and AF have a common angle 
they are eouiangular ; but on account of the parallels E F and 
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B C the triangles A £ F and A B C are similar (IV), 
therefore A E is to E F as AB to B C ; and the re- 
maining sides are eaaal to A E, E F, A B, and B C, 
therefore the parallelograms AF and AC have tBe 
sides about the equal angles proportional, and are j^ a 
therefore similar. 

In the same manner it can be demonstrated that the parallelo- 
grams AC and FC are similar: since, therefore, each of the 
parallelograms A F and F C is similar, to A C^ they are similar to 
each other. 

There can be litUe doubt but that the places of this proposition and 
the succeeding one have been by some mistake transposed. 

Proposition XXV. Problem. 

(642) To construct a rectilinear figure equal to a given 
one (A) and similar to another (B). 

On any side E F of the given figure B construct a rectangle 
K L equal to B (XLV, Book I.), and on the 
side F L construct a rectangle F D equal to r — i 
A (XLV, Book I.) ; between the other sides \ ^ | 
E F and F G of these rectangles find a mean 
proportional C K (XIII) ; the figure de- 
scribed upon it, similar to the given figure B, and similarly posited^ 
is equal to the other given figure A. 

For the rectangle E L is to the rectangle FDasEFtoFG 
(I), or in the duplicate ratio of E F to C K (const.), and there- 
fore as the rectilinear figure B to the similar one upon C K 
(XX) ; but E L is equal to B (const.), therefore the rectilinear 
figure upon C K, similar to B, and similarly posited, is equal to 
F D, and therefore equal to the given figure A. 

(643) This is one of the most important and extensively useful problems 
in the Elements. It may be thus announced — ' To construct a figure 
of a given species and a given magnitude.' On the side of the figure 
(B) given in species a rectangle is to be constructed equal to it, and 
on the conterminous side of this rectangle another is to be constructed 
equal to the figure (A) given in magnitude. A mean proportional 
between the sides of these, which lie in the same right line, will be 
the side of the sought figure. 

By this propc&ition, while a magnitude is preserved as to quantity, 
its shape may be changed. Thus an equilateral triangle may be re- 
duced to a square, &c. 

A fig^e of a given species may be found equal to the sum or dif- 
ference of two magnitude;;. 
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Proposition XXVI. Theorem. 

(644) If similar and similarly posited parallelograms 

(A C and A F) have a common angle, they 
are about the same diagonal. 

For, if it be possible, let A I F be the diagonal of the parallelo- 
gram A F, and draw through I the right line I L 
parallel to A E. Since the parallelograms A I and 
A F are about the same diagonal A I F, and have 
a common angle A, A I and A F are similar (XXIV) ; 
therefore BAistoALasEAtoAG; but B A is to k iliid 
ADas EA to AG (hyp.), therefore B A is to AL as B A to 
A D, and therefore A L is equal to A D, which is absurd. There- 
fore AI F is not the diagonal of AF, and in the same manner it 
can be demonstrated that no other line is except A C F. 

The student is recommended to omit the next three propositions^ 
and the first solution of the thirtieth, these being at present of no use 
in any part of mathematical science, and inelegant and complicated 
both in the demonstrations and results. These propositions were 
frequently, however, used by -the ancient geometers. 

Proposition XXVII. Theorem. 

(645) If any right line (A B) be bisected (in C) and 

cut unequally (in D), the parallelogram (F C) 
which is applied to the half deficient by a 
figure (G B) similar to itself is greater than 
the parallelogram (E D) applied to either of 
the other parts deficient by a figure (KB) 
similar to the former (G B). 

First, let A D be the greater segment of A B, complete the 
parallelogram K I, and draw G B. 

Since G B and K B are similar (hyp.), G B is the diagonal of 
both (XXVI), therefore C K is 
equal to K I (XLIII, Book I.), ^, 
and if D L be added to both, C L 
is equal to D I ; but C L and C E 
are equal (hyp.), therefore C E 
and D I are equal : add to both C K^ and D E is equal to the 
gnomon C L S, and therefore less than the parallelogram C I, 
therefore less than F C, which is equal to C I. 
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Now let A U be the less segment, complete the parallelogram 
G [, and draw K B. 

Since the parallelograms K B and G B are similar (hyp.), they 
are about the same diagonal (XXVI), therefore the parallelo- 
grams D G and G I are equal (XLIII, Book I.) ; but the right 
lines F G and G L are equal (hyp.), and therefore the parallelo- 
grams E G and G I are equal (XXXI, Book I.) ; but E G is 
greater than F K, therefore G I is greater than FK, and DQ, 
which is equal to G I, is also greater than F K ; add to both F D, 
and F C is greater than E D. 



Proposition XXVIII. Problem. 

(646) To a given right line (A B) to apply a paral- 
lelogram equal to a given rectilinear figure 
(Z), and deficient by a figure similar to a 
given parallelogram (X). But the rectilinear 
figure must not be greater than the parallel- 
ogram applied to half the given line, whose 
defect is similar to the given parallelogram 
(X). 

Bisect A B in E, describe upon AE a parallelogram A Q 
similar to the given one X, and com- ^ a o v ^ ' 

pleteAPFB. J J\T™"j /~] □ 

A G is either equal to or greater '^^ 
than the given rectilinear figure Z 
(hyp.) If it IS equal, the problem is 
done. 



Zi l/C 

D 

KM 



If it be greater, construct a parallelogram K L M N equal to its 
excess above Z and similar to X (XXV) ; since this parallelo- 
gram is less than A G it is less than E F, which is equal to A G 
(const.) ; but it is similar to it, and therefore its sides K I and 
L M are less than the homologous sides E G and GF of the 
parallelogram E F. Take away from these G K and G O equal to 
K L and L M, and complete the parallelogram K G O I ; this is 
similar to E F since both are similar to X (const.), and it is also 
similarly posited, therefore KGO I and E F are about the same 
diagonal (XXVI) ; draw their diagonal GIB, produce O I to S 
and K I to M and N. Since the parallelogram E F is equal to 
the sum of K L M N and Z (const.), but K O is equal to K L M N, 
the gnomon E N O is equal to Z ; but E I and I F are equal 
(XLIII, Book I.), therefore if S N be added to both E N and 
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S F are equal ; but since A E and E B are equal, E N is equal to 
M E (XXXVI, Book I.), therefore M E and S F are equal, and 
therefore if E I be added to both M S is equal to the gnomon 
E N O ; but E N O is equal to the given rectilinear figure Z, 
therefore M S is equal to the given figure Z ; and its defect S N 
is similar to X, since it is similar to the parallelogram E F : and 
therefore the required problem is solved. 



Proposition XXIX. Problem. 

(647) To a given right line (A B) to apply a paral- 
lelogram equal to a given rectilinear figure 
(Z), and exceeding by a figure (B X) similar 
to a given parallelogram (X). 

Bisect A B in E ; upon E B construct a parallelogram similaf 
to the given parallelogram X, and 
construct a parallelogram G H simi* 
lar to the parallelogram E L, and 
equal to the sum of E L and Z 
(XXV). Since G H is greater than 
E L, its sides G K and K H are greater than the homologous 
sides of E L, which are F E and F L ; on these sides produced 
take F N and F M equal to G K and }^ H, and complete the 
parallelogram N M ; this is similar to G H, therefore similar 
to E L, and it is similarly placed, and therefore they are about 
the same diagonal; draw the diagonal FBX through A, draw 
A C parallel to E N until it meet P N produced. Since N M 
and G H are equal, and G H is equal to the sum of Z and E L, 
N M is also equal the sum of Z and E L ; take away from both 
E L and the gnomon N O L is equal to Z ; but since A E and 
E B are equal, the parallelograms A N and E P are equal, and 
also EP and BM are equal (195), therefore AN is equal to 
B M ; add O N to both, and A A is equal to the gnomon N O L, 
and therefore equal to the given rectilinear figure Z, and its ex- 
cess P O is similar to the parallelogram E L, and therefore similar 
to the given figure X. 

Proposiiion XXX. Problem. 

C648) To cut a given finite right line (A B) in extreme 
and mean ratio. 
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Describe B C, the square of AB (XLVI, Book I.) ; to AC 
iBipply a parallelogram equal to B C ami exceedihg by 
a figure A D similar to B C (XXIX); since AD is 
^similar to B C it is a square ; since B C and C D are 
equal, if C E be taken away from both, B F and A D 
are equal, and they are equiangular, therefore E F is 
toEDasEAtoEB (XIV) ; but E F and ED are 
equal to A B and A E^ therefore ABistoAEasAE 
toEB. 

Otherwise thus : 

Divide A B in E so that the rectangle under A B and E B. shall 
be equal to the square of A E (XI, Book II.% and A B is to A E 
as A E to E B (XVII), therefore A B is cut in extreme and mean 
ratio. 

(649) If the lesser segment be taken upon the greater^ the greater 
will be cut in extreme and mean ratio (281) ; and by continuing this 
process a series of lines will be found in continued proportion, in which 
the common ratio is that of the segments of a line divided in extreme 
and mean ratio. 

The problem to divide a line in extreme and mean ratio is only a 
particular case of the following more general one. 
*^* (650) To divide a line so that the rectangle under the whole line 
and one pari shall bear a given ratio (m : n) to the square of the other 
part. 

Let any line E F be taken as diameter, and let a circle be described. 
Take a third proportional I to m and 
n, and upon the tangent at E take A n 

E G, a fourth proportional to m, /, - — ^ ^' 

and E F. Then draw G H through ^ 
the centre C, and cut A B at D so 
that A D : D B = H I : I G, and it 
will be cut as required. 

For E F : E G = m : /, that is, in the duplicate ratio of m : ?i, •.• 
the squares of E F and E G are as m : n. But the square of £ G is 
equal to the rectangle H G x G I. Therefore H G X G I : the square 
of H 1 = m : 71. Hence H G is cut as required at I, and A B is simi- 
larly cut at D. 

*** (651) In the solution of this problem we have assumed that if 
HI : IG =r AD : D B the rectangle H G X GI : the square of H 1 = 
AB yc BD : the square of A D. This may be easily proved. Since 
HI;IG=AD:DB, •.• H G : GI = AB.BD, •.' the rectangles 
H G X G I and A B x B D are similar. Also the squares of H I and 
A D are similar. But H I : I G = A D : D B, •.• H I : A D = I G : 
D B. Therefore the similar squares on H I and A D are as the simi- 
lar, rectangles H G X G I, A B X B D on I G and B D. In the same 
manner the converse of this may be proved, sciL if H G x G I : the 
square of H I = A B X B D : the square of A D, then H I : I G = 
A D : D B. 
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*** (652) Hence if two lines be cui in extreme and mean ratio they 
are cut similarly^ and if a line he cut in extreme and mean ratiOf any 
line cut similarly wUl he also cut in extreme and m>ean ratio, 
*«* (653) If the perpendicular B C in a right angled triangle divide 
the hypotenuse A D in extreme and mean ratio, the lesser side C D if 
equcU to the alternate segment A B, ancl vice versd. 

For (553) D A X B D = the square of D C, but (hyp.) ^ 

it also equals the square of A B, •.* C D = A B. 

Also if C D = A B, ••• D A X B D = the square A B, ^ g d 
*.* A D is cut in extreme and mean ratio at B. 

*^* (654) The three sides of such a right angled triangle are in con- 
tinued proportion, and trice versa. For AD x A B = the square of 
A C (553), but C D = A B (hyp.), •/ A D X C D = the square of 
C A. Also if A D X C D = the square of A C,it also = A D X AB, 
vCD =AB. 

*** (655) Hence on a given hypotenuse a right angled triangle may 
be constructed whose sides are in continued proportion by dividing the 
given hypotenuse in extreme and mean ratio, describing a semicircle 
on it, and drawing a perpendicular to meet the semicircle, &c. 



Proposition XXXI. Theorem. 

(656) If aiiy similar rectilinear figures be similarly 
described on the sides of a right angled 
triangle (BAG), the figure described on the 
side (B C!) subtending the right angle is equal 
to the sum of the figures on the other side. 

From the right angle draw a perpendicular A D to the oppo- 
site side; BC is to C A as C A to CD (550), /^ 
therefore the figure upon B C is to the similar ,/\^/ ^\^ 
figure upon C A as B C to C D (XX), but the / /i\^ / 
figure upon B C is to the . similar figure upon '^__i__:\/ 
B A as B C to B D (XX). Hence the sum of " "" 

the segments B D and C D is to the hypotenuse 

B C as the sum of the figures on the sides is to the figure on the 
hypotenuse. But the sum of the segments is equal to the 
hypotenuse, and therefore the sum of the figures on the sides is 
equal to the figure on the hypotenuse. 

This proposition might be more immediately deduced from the twenty- 
second proposition of this book and the forty-seventh of the first. Any 
similar figures on the hypotenuse and sides are as the squares of these 
lines (XXII) ; but the sum of the squares of the sides is equal to the 
square of the hypotenuse, and therefore the sum of any similar figures 
on the sides is equal to the figure on the hypotenuse. 
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Proposition XXXII. Theorem. 

(656) If two triangles (A B C, C D E) have two sides 

proportional (A B to B C as C D to D E), and 
be so placed at an angle that the homologous 
sides are parallel, the remaining sides (AC 
and C E) form one right line. 

Because A B and C D are parallel, the alternate angles B and 
BCD are equal. (XXIX, Book I.), and also 
since C B and E! D are parallel, the angles 
D and BCD are 0qual (XXIX, Book 1.), 
therefore B and D are equal ; and since the 
sides about these angles are proportional 
(hyp.), the triangles ABC and CDE are equiangular (VI\ 
merefore the angles A C B and C E D are equal ; but B C D is 
equal to CD E, and if D C E be added, ACD and D CE are 
together equal to C E D, E D C, and D C E ; therefore ACD 
and D C E are equal to two right angles (XXXII, Book I.), and 
th^refpre A C and C E form ph(B right line (XIV, Book I.). 

In the enunciation of this proposition, it should be stated that the 
proportional sides of the triangles which are not homo- 
logous should form the angle at which they ^re joii^ed, 
for otherwise the remaining sides might not lie in the 
same right line. The triangles might be placed as in 
the annexed figure where A B : B C = C D : DE, and -^ 
the sides A B and C D, as also B C and D E, are respeetively parallel, 
but the angles A P C and CDE are supplemental, and A C and C E 
are obviously not in the same right line. 

Proposition XXXIII. Theorem. 

(657) In equal circles, angles, whether at the centres 

(B G C, E H F) or circumferences (B A C, 
E D F), have the same ratio whidi the ^rcs on 
which they stand have to one another: so 
also have the sectors (B G C, E B F.) 

Take any number of arcs C K, K L, each equal to B C, and 
any number whatever F M, M N, each equal to E F : and Join 
G K, G L, H M, H N. Because the arcs B C, C K, K L, 
are all equal/ the angles B6C, CGK, KGL are also all 
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(XXVII, Book III.) equal : therefore what multiple 
soever the arc B L is of the arc B C. the same mul- 
tiple is the angle B G L of the angle B G C : for the 
same reason, whatever multiple the arc E N is of 
the arc E F, the same multiple is the angle E H N 
of the angle E H F : and if the arc B L be equal to 
the arc E N, the angle B G L is also equal (XXVII, 
Book III.) to the angle E H N ; and if the arc B L 
be greater than E N, likewise the angle B G L is greater than 
E H N ; and if less, less : therefore as the arc B C tp the arc 
E F, so (Def. V. Book V.) is the angle B G C to the angle 
E H F : but as the angle B G C is to the angle E H F, so is 
(XV, Book V.) the angle BAG to the angle EDF: for each 
is double (XX, Book III.) of each ; therefore as the arc B C is to 
E F, so is the angle B GC to the angle E H F, and the angle 
B A C to the angle EDF. 

Also, as the arc B C to E F, so shall the sector B G C be to 
the sector E H F. Join B C, C K, and in the arcs 
B C, C K take any points X, O, and join B X, X C, 
C O, O K : then, because in the triangles G B C, 
G C K the two sides B G, G C are equal to the two 
C G, G K, each to each, and that they contain equal 
angles, the base B C is equal (IV, Book I.) to the base 
C K, and the triangle G B C to the triangle G C K ; 
and because the arc B C is equal to the arc C K, the 
remaining part of the circumference of the circle A B C is equal 
to the remaining part of the circumference of the same circle : 
therefore the angle B X C is equal (XXVII, Book III.) to the 
angle C O K ; and the segment B X C is therefore similar to the 
segment C O K : and they are upon equal straight lines, B C, C K, 
and are equal (XXIV, Book III.) ; therefore the segment B X C 
is equal to the segment C O K : and the triangle B G C was 
proved to be equal to the triangle C G K ; therefore the sector 
B G C is equal to the sector C G K : for the same reason, the 
sector X G L is equal to each of the sectors B G C, C G K : in 
th^ same maimer, the sectors EHF, FHM, MHN may be 
proved equal to one another : therefore, what multiple soever 
the arc B L is o( B C, this same multiple is the sector B G L of 
the sector B G C : and for the same reason, whatever multiple 
the arc E N is of E F, the same multiple is tibe sector E H N of 
the sector EHF: and if the arc B L be equal to E N, the 
sector B G L is equal to the sector E H N ; and if the arc B L 
be greater than E N, the sector B G L is greater than the sector 
E H N ; and if less, less : therefore as (Def V. Book V.) the arc 
B C is to the arc E F, so is the sector B G C to the sector 
EHF. 




224 ELEMEKTS OP EUCLID. 

By this proposition we are entitled to assume arcs referred to the 
same radius as measures of angles, and vice versa, 

(659) Every arc is to a quadrant of the same circle as the cor- 
responding central angle is to a right angle, and it is to the whole 
circumference as the same angle to four right angles. 

(660) Similar arcs of different circles being those which are pro- 
portional to their circumferences must subtend equal angles at the 
centre and circumference. 

(661) Also in different circles arcs which subtend equal angles at the 
centre or circumference are similar. 

Hence similar segments are contained by similar arcs, and vice versa, 

(662) The arcs of unequal circles are in a ratio compounded of their 
central angles and their radii. 

Let A, A' be the arcs, R, R' the radii, and a, a' the angles. With 
a radius equal to R describe an angle equal to a\ and let the subtend- 
ing arc be m. 

Since the arcs A and m have equal radii, V A : m = a : a', and 
since m and A' have equal central angles they are as their radii (633), 
V m : A' = R : R'. But A : A' is a ratio compounded of the ratios 
A : m and m : A', or of the equivalent ratios a : a' and R : R'. 

(663) Central angles are in a ratio compounded of the direct ratio of 
their arcs, and the inverse ratio of their radii. 

For by (662) we have A : A' = |]^ ; ^; 

Let each of these equal ratios be compounded with the ratio R' : R, 
and we have 



But 



R • R') 

1^/ ! p > is a ratio of equality (597), '.• 

A : A'\ _ . 

R' : RJ - ** • ^- 



THE 



ELEMENTS OF SOLID GEOMETRY. 



INTRODUCTION. 

m 

(1.) The first six books of Euclid^s Elements, to which we have 
directed the attention of the student in the preceding part of this volume, 
are confined to the investigation of the properties of rectilinear figures 
and circles which are all described upon the same plane. It is evident 
that it may be, and very frequently is, necessary to consider the mutual 
relations and properties of right lines and circles which are in different 
planes, and also the various circumstances which regulate the relative 
position of planes themselves. Besides this, there are numerous other 
surfaces on which, as well as on planes, right lines or circles, or both 
may be drawn. The properties of such surfaces, and the various lines 
which may be described upon them, form an important part of geome- 
trical science. But even this gives a very inadequate notion of the 
infinite extent of the field which geometry presents to our contempla- 
tion. The right line and circle are the most simple of all lines, and 
those which perhaps most frequently become the subjects of examina- 
tion ; but they are far from including the whole even of that class of 
lines which are described upon a plane, not to mention innumerable 
curves which are drawn upon other surfaces, but which are not all in 
the same plane. The variety of surfaces is as infinite as that of lines. 
They are divided into plane and curved surfaces. All plane surfaces 
are perfectly alike in their properties, but curved surfaces admit of 
endless variety. 

Of this extensive field for geometrical investigation, long-established 
usage has assigned a certain part to * the elements of geometry.' The 
* elements of plane geometry* are confined to the properties of right 
lines and circles described upon the same plane, excluding ellipses, 
hyperbolas, and innumerable other lines, which in common with the 
right line and circle admit of being drawn upon a plane, and are thence 
called ' plane curves.' These are generally assigned to the province 
of the sublimer geometry, and their properties are investigated most 
easily and effectually by the powerful instruments of analysis. The 
student who desires to prosecute such investigations is referred to our 
treatise on Analytic Geometry. 



226 ELEMENTS OP SOLID GEOMETRY. 

The ' elements of solid geometry' are confined to the investigation 
of the circumstances which determine the mutual position of right 
lines and circles which are not in the same plane, the properties of 
solid figures, which are bounded by planes, and those of the surfaces 
denominated spheres, cylinders^ and cones, and the solids bounded by 
these alone, or by these conjointly with planes. The unlimited variety 
of curved surfaces which do not come under these denominations are 
resigned to the province of the higher geometry, and like the ' plane 
curves' already mentioned are brought under the dominion of analysis. 
The student who desires to penetrate to the depths of this department 
of the science, will find ample information and assistance in the beau- 
tifiil work of MoNOE, entitled Application ctAlgebre d la GSometrie, 

Conformably to what we have now stated, we shall devote the 
present treatise to the investigation of the conditions which determine 
the mutual position of right lines which are not in the same plane, of 
different planes with respect to each other and to right lines, the pro- 
perties of figures or spaces bounded by planes, and the principal pro- 
perties of spheres, cylinders, and cones. 



BOOK I. 



Of the Relative Position of Right Lines and Planes. 

(2) Def. — ^A plane is a surface such that a right line cannot be 
drawn through two points in it without having all its points in 
the surface. 

There are other surfaces besides a plane in which it is possible to 
assume two points such that if a right line be drawn through them, 
and be indefinitely produced, it will lie entirely in the surface, but in a 
plane surface it is impossible to assume two points With which this will 
not happen. This is not true of any other surface. 

(3) Cor. — Hence it follows, that one part of a right line cannot be 
in a plane while another part of it is above or below it. 



Proposition I. 

(4) If two planes cut each other, their common inter- 

section will be a right line. 

For if any two points of their common intersection be assumed, 
and a right line be drawn through them, this right line must lie 
entirely in each of the planes (2), and must therefore be their 
common intersection. 

(5) Def. — A plane is said to be drawn through a right line 

when it is drawn through two points of that line. The whole 
line will in this case be in the plane. 

(6) It is evident that innumerable planes may be drawn through the 

same right line, or what is the same, any number of planes may inter- 
sect each other in the same right line. This will easily be perceived 
if any plane drawn through the right line be conceived to revolve 
round that right line. The different positions which it will assume in 
different parts of its revolution will be those of different planes drawn 
through the right line. 

Q 2 
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Proposition II. 

(7) Two planes can have only one line of intersection. 

For suppose that they had a second. Through any two points 
on those lines of intersection let a right line be drawn. By (2) 
every part of this line is in each of the planes. Therefore it is a 
third line of intei-section ; and the same being true of right lines 
drawn through every two points on the lines of intersection, it 
follows that every right line which is drawn in one plane is also 
in the other, and therefore the two planes are identical. 

Hence two distinct planes cannot have more thaii one line of 
intersection. 

This proposition is analogous to that in virtue of which two right 
lines can intersect only in one point. 

Proposition III. 

(8) If a point be given, and also a right line not pass- 

ing through the given point, a plane may be 

drawn through them^ and but c«ie such plane 
can be drawn. 

Let a plane be drawn through the given right Une, and being 
indefinitely produced, let it be conceived to revolve round that 
right line. In its revolution it must sweep through all the 
surrounding space, and must therefore pass through the given 
point. 

There is but one plane passing through the given right line which 
also passes through the given point ; for if we were to suppose a 
second plane it would evidently have two intersections with the first, 
viz, the given right line and another intersection passing through the 
given point. 

The student should recollect that planes are considered as indefi- 
nitely produced. 

(9) Cor. — Hence a right line and a point, provided the point be not 
on the right line, are sufficient to determine a plane. 

Proposition IV. 

(10) A plane, and but one plane, can be drawn through 
three points which are not on the same right 
line. 
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Let a right line be drawn through any two of the points, and a 
plane, and but one plane, can be drawn through this line and the 
third point (8). 

(11) Cor. — Hence three points, not placed in the same right 
line, are sufficient to determine a plane. 

Proposition V. 

(12) A plane, and but one plane, can be drawn through 

two intersecting right lines. 

For let a point be assumed on each of them different from 
their point of intersection. A plane, and but one plane, can be 
drawn through the two assumed points and the point of intersec- 
tion (10), and the two intersecting lines will be in this plane (2). 

(13) Cor. — Hence two right lines which intersect are sufficient 
to determine a plane. 

(14) Def. — ^The plane which is drawn through two intersecting 
fines is usually called * the plane of those lines,* or * the plane of 
the angle' which those lines contain. 

Proposition VI. 

(15) A plane, and but one plane, can be drawn through 

two parallel lines. 

A plane may be drawn through them because by their definition 
they are in the same plane ; and but one plane can be drawn 
through them, because but one plane can be drawn through 
either of them, and any point assumed upon the other (8). 

Proposition VIL 

(16) If two right lines intersect, a third right line may 

be drawn through their point of intersection 
perpendicular to each of them. 

Let A B and A C be the right lines intersecting at A. Take 
equal parts A B, A C from A and draw B C. Bisect B C at 
D, and draw a line D E perpendicular to B C, and making any 
angle with AD, and let the acute angle be AD E. Through A 
and in the plane of the lines A D E (XIII) draw A E perpendi- 
cular to AD. The line AE will then be also perpendicular to 
AB and AC. For draw E C and E B. 
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Since B AC is an isosceles triangle and A D bisects B C, A D 
is perpendicular to B C (El. (75) ).♦ Hence 
ADC and A D B are right angled triangles. 
Also E D C and E D B are right angles. Hence 
the square of E C is equal to the sum of the 
squares of E D and DC. But also because of 
the right angle EAD, the square of E D is 
equal to the sum of the squares of E A and A D. Hence the 
square of E C is equal to the sum of the squares of E D, A D, 
and D C. But because of the right angle ADC the square of 
A C is equal to the sum of the squares of A D and D C. Hence 
the square of E C is equal to the sum of the squares of E A and 
A C, and therefore the angle E A C is right. 

In the same manner it may be proved that the angle E A B is 
right. 

Proposition VUI. 

(17) A right line which is perpendicular to two right 
lines which intersect, is also perpendicular to 
every line in their plane drawn through their 
point of intersection. 

For let A E be perpendicular to the lines A B and A C, and 
let A D be any other line through A in the plane of the angle 
B A C. Let any line B C be drawn intersecting the sides A B, 
A C, and bisected by the line A D, and draw E B, EC. 

In the triangle B £ C, since the line E D bisects the base B C, 
the sum of the squares of E B and E C is equal to twice the 
sum of the squares of E D and D C (El. (*^99) V Also because 
of the right angled triangles B A E and C A E, the square of B E 
is equal to the sum of the squares of B A and A E, and the square 
of C E is equal to the sum of the squares of C A and A E. Hence 
the sum of the squares of B E and C E is equal to the sum of 
the squares of B A and C A together with twice the square of 
E A. Hence twice the sum of the squares of D E and D C is 
equal to the sum of the squares of B A and A C together with 
twice the square of A E. 

But since the line A D bisects B C, the sum of the squares of 
B A and C A is equal to twice the sum of the squares of D A 
and D C. Hence twice the sum of the squaresi of D E and D C 
is equal to twice the sum of the squares of E A, A D, and D G. 
Take from both twice the square of D C, and we find that twice 
the sum of the squares of E A and A D is equal to twice the 

'*' Where El. precedes a reference, the article referred to is io the first six books of 
Euclid's Elements ; otherwise the reference is to the Solid Geometry. 
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square of E D, and therefore tiie sum of the squares of E A and 
D A is equal to the square of E D, and therefore the angle E A D 
is right ; and the same may be proved of any other right line 
drawn through A in the plane of the angle B A C. 

Hence the line A E is perpendicular to every right line drawn 
through A in the plane of the angle BAG. 

(18) Def. — A right line, such as A E, which is drawn from a 
point in a plane so as to be perpendicular to all lines drawn in 
the plane dirough that point, is said to be perpendicular to the 
plane itself. 

(19) Cor. — ^Through the same point A in a given plane BAG 
only one right line A E can be drawn perpendicular to the plane. 
For if another could be drawn let it be A F, and let A G be the 
intersection of the plane of the angle F A E with the given plane 
BAG. Since F A and E A are both perpendicular to the plane 
BAG, the angles E A G and FAG are both right, and therefore 
equal, a part to the whole, which is absurd. 

(20) Def. — We shall call that point at which a perpendicular 
to a plane meets, the plane, the foot of the perpendicular. 

Proposition IX. 

(21) From a given point out of a given plane a right 
I line may be drawn perpendicular to the plane, 
and only one such line can be drawn. 

Let A B G be the given plane, and P the given point. Draw 
any line P B from P to the plane ; if this be per- 
^pendicular to the plane, the proposition is true. If 
not, let any line B G be drawn from the point B, 
and in the given plane, and let the angle P B G be 
acute. From P inflect on B G a right line P G, 
equal in length to P B, so that the triangle B P G shall be 
isosceles. Bisect B G at D, and in the given plane draw D A 
perpendicular to B G, and from P draw P A perpendicular to 
A D. This line P A will be perpendicular to the given plane. 

For draw A B, A G, and P D. 

Since B P G is an isosceles triangle and P D bisects the base, 
it is perpendicular to the base, and the angles P D B, P D G are 
right The angles A D G and A D B afe right by construction. 
The square of P B is equal to the sum of the squares of P D 
and D B. But since PAD is right by construction, the square 
of JPD is equal to the sum of the squares of PA and AD. 
Hence the square of P B is equal to the sum of the squares of 
PA, A D^ and B D. But since A D B is a right angle, the sum 
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of the squares of A D and B D is equal to the square of AB. 
Hence the square of P B is equal to the sum of the squares of 
P A and A B, and therefore the angle P A B is right, and since 
P^A D is also right, the line P A is perpendicular to the plane 
ABC (17, 18). 

It is evident that only one perpendicular can be drawn from the 

same point P, because if two were supposed to be drawn they would 

• both be perpendicular to the line joining the points where they would 

meet the plane, and thus two right angles would be in the same 

triangle. 

Proposition X. 

(22) Of the several lines which may be drawn from a 
given point P to a given plane ABC, 

1°. The perpendicular PA is the shortest. 

2°. Those which are equally inclined to the per- 
pendicular are equal, and vice versd. 

3°. The greater the angle which a line makes 
with the perpendicular, the greater the line is, 
and vice versd. 

4°. Lines which meet the plane at equal dis- 
tances from the foot of the perpendicular are 
equal, and vice versd. 

5°. The more distant the point where a line 
meets the plane is from the foot of the per- 
pendicular, the greater is the line, and vice 
versd. 

1°. The perpendicular P A is the shortest line because it is the 
side of a right angled triangle P A B, of which any 
other line P B is the hypotenuse. 

2°. If the angles C P A and B P A be equal, since 
the angles PAB and P AC are right, and PA com- 
mon to the triangles C P A and B P A, the sides B P 
and P C are equal. 

If the sides P B and P C be equal, since the angles PAB 
and PA C are right and PA common, the angles APB and 
A P C must be equal. 

3°. If the angle A P B be greater than the angle A P C, since 
the side P A is common and the angles at A right, the side A B 
must be greater than A C, and therefore P B greater tfian P C. 
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If P B be greater than P C, since P A is common and the 
angles at A right, the side A B is greater than A C, and there- 
fore the angle A P B greater than the angle A P C. 

4°. If A B be equal to A C, since A P is common, and the 
angles at A right, the lines P B and P C must be equal. 

If P B be equal to P C, since P A is common, and the angles 
at A right, the sides A B and A C are equal. 

5°. If A B be greater than A C, since P A is common, and the 
angles at A right, the line P B must be greater than P C, 

If P B be greater than P C, since P A is common, and the 
angles at A right, the line A B must be greater than A C. 

(23) Cor. — Hence all equal oblique lines from a point P to a 
given plane terminate in the circumference of a circle described 
upon the plane of which the foot of the perpendicular is the 
centre ; and also all lines which drawn from the same point to a 
plane meet the plane in the circumference of a circle, of which 
the foot of the perpendicular is the centre, are equal. 

Proposition XI. 

(24) If P A be- perpendicular to the plane ABC, and 

B C be a right line in that plane, and from A 
A D be drawn perpendicular to B C, then P D 
will be perpendicular to B C. 

On each side of D take equal parts D B and D C, and draw 
PB, PC, AB, andAC. 

Since D B is equal to D C, and the angles at D 
are right, A B is equal to AC. Also since AB 
and A C are equal, and the angles PAB and PA C 
are right, P B and P C are equal. In the isosceles 
triangle B P C, P D bisects the base and is there- 
fore perpendicular to it. 

(25) Cor. — It is evident that B C is perpendicular to the plane 
PDA since it is perpendicular to D P and D A. 

(26) The lines P A and B C are an instance of two lines which, with- 
out being parallel, can never meet if produced indefinitely, since the 
same plane cannot be drawn through them. 

Proposition XII. 

(27) If a right line be perpendicular to a plane, every 
right line which is parallel to it is perpendi- 
cular to the same plane. 
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Let P A be perpendicular to the plane ABC, and let D E be 
parallel to P A. Draw A D, and draw B C per- 
pendicular to AD, and in the given plane and 
from any point P in the perpendicular A P draw 
PD. 

The line B C is perpendicular to the plane 
PDA (25), and since D E is parallel to P A the 
same plane may be drawn through them, and this plane is evi- 
dently that of the angle EDA. Since B C is perpendicular to 
the plane PDAorEDA, EDCisa right angle. But because 
of the parallels, E D A is a right angle. Hence E D is perpen- 
dicular to D C and D A, and is therefore perpendicular to the 
plane AB C. 

Proposition XIII. 

(28) Perpendiculars to the same plane are parallel. 

For if two perpendiculars be not parallel, through the foot of 
one draw a parallel to the other. This will be perpendicular to 
the plane (27), and therefore two perpendiculars to the same 
plane would pass through the same point, which cannot be (19). 

Proposition XIV. 

(29) Right lines which are parallel to the same right 

line are parallel to each other. 

For the plane which is perpendicular to the last will be also 
perpendicular to the others (27), and therefore the other lines 
' must be parallel to each other (28). 

This proposition applied to parallels in the same plane is the 
thirtieth proposition of the first book of the Elements. 

(30) Def. — When a plane and a right line are so placed that 
each being indefinitely produced they will never meet, they are 
said to be parallel. 

Proposition XV. 

(31) If two right lines be parallel, every plane drawn 
through one of them is parallel to the other. 

(The plane of the parallels themselves is here excepted.) 
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Let A B and C D be the parallels, and let E F be a plane 
drawn through CD. The line AB is parallel at 
to the plane E F. 

For let A D be the plane of the parallels. The A 

line A B, however produced, cannot pass out of ^ ^ 

the plane AD, and therefore cannot meet the plane E F without 
meeting C D ; but it is parallel to C D, and therefore can never 
meet the plane E F, and is therefore parallel to it. 
(32j Def. — ^The inclination of a right line to a plane is the 
complement of the inclination of that right line to a perpendicu- 
lar to the plane drawn through the point where the line meets 
the plane. 

(33) If from any point P in a right line PD which inter- 
sects a plane A B C at D, a perpendicular PA 
be drawn, and also the line D A, the inclination 
of P D to the plane A B C is equal to the angle 
PDA. . 

For through D draw D E perpendicular to 
the plane. The lines P A D E are in the same 
plane, and therefore the angle P D A is the complement of P D E, 
and is therefore equal to the inclination of the line P D to the 
plane. 

From whatever point of the line P D the perpendicular be 
drawn, it will meet the plane in the same right line A D. Sup- 
pose it drawn from P'. The lines P A and P' A' being parallel 
(28) are in the same plane, and that plane is evidently the plane 
of the angle P D A, or P D E. 

(34) Def. — If perpendiculars P A, P' A' be drawn from the 
extremities of a right line P P' to a plane, the right line A A' 
joining the feet of the perpendiculars is called the projection of 
the right line P P' upon the plane. 

(35) Cor. 1. — Hence it appears that the inclination of a right 
line to a plane is equal to the inclination of that right line to its 
projection on the plane. 

(36) Cor. 2. — If a right line be parallel to a plane it is parallel 
to its projection, and therefore equal to it, but otherwise the line 
is always greater than its projection. 

The relation between a line and its projection is expressed trigono- 
metrically thus : a :=i p cos. A, where a is the line, p its projection, 
and A its inclination. 

(37) Def. — ^Two planes which being indefinitely produced 
never meet, are said to be parallel. 



236 ELEMENTS OF SOLID GEOMETRY. 



Proposition XVI. 

(38) Planes which are perpendicular to the same right 

line are parallel. 

For if not, let them meet, and from the feet of the perpendi- 
cular draw two right lines to any point of their intersection. 
These lines will both be at right angles to the perpendicular (18), 
so that the triangle thus formed will have two right angles^ which 
is absurd. 

Proposition XVIL 

(39) If two parallel planes be intersected by a third 

plane their common intersections are parallel. 

For they are in the same plane, as is evident, and they can 
never meet, for if they did the parallel planes in which they 
respectively are would meet. 

Proposition XVIII. 

(40) If two planes be parallel, any right line which is 

perpendicular to one will also be perpendicular 
to the other. 

Let A B be perpendicular to the plane E F, and intersect the 
plane G H which is parallel to E F at B. Through 
AB let any plane be drawn intersecting the / 
parallel planes in A D and B C. The lines AD L 
and B C are by hyp. in the same plane, and 
since they are also in parallel planes they can 
never meet, and are therefore parallel. Hence 
the angles BAD and ABC are supplemental ; 
but BAD is right by hyp. and therefore ABC 
is also right, and the same being true for every 
plane drawn through A B, the line A B is per- 
pendicular to every line through B in the plane G H, and is there- 
fore perpendicular to the plane itself. 

Proposition XIX. 

(41) Planes which are parallel to the same plane are 

parallel to each other. 




7 
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For let a right line be drawn perpendicular to the latter. It is 
also perpendicular to the former (40), and therefore the former 
are parallel (38) . 

Proposition XX. 

(42) The parts of parallel lines intercepted between 

parallel planes are equal. 

Let E F and G H be the parallel planes, and A B and C D 
the parallel lines. Draw A C and B D. ^ 

Since A C and B D are in parallel planes they r~ 
cannot meet, and since also they are in the same / -^ 
plane (that' of the parallels) they are parallel. 
Hence A D is a parallelogram, ana therefore A B 
and C D are equal. 

(43) Cor. — Hence all perpendiculars drawn 
between parallel planes are equals and therefore 
parallel planes are equidistant. 

Proposition XXI. 

(44) If two angles have their sides respectively parallel 
and lying in the same direction, they will be 
equal, and their planes will be parallel. 

If they be in the same plane, the proposition has been proved 
in the Elements (117). 

If they be not m the same plane, let the angles be B A C and 
EDF. 

Take A B equal to D E and A C to D F, and 
draw the lines B E F C. 

Since A B and D E are equal and parallel, 
B E^ and A D are equal and parallel. In the same 
manner C F and A D are equal and parallel, and 
therefore B E and C F are equal and parallel^ and 
hence B C and E F are equal and parallel. The 
triangles BAG and EDF are therefore mutually equilateral, 
and therefore mutually equiangular, and hence the angle BAG 
is equal to the angle EDF. 

The planes BAG and EDF are parallel, for if not draw 
through A a plane parallel to E D F, and let it intersect G F at 
any point G difierent from G. It follows^ from (42) that G F is 
equal to A D, but G F has been proved equal to A D, and 
therefore G F is equal to C F, which is absurd. 
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Proposition XXII. 

(45) If the planes of two equal angles (BAG and 
E D F) and one pair of their legs (A B and 
D E) be parallel, and the other pair of legs 
(A C and D F) be at the same side of the 
parallel legs, they will also be parallel. 

For if A C be not parallel to D F, draw A K parallel to D F. 

Hence the angle KAB is equal to FDE (44), and therefore 
to C A B, which is absurd. 

(46) Def. — The inclination of two right lines which do not 
meet, or through which the same plane cannot be drawn, is 
estimated by the angle contained by any two lines drawn through 
the same point parallel to them. It appears from the preceding 
proposition that this angle will be the same whatever be the point 
through which the lines which form it are drawn. 

Proposition XXIII. 

(47) If three right lines be parallel, equal, and not in 

the same plane, the triangles formed by right 
lines joining their extremities are mutually 
equilateral, and their planes are parallel. 

Let the parallel lines be A D, B E, and C F. Since B E and 
A D are equal and parallel, A B and D E are equal and parallel, 
and in the same manner it may be proved that A C and D F, 
B C and E F are equal and parallel. Hence the triangles ABC 
and DEF are mutually equilateral, and it may be proved as in 
(44) that their planes are parallel. 

(48) Def. — ^The inclination of two planes^ or the angle under 
mem, is estimated by the inclination of two right lines which are 
respectively perpendicular to them. 

Since all perpendiculars to the same plane are parallel, it follows 
that the angle by which the inclination of two planes is estimated 
must be the same, wherever the two perpendiculars to the planes may 
be drawn. This will plainly appear from (44) and (45). By this 
definition the mutual inclination of planes is determined by that of 
right lines, which considerably simplifies all investigations respecting 
them. 

Hence the student will easily perceive that the common propertied 
of intersecting right lines may be extended to intersecting planes. If 
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a~ plane intersect another the adjacent angles are together equal to 
two right angles, and the angles vertically opposite are equal. Also 
if one plane be perpendicular to another, the latter is perpendicular 
to the former. Also, if a plane intersect two parallel planes, con- 
sequences may be deduced similar to those in the twenty-seventh, 
twenty-eighth, and twenty-ninth propositions of the first book of the 
Elements. 

Proposition XXIV. 

(49) If two planes intersect, their mutual inclination is 

equal to the angle contained by right lines 
drawn from the same point on their common 
intersection in the planes and respectively per- 
pendicular to their intersection. 

Let E F and G H be the planes and ED their intersection. 
From any point A draw A B perpendicular to 
E D, and in the plane G H and A C perpendi- 
cular to E D and in the plane E F. The angle 
B A C is the inclination of the planes. 

For from A draw A P perpendicular to G H 
and A R perpendicular to E F. Since RAD 
and PAD are right angles, the plane of the angle P A R is per- 
pendicular to the line A D, and since CAD and B A D are right 
angles, the plane of the angle B AC is at right angles to AD. 
Hence the angles B A C and PAR are in the same plane. Since 
A R is perpendicular to E F, the angle R A C is right, and since 
PA is perpendicular to G H, the angle PA B is right. Hence 
the angle RAC is equal to the angle P AB. From both take 
the common part P A C and the remainders are equal, that is, 
PAR, which is the inclination of the planes, is equal to the 
angle BAC. 

Proposition XXV. 

(50) If a right line P A be perpendicular to a plane 

E F, every plane drawn through the perpendi- 
cular P A is also perpendicular to E F. 

Let P A C be a plane drawn through the perpendicular P A, 
and from A in the plane E F draw A D perpen- 
dicular to A C. 

Since P A is perpendicular to the plane E F, 
the angles P A C and PAD are right, and there- 
fore the line D A, being perpendicular to A P and 
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A C, must be perpendicular to the plane P A C (1 7, 18). Since 
then A D is perpendicular to the plane P A C, and A P is per- 
pendicular to the plane E F, the inclination of those planes is 
that of the lines A D and A P. But P A D is a right angle, and 
therefore the planes are perpendicular, and the same may be 
proved of any plane drawn through P A. 

Proposition XXVI. 

(51) If a plane A P C be perpendicular to another E F, 

and if the line P A be drawn in the plane A P C 
perpendicular to the line of • intersection BC, 
then P A will be perpendicular to the plane 
EF. 

For draw A D in the plane E F and perpendicular to B C. 
The angle PAD is the inclination of the two planes (48), and 
is therefore a right angle. But P A C is a right angle by hyp. 
Hence the line P A being perpendicular to two lines m the plane 
E F is perpendicular to the plane E F (17, 18). 

(52) Cor. — It is evident that if from the intersection of two 

perpendicular planes a right line be drawn perpendicular to 
either, it will be entirely in the other. 

Proposition XXVII. 

(53) If two planes be perpendicular to a third plane, 

their common intersection will be perpendicu- 
lar to the third plane. 

For if, from the point where their common intersection meets 
the third plane, a perpendicular to the third plane be drawn, that 
perpendicular must be in each of the two planes (51 ), and must 
therefore be their intersection. 

Proposition XXVIII. 

(54) Right lines intersecting parallel planes are divided 

proportionally. 

Let the parallel planes be E F, G H, and I K, and let the right 
lines which intersect them be A B and C D. Draw A D and 



BOOK THE FIRST. 



241 



join the several points where the right lines 
meet the planes by the lines AC, L M N, 
and B D. 

In the triangle BAD since L M and B D 
are at the same time in parallel planes, and in 
the same plane, they must be parallel, for they 
cannot meet. In the same way AC and 
M N are parallel. Hence by the two triangles 
we have A L : LB : : AM : M D, 

CN : ND::AM : MD, 
therefore A L : L B : : C N : N D. 




Proposition XXIX* 

(55) If two right lines be not in the same plane, planes 
may be drawn through them which are parallel, 
and only two such planes can be drawn. 

Let the lines be A B and C D. Through any point A of the 
line A B draw A E parallel to C D, and through any 
point C of the line C D draw C F parallel to AB. 
The planes of the angles B A E and F C D are pa- 
rallel (44). It is evident that no other parallel 
planes cap be drawn through A B and C D. 





Proposition XXX. 

(56) If two right lines be not in the same plane, a 

third right line may be drawn intersecting 
them at right angles, and only one such line 
can be drawn. 

' Let parallel planes be drawn through the given right lines, and 
also let planes be drawn through each of them at right angles to 
those parallel planes. The intersection of these two planes will 
evidently intersect the given right lines at right angles, and will 
be the only line which can be so drawn. 

Proposition XXXI. 

(57) The right line which intersects perpendicularly 

two right lines not in the same plane, is the 
shortest line which can be drawn between 
those two right lines. 

R 
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For if it is perpendicular to the parallel planes which may be 
drawn through them, any other line drawn between them would 
be oblique to these planes and therefore longer. 

(58) Def. — ^A soUd angle is formed by three 
or more planes which meet at the same point. 
Thus the planes B A C, B A D, and D A C form a 
solid ao^le. 

(59) Def. — ^The poiot A where the planes meet 
is called the vertex of the solid angle. 

It is evident that the sides or faces of a solid angle are plane angles, 
and that less than three plane angles cannot form a solid angle. 

r60) Def. — ^The edges of a solid angle are the lines (A B, A C, 
A D) in which the plane angles intersect. 

If with the point A as centre, and any distance A & as radius, a 
circular arc 5 d be described in the plane of the angle BAD, and 
another 6 c in the plane of the angle BAG, and a third df c in the 
plane of the angle D A C, a triangle bdc will be formed by the three 
arcs, called a spherical triangle. The sides of this triangle are the 
measures of the plane angles which form the solid angle A, and its 
angles are the inclinations oi the planes of these angles. The pro- 
perties of solid angles are thus identified with those of spherical 
triangles, and they form the subject of spherical geometry and trigo- 
nometry. On this subject the student is referred to the second part 
of my treatise on trigonometry. If the solid angle be formed by more 
than three plane angles, it corresponds to a spherical figure with more 
than three sides. In spherical geometry the only property of a solid 
angle which has been borrowed from solid geometry is that which is 
established in the following proposition. 



Proposition XXXII. 

(61) If a solid angle be formed by three plane angles, 
any two of these taken together must be greater 
than the third. 

It is only necessary to prove that the greatest of the three 
plane angles is less than me sum of the other two. 
Let B A C be the greatest, and draw A E so that the 
angle C A E shall be equal to the angle CAD. On 
the line A D take AD equal to A E, and draw B D 
and DC. 

In the triangles CAD and C A E the sides A D 
and A E are equal, A C is common, and the angles 
CAD and C A E are equal, therefore the bases C E and C D 
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are equal. Hence B E is the difference of the sides B C and 
C D of the triangle BCD, and is therefore less than the base 
B D. In the triandes D A B and E AB the sides D A and E A 
are equal, and B A is common, and the base B D has been 
proved greater than B E, and therefore the angle B A D is greater 
than the angle B A E. To these let the equal angles C AD and 
C A E be added, and it follows that the siun of the angles BAD 
and C A D is greater than the angle BAG. 

(62) All the other properties of solid angles may be deduced from 
the results of spherical geometry and trigonometry. Thus we find 
that in a solid angle formed by several plane angles, any one of the 
plane angles is less than the sum of all the others. That ' the sum 
of the plane angles which form any solid angle must be less than four 
right angles.' Trig. (130). 

That * if a solid angle be formed by three plane angles the sum of 
the indikiations of the planes cannot be less than two right angles 
nor greater than six/ but may have any intermediate magnitude. 
Taio.(140). 

These and other properties too numerous to insert here will be 
found in the work already cited. It may, however, be worth men- 
tioning, that of the six quantities related to a solid angle contained by 
three planes, viz. the three plane angles and the three inclinations of 
the planes, any three being given the other three can always be deter* 
mmed. Trig. Part II. Sect. VII. 



K 2 



BOOK II. 



Of Solid Figures which are bounded by Planes. 

(63) Since three planes are necessary to form a solid angle, it is 

evident that they cannot completely enclose a solid space. There will 

he in one direction a void which cannot be closed without one additional 

plane at least. Hence it appears, that less than four planes cannot 

enclose solid space, and therefore a solid figure cannot have less than 

four faces, the plane figures which enclose such a solid being cs^IIed 

faces. The solid may also be conceived to be bounded by the ri^t 

lines formed by the intersections of the planes of its faces. These are 

called its edges; and as every distinct pair of faces has a distinct inlef- 

section, a solid figure will have as many edges as it has disUnct pairs 

of faces. By the principles of algebra, it follows, that if 71 be the 

n n ~** 1 
number of bounding planes or faces^ — '- — - — is the nomber <^ edges. 

1 . 2 

4x3 

Thus if the number of faces be 4, the number of edges is — - — or 6; 

5x4 

if the number of faces be 5, the number of edges is —r — or 10; if the 

6x5 

number of faces be 6, the number of edges is — - — or 15. In this 

manner we may construct a table showing the number of edges cor- 
responding to any given number of faces : 

Faces 4 5 6 7 8 9 10 
Edges 6 10 15 21 28 36 45 
which may easily be continued to any number. 

(64) Solid figures receive denominations expressive of the number of 
their faces ; thus a figure with four faces is called a tetraedron, one 
with six faces an hexaedroUy and so on. Generally, solids with more 
than six faces are c^eApolyedrons, 

(65) Solids also receive denominations according to the figures and 
position of their faces, as in the following instances. 

(fid) Dbp. — A prism is a solid figure two of whose faces are equal and 
similar rectilinear figures so placed that their equal sides are respec- 
tively parallel, the other faces being parallelograms formed by right 
lines joining the vertices of the corresponding angles of these recti- 
linear figures. These figures are called the bases of the prism, and the 
edges formed by the right lines which are drawn connecting the ver- 
tices are called the sides of the prism. 
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Let A B C D and abed he equal and similar rectilinear figures 
described upon parallel planes. And let A B and a 69 
two homologous sides, be parallel, and so placed 
that the vertices A and a of corresponding angles 
will be opposite. It will then follow that all the 
other homologous sides of the figures will be parallel 
each to each. For since A B and a b are parallel, 
and also the planes of the angles BAD and bad, and these angles 
themselves are Bqual, it follows that the sides A D and a d are parallel 
(45) ; and the same may be proved successively of each pair of homo- 
logous sides. 

Since A B and a b are equal and parallel, the figure AB ba is a 
parallelog^ram, and in like manner it may be shown that the other faces 
formed by the lines joining the corresponding vertices of the bases are 
parallelograms. 

It is evident that all the sides of a prism are equal. 

(67) Def. — ^The altitude of a prism is the perpendiculaar dis- 
tance between its bases. 

(68) Def. — A prism is said to be right or obUqtie, according 
as its sides are perpendicular or oblique to its bases. 

(69) Def. — Prisms are denominated from the nature of their 
bases, triangular, quadrangular, pentagonal, &c. 

(70) Def. — ^A prism whose bases are parallelograms is called a 
patallelopiped. 

A parallelepiped is therefore an hexaedron all whose faces are 
parallelograms, and each pair of faces which do not actually in- 
tersect are parallel. Any two parallel faces may be taken as the 
bases of the prism. 

If the bases of a parallelopiped be rectangles and its sides be 
perpendicular to them, all the faces will evidently be rectangles. 
In this case it is called a rectangular parallelopiped. 

(71) Def. — If the bases of a rectangular parallelopiped be 
squares, and the altitude be equal to the side of the base, all its 
faces will be squares. Such a parallelopiped is called a cube. 



Proposition I. 

(72) If the bases of two prisms be equal and similar, 
and two homologous sides of the bases be 
equally inclined to the sides of the prisms 
with which they form a solid angle, the several 
sides of each prism will be inclined to the 
sides of the base which they meet at angles 
which are respectively equal. 
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Let the base abcdehe placed upon the bate A B C D E, so 
that the several homologous sides shall coin- f f 

cide. Let the side bghe inclined to 6 a and 
b c, at the same angles as B 6 is inclined to 
B A and B C. Hence the side b g coincides 
with B 6. Since the point a coincides wilh 
A and the lines B Ar and 6 af are in the *i 
same plane, and the angles B A F and b of are 
equal, the line af must coincide with A F ; and in the same man- 
ner it may be proved that the several sides of the prism whose 
base is a i c a e will coincide with the corresponding, sides of the 
other prism, and therefore the angles under tnese sides and (hose 
of the base are respectively equal to each. 

Proposition IL 

(73) If two prisms have equal bases and one paiF of 
corresponding sides equal and similarly inclined 
to the sides of the bases with which Uiey form 
solid angles, the prisms will be equal in every 
respect. 

For by the demonstration of (72) it appears, that the base of 
one may be so applied to the base of the other that tl^e several 
sides of the one v^ill respectively coincide with the sides of the 
other ; and since these sides are equal the opposite bases must 
coincide, and therefore the several vertices of the one prism will 
coincide with those of the other, and the two solids will fill 
exactly the same spaces and be bounded by the same lines and 
planes. 

(74) Cor. — Hence it obviously follows, that right prisms, 
which have equal and similar bases and equal altitudes, are equal 
in aU respects. 

Proposition III. 

(75) If two parallelopipeds have three conterminous 

edges in the one equal to three conterminous 
edges in the other and including angles whidi 
are equal each to each, the parallek^ipeds are 
equal in all respects. 

For if two conterminous edges in one be equal to two in the 
other, the faces of which these edges are sides will be equal, and 
thus the proposition becomes a particular case of (73). 

(76) CoR. — If the vertex of a solid angle of a parallelepiped 
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be gi^'en ia position, and the three edges terminated at that 
vertex be given in magnitade and position, the parallelopiped is 
given. 

Propobition IV. 
(77) Every prism may be diTided into as many trian- 
gular prisms as there are triangles into which 
its base may be resolved by diagonals drawn 
from the vertex of any of its angles. 
Since each pair of nides sue equal and parellel, it follows that 
the diagonals of the bases which connect Uie extremities ^^^^v 
of the sides are equal and parallel, and the figure formed |^^^^^ 
by the sides and diagonal is therefore a parallelogram. (Yll 
TTiere are as many of these parallelograms, which we lUJ 
shall call diagonal planes, as there are different diego- /X^^ 
nals of the bases of the prism ; and it ia evident that the nX>^ 
prism may be resolved into triangular prisms by diagonal planes, 
all of which pass through any one side and severally through tha 
other sides, except those which are adjacent to that side which is 
their common intersectbn. This will be evident on inspecting 
the figure. 

28) Cor. — It is evident that each diagonal plane is parallel to 
e sides of the prism, and also that the intersection ot any two 
such planes is parallel to the sides. 

Proposition V. 

(79) The sections of a prism by parallel planes are 

similar and equEd rectilinear figures. 

Let A B C D E and abc dehe two parallel sections. Sines 
A B and a b are the intersections of parallel planes r^r*™V 
with the same plane theyare parallel, therefore A a 6 B I 'J-p^ ^ 
is a parallelogram, and therefore A B and a b are equal, 
lu the same manner it may be proved that B C is 
equal to 6 c, CD to cd, and so on. 

Since the sides of the angle ABC are parallel to 
those of ab c, and in the same direction, the angle 
ABC is equal to ab c; and in like manner it may 
be proved that the angle B C D is equal to b c d, and 
so on. Hence the two sections A B C D £ and abode are 
equal and similar. 

(80) Cor. 1, — Hence all sections ofa prism parallel lo its bases 
are equal and similar to its bases. 

(81) Cor. 2. — AU sections of a parallelopiped parallel to any 
(ace are parallelograms eqiial and similar to that face. 
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Proposition VI. 

(82) In every parallelopiped the opposite angles are 
included by plane angles which are equal each 
to each, but not similarly placed, so that the 
solid angles do not admit of being placed with 
their edges mutually coincident. 

Since A a and a b are parallel to D d and d c, and in the same 
direction the angles Aa b and Dd c are equal. But 
the angle Dd cis equal to the opposite angle DC Cy 
therefore A a 6 is equal to D c. In the same 
manner it may be proved that the angle Aa d is 
equal to c C B and 6 a d to B C D. 

But if the point C be conceived to be placed at a, 
and the edge C c upon a A, and C B upon a d, the 
edge C D will not coincide with a 5, but will extend in the oppo- 
site direction from the vertex a ; and in the same manner what- 
ever pair of edges of the angle D be placed in coincidence with 
the pair of corresponding edges of B^ the remaining edges will be 
found not to coincide. 

(83) Def. — ^Two solid angles contained by plane angles which 
are equal each to each, but which do not admit of coincidence, 
are said to be symmetrically equal. 



Proposition VII. 

(84) Of four parallel edges of a parallelopiped the 
diagonal planes which pass through each pair 
of them intersect, each dividing the other into 
two equal parallelograms, and the diagonals 
of each bisecting and being bisected by their 
common intersection. 

Let A a c C be the diagonal plane through the opposite edges 
A a and C c, and D db'R that through the opposite s 

edges D d and B b^ and let m M be the intersection 
of these planes which will be equal and parallel to 
the^edges A a, B 6, &c. 

The diagonals a c and b d oi the face abed 
bisect each other at m, and in like manner A C and 
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B D bisect each other at M. Hence it is evident that the paral-^ 
lelogram A m is equal to the paraUelogram C m, and in like man- 
ner B m is equal to D m. 

Also since ja c is bisected at m, and m O is parallel to a A^ A ^ 
must be bisected at O. And since m O is half of a A, it is also 
half of m M which is equal to a A» and therefore m M is bisected 
at O. By similar reasoning it may be prdved that 6 D is bisected 
at O. 

In this way it may be proved that every diagonal of the paral* 
lelopiped passes through O and is bisected at that point. 
(85) CoR. — Every right line whatever drawn through the point 
O, and terminated in the faces of the parallelopiped, i& bisected 
at O. For let p 9 be such a line terminated in the faces A b 
and D c ; and draw q D and p 5. The lines p b and q D are 
parallel, being the intersections of the plane of the lines p q and 
D 6 with the parallel planes D c and A h. Hence the triangles 
9 O D and bOp are mutually equiangular, and since 6 O is equal 
to O D, they are mutually equilateral. Therefore p O is equal 

tOflrO. 

(96) Def, — Hence the point O is called the centre of the 

parallelopiped. 

(87) . Def.— The quantity of space included within the surface 

or surfaces of a solid figure is ccJled ilts volume. 

Thus when we speak of the volume of a solid we do not take into 
account its Jlgure. If any solid figure were divided in any manner 
into parts, and these parts changed in their arrangement so as to form 
another and different solid figure* still the volume would remain the 
same although the shape be altered. 



Proposition VHI. 

(88) The two prisms into which a diagonal plane di- 
vides a parallelopiped are equal in volume. 

Let A B C D, a 5 cd, be the bases of the parallelopiped, and 
A c a diagonal plane. Through a and A draw planes at right 
angles, to the sides of the given parallelepiped so as to form a 
rectangular parallelopiped, of which the bases are AB'C'D', 
a b' c'd\ and the sides of which coincide with those of the given 
one. 

Since C c and C d are each equal to A a they are equal to 
each other. Taking away the common part C c' we have c d 



850 BLEUENTB Or MOLID OBOUETRY. 

eqoal to C C Id the ume manner we may prove that d tP is 
equal to D D', and 5 &* to B B'. 

Now sappose tlie triao^e ad' i^ brought down and {daced on 
AD'C which is in every respect equal to It (79). 
Then the point d beine placed on D', and the line 
d'd coinciding with D°D, and being equal to it, the ' 
point d will coincide with D, and in the same man- 
ner c will coincide with C. Hence the vertices of 
the figure ad'dctf will Bcverally coincide with 
those of the figure A IV D C C, and the figtues >k^ 
themselves will therefore coincide and are therefore -n 

equal. To each of them let the figure A a c' tf C D be added, 
and it foOowB that the prisms A C D, a c d and A C D*, ad d! are 
equal in volume. 

In exactly the same way it may be proved that the jmsBos 
A B C, a 6 c, and A B' C, ab'd are equal in volume. 

The prism AB'C'.oi'c' iseqaal to the prism A C D*. a c* d' u 
every respect; for the bases AB'C, (7I>'A are equal md 
similar, and the prisms are right (74). Hence the prisms 
A B C, a 6 c and A C D, a c d, which are respectivdy equal to 
them, are equal to each other. 

It follows therefore that the volume of a parallelopiped ia bi- 
sected by each of its diagonal planes. 

(89) Cor. — The triangular prisms into which an oblique paral- 
lelopiped is divided by a disgonal plane, although equal in volume, 
and also equal respectively as to their faces and edges, have not 
that equality which admits of coincidence. The sohds are in this 
case said to be tymmetricaHy equal. 

The triangular prisms into miich a rectangular parallelopiped' 
is divided by a diagonal plane are not only equal but admit of 
coincidence. 



PROPOSITIOM IX. 

(90) Two parallelopipe(fc on the same base imd be- 
tween the same parallel planes are equal in 
volume. 

I". Let their opposite bases be between the same parallels, 
a b' and d c'. 

Let ABCD be the common base and a 6' c'd the plane of 
the opposite bases parallel to A B C D. 
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The triangular prisms h.a',d' d and B fr", c' c are equal and admit 
of coincidence ; for if the face B 6, c C be 
conceived to be placed upon A a, (2 D so as 
to coincide with it, it is evident that the 
lines C <f and B h' will coincide with the 
lines D d' and A d. For the angles dDd' 
and cCd are equal in consequence of the 
parallels ; as also the angles a A a' and i B 6' for the same reason. 
And since D d' is equal to C c', the point c' will coincide with d', 
and in the same manner 6' will coincide with a'. Hence the two 
prisms will coincide, and are therefore equal. 

Now if these equal prisms be successively taken from the solid 
A a 6' c*, the remainders will be equal, but these lemaioders fue 

2^. Let dieir opposite bases be not placed between the same 
parallel lines. 

The opposite bases ab c d,a" hf c" d" must be equal in every 
respect since each is equal to the com- 
mon base ABCD. If the sides of 
these opposite bases which are not pa- 
rallel be produced until they intersect, f 
a third parallelogram a' b' & d' will be 
formed in the same plane with the upper 
bases, and equal to each of them in 
all respects and to the common base 
ABCD. The vertices a' b' c' d' being 
respectively joined by the right lines 
with ABCTD, a third parallelopiped will be formed which will have 
a common base ABCD with eEich of the given ones, and which 
will have its opposite base between the same parallels as that of 
each of the given parallelopipeds. Hence this third parallelo- 
piped is equal in volume (Part 1°.) to each of the given parallelo- 
pipeds, and they are therefore equal to each other in volume. 
(91) CoR. — It is evident from this proposition that if two 
parallelopipeds have bases which are equal in all respects, and 
equal altitudes, they will have equal volumes. For if their bases 
be placed one upon the otiler, so that the solids shall lie at the 
same side of them, the opposite bases will be in the same plane 
parallel to that of the conicident bases. 
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PaoPOsiTiON X. 

(92) An oblique parallelopiped is equal in vdume to 

a rectangular one having a base of the same 
magnitude and an equal altitude. 

On the base A B C D of the oblique pamllelopiped construct 
another par&Uelopiped in the same alti- 
tude and whose sides will be perpen- 
dicular to the base. The volume of . , ^^^ 
this will be equal to that of the oblique ^&i'«r*r^ \ 
parallelopiped (90). If the base bea ■^ --^ J 
rectangle tnis latter parallelopiped will 
be rectangular, aud the proposition is 
proved. But if the base be an oblique 
paraUelogram take one of the perpen- 
dicular faces AB b' a' as base, and on 
it construct a rectangular parallelopiped between the same paral* 
lei planes as the last. It will be equal in volume to the latter 
and therefore to the oblique parallelopiped, and the base A B C D 
will be equal to the base A B C" D". Hence the rectangular 
parallelopiped thus constructed on an equal base, and with an 
equal altitude, is equal in volume to the oblique parallelopiped. 

(93) ScHOL. — Hence it appears that the volume of a parallelo- 
piped depends solely on the magnitudes of its base and altitude, 
and is independent of the obliquity of its edges or the figure of 
its faces. 

Proposition XI. 

(94) Rectangular parallelepipeds which have the same 

base are as their altitudes. 

This is proved in exactly the same manner as the first propo- 
sition of the sixth book of the Elements. If the altitudes of the 
parallelopipeds be increased until they become equimultiples of 
their first ma^itudes, the parallelopipeds themselves will be so 
increased as to become the same multiples of their first mag- 
nitudes. AHei this the reasoning is precisely the same here 
as in Prop. I., Book VI., the altitudes of the parallelopipeds 
taking the places of the bases of the triangles, and the vmumes 
of the parallelopipeds taking the places of the areas of the tri- 
angleB. 

(95J Cor. — The same is true of rectangular parallelopipeds 
having bases in all respects equal, since by supposing them placed 
one upon the other they will nave the same \mse. 
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Proposition XII. 

(96) Rectangular parallelopipeds having the same aU 
titude are as their bases. 

Let A be the common altitude of the parallelopipeds, and let 
6 c be the sides of one base and b' & of the other. Let a third 
rectangular parallelopiped be constructed with the same altitude 
A, and with a base whose sides are b b\ liCt the. two proposied 
parallelopipeds be called A 6 c and A V d and the constructed 
one Abb'. 

In the parallelopipeds Abe and A b b', the faces whose sides are 
A b are equal and may be considered as the bases, in which case 
c and b' will be the altitudes. Hence by (95) 

Abe : Abb' :: e : b'. 

In the same way in the parallelopipeds Abb' and A b' c', 
the faces whose sides are Ab' are equal, and may be taken as 
the bases, in which case b and c' will be the altitudes, and we 
have (95) 

Abb' : Ab'e' ::b : e'. 

Hence A 6 c is to A 6' c' in a ratio compounded of c : 6' and 
6 : c', or as the rectangle 6 x c : 6' x c', that is, 

Ab c : A 6'c' : : 6 X c 2 6' X c'. 

Hence the rectangular parallelopipeds having the altitude A 
and the bases by,e and b' x c' are as those bases. 
(97) Cor. — The same will be true when the altitudes are equal, 
since by placing the bases in the same plane they will have the 
same altitude. 



Proposition XIII. 

(98) Rectangular parallelopipeds in general are in a 
ratio compounded of the ratios of their bases 
and altitudes. 

Let A and A' be the altitudes, and B and B' the bases, and let 
a third parallelopiped be constructed with the altitude A and the 
base B', and let the three solids be called A B, A' B', and A B'. 

By (97) we have A B : A B' : : B : B', 
and by (95) A B' : AB* : : A : A'. 

But A B : A' B' in a ratio compounded of A B : A B', and 
A K : A' B', or of B : B' and A : A', that is, the parallelopipeds 
are in a ratio compounded of the ratios of their bases and 
altitudes. 



254 ELEMENTS OP SOLID GEOMETRY. 

Proposition XIV. 

(99) Rectangular parallelopipeds are in a ratio ccHn- 

pounded of the ratios of three conterminous 
edges. 

Let ab c he the three conterminous edges of one, and ab' c 
those of the other. If a and a be considered as the altitudes and 
b yc c and b' x c' bs the bases, the solids are in a ratio com- 
pounded of a : a and b yc c : b' y, c. But the ratio 6 x ^ : 
o X c is compounded of the ratios b : c and U : c . Hence the 
parallelopipeas are in a ratio compounded of a : a\ 6 : b, and c ; c, 
that is, of their three conterminous edges. 

Proposition XV. 

(100) If three conterminous edges of a rectangular 

parallelepiped be expressed by numbers, the 
product of these three numbers will express 
its volume, the units of such product being the 
cube of one of the parts into which the edges 
are supposed to be divided when numericsdiy 
expressed* 

When a line is expressed by a number, as 10, it is supposed to. 
consist of ten equal parts of some conventional denomination, as 
inches, feet, yards, &c. When several lines entering the same 
computation are expressed by numbers, their parts are commonly 
taken to be equal. Thus if two lines be expressed by 10 and 8, 
we do not in general in the same computation consider one as 
10 inches and the other 8 feet. They are either 10 feet and 
8 feet, or 10 inches and 8 inches. 

Let us suppose the three conterminous edges to be divided into 
inches, and let a, 6, and c represent the number of inches in each 
of them. 

A parallelopiped whose base is a square inch, and whose alti- 
tude is as many inches as there are units in a, has as many 
cubic inches in its volume as there are units in a. This is evi- 
dent, since it is nothing more than a pillar of cubic inches laid, 
one over another. 

Hence a parallelopiped whose base is 2 or 3 square inches, and 
whose altitude is as many inches as there are units in a, has 2 or 
3 times as many cubic inches in its volume as there are units in a. 
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and in general if B be the number of square inches in the base 
a X B will be the number of cubic inches in the volume. 

Hence it appears that the volume of a rectangular parallelo- 
piped is represented numerically by multiplying together the 
numbers which express its base and altitude. 

But the number of square inches in the base B is found by 
multiplying the number of inches in one side of the base by the 
number of inches in the other side. Numbers of inches in the 
sides of the base being b and c, the number of square inches in 
the base is b x c- And since the number of cubic inches in the 
volume is a X B, this number becomes a x b X ^ when 6 x ^ is 
substituted for B. 

It is evident that the same reasoning will be applicable if the 
edges be supposed to be divided into parts of any other deno- 
mination. 

Propositioii XVI. 

(101) The volume of a prism is expressed numerically 

by the product of the numbers which express 
its bajse and altitude. 

If the prism be a rectangular parallelopiped^ the proposition 
has been proved in (100). 

. l( it be an oblique parallelopiped its v(Jume is equal to that of 
a rectangular one having an equal base and altitude (92), and 
therefore it is expressed by the same product. 

If it be a triangular prism it may be considered as the half of 
a parallelopiped cut on by a diagonal plane (88) ; and as its base 
is half, also the product of its base and altitude is half that of the 
base and altitiide of the parallelopiped ; and therefore the product 
represents the voli^me, which is also half of that of the parallelo-. 
piped. 

If the prism have a polygonal base it may be divided into 
triangular prisms by diagonal planes (77V The volume of each 
of these is expressed by the product of the altitude and base, and 
therefore the volume of the whole will be expressed by the pro- 
duct of the altitude and the sum of the bases, that is, the product 
of the altitude and the base of the polygonal prism. 

(102) Cor. 1. — Hence prisms in general are in a ratio com- 
pounded of their bases and altitudes. Also when they have the 

same base they are as their altitudes, and when they have the 
same altitude they are as their bases. 

(103) CoR. 2. — Prisms are equal when their bases and altitudes 

are reciprocally proportional^ and vice versd, whatever be tibe, 
figures of their bases or the inclinations of their sides. 
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(104) Dbp. — Prisms are said to be similar when their bases are 
similar rectilinear figures, and their sides are proportional to 
homologous sides of their bases, and similarly incUned to those 
bases. 

Proposition XVIL 

(105) Similar prisms are in the triplicate ratio of their 

homologous edges. 

For they are in a ratio compounded of the ratios of their bases 
and altitudes (102). But their bases are in the duplicate ratio 
of their homologous sides which are homologous edges of the 
prisms, and since the sides are equally inclined to the bases, the 
altitudes are as the sides ; but the sides of the prism are propor- 
tional to homologous sidcb of the bases (104), therefore the 
altitudes are as homologous sides of the bases, or as homologous 
edges of the prisms. Hence the prisms are in a ratio com-> 
pounded of the dupUcate and simple ratios of their homologous 
edges, that is, in the triplicate ratio of their homologous edges. 

(106) Cor. 1. — Since cubes are similar prisms, it follows that 
cubes are in the triplicate ratio of their edges. 

(107) Cor. 2. — Similar prisms are as the cubes of their homo- 
logous edges. 

(108) Cor, 3. — If the first two of four hues in continued pro- 
portion be homologous sides of similar prisms, the volumes of the^ 
prisms will be as the first line to the fourth. 

(109) Cor. 4.— In order to construct a prism similar to a given 
one and to which the given prism shall have a given ratio, it will 
be necessary to find two mean proportionals between an edge of 
the given prism and a linie to which that edge bears the given 
ratio. If on the first of these two means a prism be constructed 
similar and similarly placed with the given prism^ it will be that 
which is required (108). 

(110) CoR. 5. — if the given prism be a cube, and the given 
ratio be 1 : 2, the preceding corollary becomes the celebrated 
Delian problem, the duplication of the cube, for an acc^ount of 
which see Elements (586). 

(111) ScHOL. — It will hereafter appear that the preceding 
corollaries may be extended to all similar solids. 

(112) Def. — ^A pyramid is a solid having several tri- 
angular faces which have the same vertex P, and whose 
bases are the sides of the remaining face, which may 
be any rectilinear figure A B C D E, and which is called 
the ba^e of the pyramid, the common vertex P of the : 
triangular faces being called the 'oertex of the pyramid 
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. The areas of its triangular faces form the lateral or convex 
surface of the pyramid. 

ITie sides PA, P B, &c. of the triangular faces are called th^ 
sides of the pyramid. 

(113) Def. — ^The altitude of a pyramid is the perpendicular 
distance of the vertex from the plane of the base. 

(114) Def. — A pyramid is denominated triangular, quadran- 
gular or polygonal, according as the base is triangular, quadran- 
gular or polygonal. 

(115) Def. — A regular pyramid is one whose base is a regular 
polygon, and whose vertex is so placed that a perpendicular 
drawn from it to the plane of the base will meet that plane in 
the centre of the base. This perpendicular is in this case called 
the axis of the pyramid. 

(116) Def. — Similar pyramids are those which have similar 
bases, altitudes proportional to the homologous sides of those 
bases and vertices so placed that perpendiculars drawn from 
them to the planes of the bases will meet these bases at points 
similarly placed. 

> Pboposition XVIII.. 

(1 17) The sides of similar pyramids, which are con- 
terminous with homologous sides of their 
bases, are proportional to homologous sides 
of the bases, and are similarly inclined to the 
planes of the bases. 

For let P O and p o be the perpendiculars from the vertices 
of the pyramids upon the planes of the ^ ^ 

bases, and in those planes let lines be 
drawn from the points O and o to the se- y 

veral vertices of the angles A, B, &c. a, 6, / 
&c. By (116) it follows that the several // 
lines O P, O A, O B, O C. &c. are re- // 
spectively to op, oa, ob^ oc, &c. as any Lr 

eir of homologous sides of the bases. \P'"X\/ ^ ^ 
ence in the triangles P O A and p o a, 
PO : O A : :po : a, and the angles O and o being right, 
the triaugles P O A and poa are similar. Therefore P A: pa : : 
PO :po, that is (116) as A B : a b, or as any pair of homolo- 
gous sides. Also the angles APO and apo are equal, and 
therefore the sides A P and a p are equally inclined to the bases. 
In the same manner it may be proved, that each pair of corre- 

s 
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■ponding sides of the pyramid are proportional to each pair of 
homologous sides of the base, and similarly inclined to the base. 
(118) CoR.— The planes of the triangles A P O, B P O, C P O, 
&c. apo, bpo, cpOf &c. divide the pyramids into a series of 
triangular pyramids which are similar each to each. 



Proposition XIX. 

(119) If a pyramid be intersected by parallel planes, 
the pyramids cut off by those planes will be 
similar. 

Let A B C D E and abcdehe the oarallel sections, and from 
the vertex P let the perpendicular P o O be drawn to ^ 

the parallel planes. *^ 

Since the parallel planes A B C D E and abc de 
are intersected by the plane A P B, the intersections 
A B and a b are parallel, and in the same manner it 
may be proved that B C is parallel to bc^ CD to cd 
ana so on. Hence (44) it follows that the sections 
A B C D £ and abcde are mutually equiangular. 
But also the triangles APB and aP6 are similar; there- 
fore AB:a6::BP:6P, and in like manner B C : 6 c : : 
B P : 6 P. Hence AB:a6::BP:6P; and, by the same rea- 
soning, each pair of corresponding sides of the sections may be 
proved proportional 

The triangles A P O and a P o are evidently similar^ therefore 
AO:ao::rO:Po::AP:aP::AB:aft; and the same being 
applicable to the hues B O, 6 o and CO, co, &c., it follows that 
the points O and o are similarly placed in the sections, and thai 
the altitudes P O, P o are proportional to the homologous sides. 
(120) CoR. 1. — Hence all sections of a pyramid parallel to the 
base are similar to the base, and the pyramids cut off by such 
sections are similar to the original pyramid, 
f 121) CoR. 2. — ^The sections ABCDE and abcde are in 
the duplicate ratio of the perpendiculars P O and Po ; for these 
perpendiculars are as the homologous sides. 

(122) Cor. 3. — In any two pyramids sections parallel to their 
bases which divide their altitudes proportionally are as their 
bases. For the bases are to the sections in the duplicate ratio oSF 
the altitudes to the segments of the altitudes between them and 
the vertices. But these segments are as the altitudes themselves, 
by hypothesis. Therefore the bases are as the sections. 

(123) Cor. 4. — ^If the bases of two pyramids be equal, sections 
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dividing the altitude pFoportionally are equal, and if both the alti- 
tudes and bases be equal, all sections equally distant fi-om the 
vertices are equal in magnitude. 



Proposition XX. 

(124) Pyramids which have equal altitudes and bases 
of equal areas, have equal rolumes. 

If they be not equal in volume let A B C D, &c. be the base of 
the greater, nod let O a; be 
the altitude of a prism whose 
base is A B C D, and whose 
volume is equal to the dif- 
ference of me two pyrn- 
mlds. 

Let the equal altitudes 
P O, p o be divided into 
such a number of equal 
parts that each part shall 
be less than Ox; and let 
the pyramids be cut by 
planes paraHel to their bases 
and passing through each of , 
the points of division of the 
equu altitudes. The seve- 
ral sections of the pyra- 
mids by these planes will be equal each to each, since their 
bases and altitudes are equal (123). If prisms be constructed 
wi^ these sections severally as bases and with the equal parts of 
the altitudes as altitudes, these prisms will be equal each to each 
(103). Let these prisms be constructed in the one pyramid below 
me sections respectively, and so as to lie within the pyramid, and 
in the other above the sections, and so as to lie partly without 
it. The sum of the prisms in the pyramid P is less than the pyra- 
mid, and the sum ot those in the pyramid p is greater than the 
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) of the prisms 



IB greater than the difference between the pyramids. But tjia 
difference between the sums of the prisms is the prism whose 
base is ABC D, and whose altitude is one of the eqnal parts into 
which the altitude P is divided, and the difference of the py- 
ramids is a prism with the same base and the altitude O x. 
Hence O x is less than one of the parts into which the altitude 
is divided, but, by hypothesis, it is greater. Therefore the vo+ 
lames of the pyramids cannot be unequal. 
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Proposition XXI. 

( 125) The volume, a triangular pyramid, is one-third of 

that of a prism having an equal base and 
altitude. 

Let A B C be the base of the pyramid and c its vertex, Thrpugh 
B and A draw B& and A a parallel to Cc and 
equal to it, and draw the lines a be. The prism 
ABC a 6 c is on the same base and has the same 
altitude as the pyramid. The solid which has thus 
been added to the pyramid to complete the prism, 
is a quadrangular pyramid whose base is A a 6 B, 
and whose vertex is c. Draw A 6, and through 
this Une and the vertex c draw the plane A 6 c. * This plane 
divides the quadrangular pyramid into two triangular pyramicb 
having a common vertex c and equal bases Aa b and A B 6. 
These pyramids are therefore equal (124). But the pyramid 
Aabc has a base bca equal to A B C, and an altitude equal to 
that of the pyramid whose base is A B C and whose vertex is c. 
Hence these are equal (124), and therefore the three triangular 
pyramids which form the prism are equal in volume. H^ice 
Ae triangular pyramid A B C c^ is a third of the volume of a 
triangular prism having the same base and altitude, and therefore 
also (103) a third of one which has an equal base and altitude. 

Proposition XXII. 

(126) The volume of every pyramid is one-third of the 

volumQ of a prism having an equal base ani 
altitude. 

For every pyramid is equal to a triangular pyramid with an 
equal base and altitude (124), and every prism is equal to a 
triangular prism with an equal base and altitude (103). Hence 
the proposition is evident by (125). 

(127) Cor. 1. — Hence the volume of a prism is found nu- 
merically by multiplying its altitude by its base, and taking one- 
third of the product. 

(128) Cor. 2. — Pyramids are in a ratio compounded of the 
ratios of their bases and altitudes. 

(129) Cor. 3. — Pyramids having equal bases are as their alti- 
tudes, and those which have equal altitudes are as their bases. 

(130) Cor. 4. — Equal pyramids reciprocate their bases and 
altitudes, and vice versd. 
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(131) Cor. 5.— Similar pyramids are as the cubes of their 
nomologous edges, or in the triplicate ratio of these lines. 

(132) Cor. 6.— Every solid figure which is bounded by planes 
can obviously be divided into triangular pyramids by planes 
drawn through any one of its vertices. Hence the volume of 
every solid may be found by determining the volumes of all the 
component pyramids by (126). 

(133) Def. — Similar polyedrons are solids constructed on similar 
rectiUnear figures as bases, and having the same number of ver- 
tices similarly placed with respect to those bases. That is, so 
placed that if perpendiculars be drawn from them severally these 
perpendiculars will meet the planes of the bases at points simi- 
larly placed, and that the perpendiculars themselves shall be 
teach to each as homologous sides of the bases. 

From this definition it easily appears, that the right lines 
joining any homologous vertices are proportional to homologous 
sides of the bases. For the plane quadrilateral figures formed by 
the perpendiculars on the base from two homologous vertices 
and right lines joining their extremities are similar, and therefore 
their sides proportional. Hence the lines joining the homolo- 
gous vertices are as two corresponding perpendiculars, and there- 
fore as two homologous sides of the bases. 

These lines joining homologous vertices are therefore homo- 
logous edges of the solids, and all homologous edges are, conse- 
quently, proportional. 

(134) Hence also the faces bounded by homologous edges are 
similar each to each, and may be called homologous faces, 

(135) It also follows that the planes of every pair of homolo- 
gous faces are equally inclined to each other. To prove this, 
let any two faces A B C D, A' B' C D'* be assumed in the one, and 
also two faces abed, ab* c d homologous respectively to these. 
Considering ABCD, tt6cd as the bases, let perpendiculars to 
them be drawn from any three corresponding vertices A' B' C and 
a b' c' of the other homologous faces. Let the points A" B" C", 
oTb" c", where the perpendiculars meet 
the planes of the bases, be joined by 
right lines, and let planes be conceived 
to be drawn so as to form the solids 
A' B' C A" B" C", a I) c a h\ c. 

From the definition of similar solids 
and its consequences, it follows that the 
triangles A' B" C and a" b" c" are similar, and that their ho- 
mologous sides are as the perpendiculars respectively, or as any 
homologous edges of the given sohds. Let the point a" be con- 




^ * These faces are not represented in the cut. 
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ceived to be placed on A", and the sides a'^lf and o'V upon 
A" B" and A'' C respectively. 

Since c" c' and Q" Of are parallel, they are in the same plane 
with each other and the line A" C" which intersects them. We 
have A" c" : (/ V : : A" C" : C" C and the angles A" c" d and A" C" C 
equal, being right. Therefore the triangles A" c" c^^and A'^ C" C 
are similar ; and the points A'' c C are in the same straight line, 
and A"c':A"C;:A'V':A"C". Also we have A'a'tA'A':: 
A" c" : A" C" : : A" c' : A" C. Hence the triangles a' A" c\ A A" C 
are similar, and the lines a' c', A' C are parfulel. In the same 
manner it may be proved that the lines a' V and A' B' are parallel, 
and therefore the planes b' d d and B' A' C are parallel^ and are 
therefore equally inclined to the plane B" A" C". 

In this way we prove, that if the bases of similar polyedrons be 
placed one upon the other in such a manner that the homologous 
sides of those bases will be parallel, then the planes of every pair 
of homologous faces will be parallel, and they will be respectively 
similarly inclined to the bases and to each other^ and in every 
respect similarly placed. 

(lo6) By similar reasoning, the student will find no difficulty 
in proving that the diagonsd planes drawn through any three 
homologous edges of two similar polyedrons, cut off simi- 
lar triangular pyramids, and as such similar pyramids may 
be continually cut off until the polyedrons themselves are re- 
duced to two similar triangular pyramids, it follows that ^* similar 
polyedrons may be divided into triangular pyramids equal in 
number and similar each to each." 



Proposition XXIII. 

(137) The volumes of sioailar polyedrons are as the 

cubes of their homologous edges. 

» • 

For the several pyramids into which they may be resolved 
being similar each to each^ are as the cubes of their homologous 
edges (131), that is, as the cubes of homologous edges (rf* the 
polyedrons. The pyramids being each to each in mis ratio, 
their sums will be in the same ratio ; but these sums are the 
polyedrons. 

(iSfe) CoR. 1. — Hence if four right lines be in continued pro- 
portion, and the first two be homologous edges of similar poly- 
edrons, the volumes of these solids will be as the first line to the 
fourth. 

(139) Since the faces of similar polyedrons are similar each to 
each, their magnitudes are as the squares of their homol(^us 
edges, and therefore the sums of all the faces ar6 in the same 
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ratio. H^nce the surfaces of similar polyedrons are as the 
squares of their homologous edges. 



Proposition XXIV. 

(14Q) To construct a solid similar to a given solid, and 
such that the volume of the given solid shall 
bear to the volume of the constructed one a 
given ratio. 

The geometrical solution of this problem would require the 
solution of the problem '^ to find two mean proportionals," and 
therefore it cannot be solved by a strictly geometrical process. 
If we suppose^ however, the two mean proportionals to be 
found, the problem admits of strict solution. That is, we can 
construct upon a given right line as an edge a solid similar and 
similarly placed with a given solid. 

Let a line be assumed to which one of the edges of the given 
solid bears the given ratio, and between this edge and the line 
so assumed conceive two mean proportionals to be found. The 
first of these mean proportionals must be an edge of the solid to 
be constructed, homologous to that edge of the given, solid which 
is taken as the antecedent of the given ratio. 

Let A B be the edge of the given solid which is taken as 
antecedent of the given ratio, and let 
A B C D E be one of the faces of the 
solid, of which this edge is a side. Let 
a 6 be the first mean. On ab construct 
a rectilinear figure abcde similar and 
similarly placed with A B C D E on A B. 

From all the vertices of the solid which stands on A B C D E, let 
perpendiculars be drawn upon the plane ABCDE, and let P be 
the foot of one of these perpendiculars. Draw P N perpendi* 
cular to A B, and let a 6 be cut at n similarly to A B at N, and 
draw the perpendicular p n such that pn:PN::a&:AB. Then 
p and P are homologous points in the similar figures ABODE 
and abcde. 

From the point p let a perpendicular to the plane abcde be 
drawn, such that it shall have to the perpendicular, whose foot 
is P, the ratio a6 : AB. The end of the perpendicular thus 
drawn will determine that vertex of the solid to be constructed, 
which is homologous to the vertex of the given solid from which 
the perpendicular P is drawn. 

In the same manner each of the other vertices of the required 
solid b determined. 
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« The similarity of the solid thus constracted with the given solid 
will easily aopear from the results of (1%) et seq. 

(141) It snould be observed, that in this book we confine 
our investigations to what are called convex polyedrons^ or those 
which have no solid angles whose vertices are presented inwards. 
The most distinct test of a convex figure, whether plane or 
solid, is, that its perimeter or sur&ce can be only intersected by 
a right line in two points. 

(142) Def. — The solid fieure included between two parallel 
planes intersecting a pyramid is called a truncated pyramid. 

Proposition XXV. 

(143) The volume of a truncated pyramid is equal to 

the sum of the volumes of three pyramids 
having the same altitude as the truncated 
pyramid, and whose bases are those of the 
truncated pyramid and a mean proportional 
between them. 

This proportion is most simply investigated by the aid of alge- 
braical notation. Let a, a be homologous sides of the similar 
bases (119) of the truncated pyramid. The squares of these 
lines are as the areas of the bases, or the square of each line 
bears the same ratio to the area of the base of which it is a side. 
Hence if m be such a number that m a^ is equal to the one base, 
m a • will be equal to the other. Now, suppose the sides of the 
truncated pyramid produced till they meet so as to complete the 
pyramid, and let a perpendicular be drawn from the vertex to 
the parallel bases of the truncated pyramid. Let the length of 
this perpendicular drawn to the greater base be h^ and to the 
lesser h\ The volume of the pyramid having the greater base 
ma^ is then \hma^ (127), and that of the lesser 4 Vma'«, and 
therefore the volume of the truncated pyramid is ^hma^ — 
i A' ma« = I m (Aa« — A'a'«). But (122) A : A' : : a : a', and 
hence we easily infer 

h a hf of 

h '" h! a — d^ h— h' a-^ d ' 

Now let V be the volume of the truncated pyramid 

divide these equals by A — h\ and we find \ 
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^ . a — a' A — A' 
' But h — h'uibe altitude of the truncated pymmid. Call this 
H ; and if a" — a"* be divided by a — a', the quote is a' -f, 
fi.o.' + a"*. Hence we have 

or iHm^ + ^Hfna'^+iHmaar=V. 

Now m o^ is the greater base, and 4- H m o^ is the volume of a 

rmid whose base is m o^ and whose height is H, or that of 
truncated pyramid. In like manner ^ H fn a" is the volume 
of a pyramid whose base is the leaser base m a'' of the trun- 
cated pyramid, and whose height is H, that of the truncated 
pyramid; and, lastly, ^Umaa' is the volume of a pyramid 
whose base is ma a' (a mean proportional between m O' and m o^) 
and whose altitude is H, th^ of the truncated pyramid. 

Proposition XXVI. 

(144) The volume of a solid induded by two planes 
intersecting the sides of a triangular prism, is 
equal to the sum of the volumes of three 
pyramids whose common base is either of the 
sections, and whose vertices are the vertices 
of the angles of the other section. 

If the two intersecting planes be parallel, the solid is a trian- 
gular prism, and the three pyramids are equal, and hence the 
proposition becomes identical with (126). 

If the planes be not parallel, let the triangular sections be 
A B C and a 6 e. Draw the plane B C a. This ^ 
divides the solid into the pyramid ABCu, and 
the solid o6cBC. Draw the plane o 6 C. 
This divides the latter solid into two pyramids, 
whose bases are bcC and B C 6, and of which a 
is the common vertex. The pyramid whose 
base is B C 6 and vertex a is equal to that with 
the same base B C 6 and vertex A ; because a A 
b parallel to the plane BCb, and therefore the 
two pyramids have equal altitudes. But the 
pyramid ACaB is that which is on the base ABC, and has 
the vertex a. Hence, in like manner, the pyramid Cach is equal 
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to C b c A, for they have the same base Cbc and equal altitudes, 
since A a is parallel to that base. But the pyramid AbcC is 
equal to the pyramid A B c C, for they have the same base A c C 
and equal altitudes, since B 6 is parallel to that base. Hence 
it appears that the three pyramids A B C a, AC cb, and BaCb, 
into which the solid is resolved by the planes BaC and abC 
through the vertex a, are respectively equal to three pyramids, 
of which A B C is the base, and whose vertices are at the 
points a, 6, c 



BOOK III. 



Of the Regular Solids. 

CHS) Dep. — A regular solid is one whose faces are 
equal regular polygons, and whose solid 
angles are equal. 

Proposition XXVII. 

(146) There cannot be more than five regular solids, 

1^. Let the faces be equilateral triangles. A solid angle may 
be formed by three, four, or five plane angles, each of which is 
two thirds of a right angle. But six or more angles of this mag- 
nitude would be equal to or greater than four right angles ; and, 
consequently, could not form a solid angle. The number of 
regular solids, therefore, whose faces are triangular cannot 
exceed three. 

2°. Let the faoes be squares. A solid angle may be formed 
of three right angles, but not of a greater number. Wherefore 
there is but one regular solid with square faces. 

3^. Let the faces be pentagons. A solid angle may be formed 
of three angles of a r^ular pentagon ; for the magnitude of one 
is six fifths of a right angle, and therefore the aggregate ma^i- 
tude of three such angles is ^ of a right angle, or three t^ht 
angles and three fifths, which is less than four right angles. But 
four or more such angles will be evidently greater than four right 
angles, and therefore cannot form a solid angle. Hence there 
cannot be more than one regular solid with pentagonal faces. 

4^. If the faces were hexagons the angles would be four thirds 
of a right angle, and three such angles would be equ€d to four 
right angles, and therefore could not form a solid angle ; and it 
is evident tihat no greater number of such angles than three 
could form a solid angle. If the faces were polygons with more 
than six sides their angles would be greater man those of a 
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regular hexagon, and similar observations would be applicable. 
Hence no regular solid can have faces with more sides than five. 
Hence we infer 

1^. That there cannot be more than five regular solids. 

2^. That three of these have triangular faces, one square faces, 
and the remaining one pentagonal faces. 

3^. That the solid angles of the three regular solids with trian- 
gular faces, are formed of three, four, and five plane angles, and 
that the solid angles of the others are formed of three plane 
angles. 



Proposition XXVIIl. 

(147) To construct a regular solid, whose faces are 

triangular, and whose solid angles are con- 
tained by three plane angles. 

From the centre O of an equilateral triangle A C B draw a 
perpendicular O P to its plane, and on this perpen- 
dicular froni the points A, B, C inflect lines A P, B P, 
C P equal to the side of the equilateral triangle. It is 
evident that these lines will meet the perpendicular in 
the same point P. A pyramid will thus be formed on 
the base ABC, having its vertex at P, the four faces 
o€ which will be equu equilateral triangles. This is therefore 
the regular solid required. 

This solid is therefore the regular tetraedron. . . 

(148) Cor. 1. — It is evident that each pair of faces of the 
tetraedron form the same angle. The magnitude of this angle 
may be easily calculated by spherical geometry and trigono* 
metry, (160). It is, in fact, the angle of an equilateral sphe- 
rical triangle, whose side is GOP, The calculation is as follows. 
Let the angle be A, we have then 

cos a — cos A sin 6 sin c — cos b cos = 0. 

See my Trigonometry (181), first formula of [1]. 

In this let a, 6, c be supposed to be each = 60^ Since 

1 aTs" 

cos GOP = -^ and sin 60® = — — — the formula becomes 

— COS A . -^ ^ = 0, •.• cos A = — . 

Hence the angle under each pair of faces is one whose cosine is 
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-^ , or it is the greater acute angle in a right angled triangle, 

one side of which is one third of the hypotenuse. 

(149) Cor. 2.— The volume of a regular tetraedron may now be 
determined numerically. Let the edge be the unit. The radius 

O A of the circle which circumscribes the base will be — . This 

line, the edge A P, (which is = 1,) and the perpendicular O P, 
form a right angled triangle. Hence the perpendicular is 

V 1 q" ^ V "o^' Th® area of the base is — ^; one 

third of the product of this and the perpendicular is then 

^3 /2" 1 1 

"4" ^ V 3" ^ "3" ~ 6 — 17^' which expresses the proportion 

of the tetraedron to a cube constructed with an equal edge. 

Proposition XXIX. 

(150) To construct a regular solid with triangular 

faces^ and whose solid angles are formed by 
four plane angles. 

Construct a square A B C D^ and through its centre O draw a 
perpendicular, producing it on both sides of the 
plane of the square. From the points AB CD 
inflect on this perpendicular , at both sides of 
the planes, lines equal to the side of the square. 
It is evident that those which are on the same 
side of the plane will meet the perpendicular at 
the same point. Let these points be P and P^ 
Two pyramids will thus be constructed on opposite sides of the 
square, and the lateral faces of each of these pyramids will be 
the equilateral triangles constructed on the sides of the squarCi 
These two pyramids united form a regular solid with eight trian^ 
gular sides, and of which the square is a diagonal plane. 

This solid is therefore the regular odaedron, 
(151) CoR. 1.— To determine the inclination of the planes of 
each pair of intersecting faces, let them be considered as two 
sides of a solid angle of the pyramid whose base is the square. 
This solid angle is then formed by three plane angles, two of 
which are 60°, and the third a right angle. In the formula used 
in (148), let a = 90^ i6 = c = 60°, and it becomes ^ 

4 3 1/. 4 ^ 

— cos A . -T J- =0, • .• cos A = — T-. 

4 4 3j 
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Hence A is ao obtuse angle whose cosine is -^» or it is the 

external angle to the greater obtuse angle in a right angled 
triangle, one side of which is a third of the hypotenuse. 
(152) Cor. 2. — Hence it appears that the angle under the 
adjacent planes of the regular octaedron, is the supplement of 
the angle under the adjacent planes of the regular tetraedron. 
f 153) Cor. 3. — If three faces of the octraedron whose bases 
form the sides of the same face, (such as ADP, B CP, AFB,) 
be produced through those sides until they form a solid angle, 
the produced parts will form a regular tetraedron with the face 
through whose sides they are produced. 

(154) Cor. 4. — Each pair of faces of the octaedron (A P B, 
D P^ C,) which are constructed on opposite siides, A B, D C of 
the square, and also on opposite sides of its plane are parallel. 
For the alternate angles which their planes form with that of the 
square are equal. 

(155) CoR. 5. — If the planes of three faces which are terminated 
in the sides of any one face A B P be produced until they form a 
solid angle, and also until they meet the plane of the face D C P 
which is parallel to AB P produced , they will with it form a re- 
gular tetraedron circumscribing the octaedron. Each face of 
wis tetraedron will be divided into four equal equilateral 
triangles, by the face of the octaedron by whose production it is 
formed. 

Hence it follows that the whole surface of the tetraedron is 
equal to sixteen times one of the faces of the octaedron* and 
these to double the whole surface of the octaedron. 

It appears, therefore, that if the four comers be cut from a 
regular tetraedron by planes through the points of bisection of 
every three conterminous edges, the remaining figure will be a re- 
gular octaedron. Since each pyramid which is thus cut off is simi- 
mr to the whole, and the edges are in the proportion of 1:2, the 
volumes are as 1 : 8. Therefore each of the four pyramids is equal 
to an eighth of the original pyramid, and to a fourth of the 
octaedron which remains after their removal. 

(156) Hence it appears, that the volume of a regular octaedron 
whose edge is 1, is half the volume of a regular tetraedron whose 
edge is 2. But by (149) the volume of a tetraedron whose edge is 1 is 

-: — jr=. And since a similar solid whose edge is 2 has eight 

times the volume (137), it follows that the volume of a tetraedron 

8 2 a/ 2 

whose edge is 2 is ^ — p=, or — s — . Hence the regular octae^ 
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dron whose edge is 1 is ■ «> % The volumes of an octaedron and 
cube constructed on the same edge are therefore as V^ : 3. 

Proposition XXX. 

(157) To construct a regular solid with triangular 
faces and whose solid angles are formed by 
five plane angles. 

Let a r^ular pentagon A B C D E be constructed, and through 
its centre let a perpendicular 
to its plane be drawn. From 
the points A, B, C, D, E, re- 
spectively^ let right lines equal i^ — ^^: 
to the side of the pentagon be V^^ ^\^ 
inflected on this perpendicu- V c' v ^ V 
lar. Since the side of a re- 
gular pentagon is greater than the radius of its circumscribing 
circle, these lines will meet the perpendicular below the plane 
of the pentagon ; and since the lines so inflected are equal, they 
will meet the perpendicular at the same point P so as to form a 
regular pentagonal pyramid. The solid angle P at the vertex of 
this pyramid will be then formed of five plane angles, each of 
which is two thirds of a right angle. Two of the plane angles 
which form each solid angle at the base of the pyramid, have evi- 
dently the same inclination as any two of the plane angles which 
form the solid angle P, being, in fact, the same planes. Hence 
the solid angles A, B, C, &c. at the base may be considered parts 
of solid angles equal to P formed by five plane angles, the part 
included by three of the plane angles being cut oS* by the plane 
angle of the base of the pyramid. 

On each side of the base of the pyramid let an equilateral 
triangle be constructed, so that its plane shall be inclined to the 
adjacent lateral face of the pyramid at the same angle as 
any two of the adjacent lateral faces ; that is, so that the angle 
under the planes ABC and A B P shall be equal to the angle 
under any two adjacent planes ' containing the angle P, and so 
that the same may be true of the planes B C D' and B C P, 
CDE'andCDP, &c. 

Hence it follows, that at each of the vertices A, B, C, &c. of 
the base of the pyramid there are four angles each two thirds of 
a right angle, and which are united at the same inclinations as 
four of the angles which form the solid angle P. It follows, 
therefore, that the angle C B IK included between the conter- 
minous sides (BC, BD') of two equilateral triangles ABC, 
C B D^ constructed upon conterminous sides of the pentagonal 
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base must be an angle of an equilateral triangle, so placed that if 
its plane be supposed to be drawn it will complete the solid angle 
B, and render it equal to P. The same conclusion is obviously 
applicable to each of the other angular points of the base. 

We have thus a figure formed having a solid angle at P 
formed of five angles of equilateral triangles, having ten equi- 
lateral triangular faces, and a serrated edge or boundary 
A C^ B D' C E^ &c., the planes of the angles being so disposed 
that if the gaps C B D', D^ C E', &c. be filled up, solid angles 
will be formed at A, B, C, &c. equal to P. 

Let another figure in every respect equal and similar to this 
be formed, the corresponding points being marked by the small 
letters a, 6, c, . • . . o', ^, (/, &c. Let the point d be placed upon 
B, and the sides c'a, d h^ upon the equal sides B C, BD' of the 
equal angle C B D'. It is evident that the points a and b will 
coincide with C and D' respectively. Thus the angle ad h 
inserted in C'B D' will complete the solid angle B, which will 
then be equal to P. 

The plane of the angle D' B C has been already proved to be 
inclined to that of D'B C at the same angle as any two adjacent 
plane angles of P, and the same is true of the planes of the 
angles adh andc'&c2'. Since then the plane ac^h coincides 
with C'BD', and the planes dbd! and BD'C are equally 
inclined to that plane, the plane dbd! must coincide witn 
B D' C. Since the line B D' coincides with d h, and the angles 
B D^ C and d b d' are equal, and in the same plane, the^ point d^ 
must coincide with C. In the same manner we may prove that 
the points c, e\ &c. coincide with E' D, &c. ; and we may prove 
that each of the solid angles at these points is equal to F, as we 
have already proved of the solid angle B. 

Hence it appears, that by the union of the two shells formed 
of ten equilateral triangles in the manner already described, 8 
regular solid with twenty triangular faces is formed* 

This solid is called the regmar icosaedron. 
(158) CoR. — To determine the inclination of the planes of each 
pair of intersecting faces. The edges B A, B C, and B P form a 
solid angle, the two plane angles P B A and P B C being those 
whose inclination is sought. Applying the formula used in the 
former cases, let a, by and c be the plane angles ABC, P B C, 
and P B A. Hence a c= 108° (the angle of a regular pentagon,) 
i6=:c==60^ Hence, 

3 1 

cos 108® - cos A . 7- = 0, 

4 4 

4 CDS 108° - 1 4 cos 18"^ + 1 
...cosA= -^ ___ == « __ . 

The valub of A may hence be found by the aid of tables. ' 
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Proposition XXXI. 



(159) To construct a regular solid with square faces. 

This is, obviously, a rectangular parallelopiped whose base is a 
square, and whose altitude is equal to the aide of the base. 
The regular hexaedron is therefore the cube. 



Proposition XXXII. 

(160) To construct a_ regular solid with pentagonal 

faces. 

Let AQCDE be a regular pentagon. From the vertex A' 
draw the line A a equal to the side of ^ 

the peuta^n, and inclined to A B and 
A E at angles equal to the angle of the 
pentagon. The solid angle formed by the 
three lines which meet at that point ia 
one of the angles of the required solid, 
formed by the three pentagonal angles 
a A B, a A £, and B A E. In the same 
manner, let the lines 3 b, C c, &c. be 
drawn from each of the angles of the pen- 
tagon forming solid angles of the same kind at the points B, C, D, 
8ic. Let the pentagon, of which a A B 3 are three sides, be eom- 
pleted, and in the same manner let each of the other pentagons 
on the sides of the base ABODE be completed. We shall 
thus have a shell with six regular and equal pentagonal faces, and 
a serrated edge, aC'AD'c, &c. The adjacent planes forming 
several pentagonal faces, are inclined each to each at the same 
angle ; and it may be proved in the same manner as in (157), 
that if a plane be drawn through the an^e C bD', a solid angle 
will be formed at b equal to those at A, B, C, &c. As in (157), 
let another shell in every respect equal and similar to this be 
constructed, and let them be united at their serrated edges. It 
will follow by the reasoning used in the former case, that the 
several solid angles which will be formed at a, C, b, D', &(5. will 
be equal to those at A, B, C, &c. 

Hence by the union of those two shells with six pentagonal 
faces, a regular solid with twelve pentagonal faces is formed. 

This solid is called the regular dodecaedron. 

(161) Cos. — To determine the inclination of the planes, we have 
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each solid angle formed by three plane angles of 108°. In the 
formula used in (148), let a = 6 = c = 108®, and it becomes 

cos_108° - cos A 8in« 108° - cos« 108« = 0, 

_ cos 108° (1 - cos 108°) _ cos 108° 
• .• cos A - J _ ^^^^ ^^g^ "" I 4- cos 108°* 

sin 18° 
•.•cos A cs — 



1 - sin 18°* 



'^6 — 1 

But sin 18° = — J . (See Trigonometry (354).) Hence 

sin 18° VfiT- 1 6 — ^T 



I 


- sin 18° 


mmm 


4 


5 






=: 


>/5- 1 
5- V^"" 


1 
V5' 




' cos A = 


. 


1 





Hence if a right angled triangle be oonstructed in which the square 
of one side is one fifth of the square of the hypotenuse, the 
angle opposite to the other side will be the supplement of the 
angle A. 



BOOK IV. 



On the Cylinder, the Cone, and the Sphere. 

(162) — Def. a cylinder is a solid produced by the revolution 
of a rectangle A B C D, (fig. (Art. 172)) which is conceived to 
turn on the immovable side A B as an axis. 

(163) By this motion the sides B C and A D move in planes 
which are perpendicular to A B, and their extremities C and D 
describe circles in those planes with the points B and A as centres, 
and the lines BC and AD as radii. The. side D C evidently 
describes a surface concave towards the fixed central line A B. 

(164) What has been just stated of the sides B C and A D is 
equally true of any other line perpendicular to A B, which 
also moves in a plane perpendicular to AB, and its extremity 
describes a circle on that plane, and whidi circle is also on the 
surface of the cylinder. Hence it follows, that every section 
of the cylinder perpendicular to the line A B is a circle equal to 
the circular ends A and B. 

(165) Def. — ^The line A B is called the oa^ of the cylinder, 
and die circular ends are called its bases, 

(166) CoR. L — Every section of a cylinder by a'plane through 
tike axis is a rectangle equal to twice the generating rectangle 
ABCD. 

(167) Cor. 2. — If from any point C in the circumference of the 
base of a cylinder a straight line be drawn perpendicular to the 
plane of the base, that line must be in the cylindrical surface. 
For it coincides with the side of the generating rectangle when 
the extremity of that line is at the point C. 

(168) Cor. 3. — ^The right line C D is the intersection of the 
cylindrical surface with every plane through C parallel to the 
axis A B or perpendicular to the base. Hence it appears, that 
the intersection of a cylindrical surface, and a plane which is 
parallel to its axis, is a right line parallel to the axis ; or, as the 
plane will meet the cylindrical surface twice, it intersects it in 
two right lines parallel to the axis, and therefore to ^ach other. 

t2 
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The intersections of this plane with the bases of the cylinder 
are parallel to each other and perpendiculnr to the 
axis, and therefore also perpendicular to the inter- 
sections with the cylindrical surface. Hence the ' 
entire intersection of the plane with the cylinder is 
a rectangle, whose sides are parallel and perpendi- 
cular to the axis. 

(169) Cob. 4— It is evident from (167) that a 
right hne drawn through any point in the cylindrical 
surface parailel to its axis is wholly in the surface. 
(170J DsF. — Such a line is called a. side of the cylinder. 



m 



Proposition I. 



(171) If a plane A B C D be drawn through the axis 
of a cylinder, and another at right apglea 
F C D Q to this and passing through the side 
C D, the plane F C D G will be entirely out- 
side the cylindrical surface except in the line 
C D in which it meets it. 



For let any other plane A I H B be drawn through (he 
axis of the cylinder intersecting the plane 
F C D G. In the right angled triangle A D I 
the hypotenuse A I is greater than the side 
AD. Since A I is greater than the radius 
of the circular base, the point I must be 
outside the cylinder, and the same maybe proved 
of H, and every point in the line HI, and, in 
general, for every line in the plane FCDG 
parallel to C D. Hence every part of the plane 
except the line C D lies outside the cylinder. 

(172) Dep.— Such a plane is called a tan- 
gent plane to the cylindrical surface. 

(173) CoR, 1. — Hence all tangent planes are parallel to tta 
axis, and their lines of contact are sides of the cylinder. 

(174) CoR. 2. — Tangent planes which pass through the extremi' 
ties of the same diameter of the base are parallel, and Die 
versd. 

(175) If the base of a cylinder be divided at three or moC 
points, and sides be drawn through these points, and produced 
to the opposite base, these sides will divide the opposite biw 
similarly with the first ; and if planes be drawn through evaj 
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pair of adjacent sides, these plaDes will form a 
prism whose sides are those of the cylinder passing 
through the points of division, and whose bases are 
formed by the chords of the arcs into which the cir- 
cular bases of the cylinder are divided. Such a 
frism is said to be inscribed in the cylinder. 
L76) If several planes touch the same cylinder 
intersecting each other, and also the planes of the 
bases of the cylinder produced, their intersections 
with the planes of the bases will be tangents to the bases them- 
selves, and the planes may be so disposed, that 
these tangents shall form polygons circumscribing 
the bases. Hence a pnsm will be formed of 
which the tangent planes are lateral ^ices, and the 
polygons are bases. 

Such a prism is said to Hrcumscribe the 
cylinder. 

(177) It is evident, that both the volume and 
turface of a cylinder are greater than those of 
any inscribed prism, and are less than those of any 
circumscribed prism, 

(178) This observation Js applicable to the surfaces, whether 
the bases be considered as parts of them or not. 

(179) It is also evident, that as the number of sides of the 
inscribed or circumscribed prism is increased, the difference 
between its volume or surface and that of the cylinder is dimi- 
nished, and that the sides may be so increased m number as to 
render this difference less than any given magnitude. 




Proposition II. 

(180) -If a cylinder and right prism have equal bases 
and altitudes, they will have equal volumes. 

Let V be the volume of the cylinder, and V that of the prism. 
If they be not equal, V must either be greater or less than V. 

First Let V be greater than V. Let a prism be inscribed 
in the cylinder V, such that the difference between its volume 
and that of the cylinder shall be less than the difference between 
V and V, and let the volume of this prism be P. It follows 
that P is greater than V ; but since these prisms have equal alti- 
tudes, the base of P must be greater than the base of V', and 
therefore greater than the base of V. But the base of P is a 
polygon inscribed in the base of V, and therefore cannot be 
greater than the base of V ; hence the volume V cannot be 
greater than V. . 
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Secondly. Let V be kss than V. Let a prigm be ' circuiii- 
scribed round the cylinder V, such that the difierence between it 
and the cylinder shall be less than the difference between V 
and V, and let the volume of this prism be P. Then V is 
greater than P, and therefore the base of V is greater than the 
base of P, and hence the base of the cylinder is greater than 
that of its circumscribed prism, which cannot be. Hence V 
cannot be less than Y\ and since it can neither be greater than 
V, or less, they must be equal. 

(181) CoR. 1. — Hence the volume of a cylinder is expressed 
numerically by the product of its base and altitude. 

(182) Cor. 2. — Let a be the altitude of a cylinder, and r the 
radius of its base, and let v be the number which expressed the 
approximate ratio of the circumference of a circle to its diameter. 
Then the area of the base is ir r% and the volume of the cylinder 
is Ttr'^a, 

(183) Cor. 3. — Since the areas of circles are as the squares of 
their radii, or diameters, it follows that the volumes of cylinders 
are as the products of their altitudes and the squares of their 
diameters, or in a ratio compounded of their altitudes and the 
squares of their diameters. 

(184) Cor. 4. — ^The volumes of cylinders with equal bases 
are as their altitudes, and those with equal altitudes are as their 
bases. 

(185) Def. — Similar cylinders are those whose altitudes are 
proportionial to their diameters. 

(186) Cor. 1. — ^The volumes of similar cylinders are as the 
cubes of their altitudes or diameters. 

(187) CoR. 2. — In equal cylinders the bases and altitudes are 
reciprocally proportional, and vice versd. 

(188) Cor. 3. — In equal cylinders the altitudes are inversely 
as the squares of the diameters, and vice versd* 

Proposition III. 

(189) If a cylinder and right prism have equal alti- 
tudes and isoperimetrical bases, they will 
have equal convex surfaces, 

(By the convex surfaces is meant those parts of the surfaces 
which are included between the bases.) 

Let S be the surface of the cylinder, and S' that of the prism. 
11 these be not equal, 

1®. Let S be greater than S', and let a prism be inscribed in 
the cyHnder, such that the difference between its surface and 
that of the cylinder shall be less than the difference between S 
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and S', and let the surface of the prism be P. Hence P is 
greater than S', and therefore the perimeter of the base of P is 
greater than that of S', or than that of the given cylinder ; that 
is, Uie perimeter of a polygon inscribed in a circle is greater than 
the titcle itself, which is absurd. 

2P, Let S be less than S' ; by reasoning precisely similar to 
that used in Prop. II. we may prove, that if this were the case, 
the perimeter of a polygon circumscribed round a circle is less 
than that of the circle itself. 

Hence it follows that S and S' are equal. 

Propositi OK IV. 

(190) The cylindrical surface of a cylinder is equal to 
the rectangle under its altitude and the cir- 
cumference of its base. 

For it is equal to a prism with an isoperitaetrical base, (189). 

(191) Cor. 1. — ^A cyHndrical surface is represented numeri- 
cally by the product of its ^altitude into the circumference of 
its base. 

(192) Cor. 2. — Let a and r represent the altitude and radius, 
as in (182). Then S = 2 ir r a. 

(193) Cor. 3.-^Since the circumferences of circles are as their 
diameters, cylindrical surfaces are as the rectangles under their 
altitudes, and the diameters of their bases. 

(194) Cor. 4.-— Cylindrical surfaces with equal bases are as 
their altitudes, and with equal altitudes are as the circumferences 
of their bases. 

(195) CoR. 5. — ^The surfaces of similar cylinders are as the 
squares of their diameters or altitudes. 

(196) CoR. 6. — In equal cylindrical surfaces the diameters and 
altitudes are reciprocally proportional, and vice versd. 

(197) Def. — ^A cone is a srfid produced by the revolution of 
tihe hypotenuse of a right angled triangle about one of the sides 
as a nxed axis. 

Let PB be the hypotenuse, and PA the fixed axis. The 
side A B moving in a plane at right angles to P A 
describes in that plane a circle B M N. This circle 
is called the base of the cone. A convex surface, 
called the conical surface^ is described by the motion 
of the hypotenuse ; and as this line, in all its suc- 
cessive positions, must be entirely in the conical 
surface, it follows that every right line drawn from 
P to a point in the circumference of the base must 
be entirely in the conical surface. 
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The point P is called the vertex, and every ri^ht line drawn 
from that point to the circumference of the btwe is called a aide 
of the cone. 

(198) Def. — The line PA is called the axia of the cone. 

(199) CoH. I. — It is evident, therefore, that if any plane pass 
ttirongh the vertex and intersect the conical surfaces, the inter- 
sections will be two sides of the cone ; and as the intersection 
with the base will be a chord of the circle, the whole intersectioD 
will be a triangle M P N. 

(200) Cor. 2.— What has been observed of the base A 6 of the 
generating triangle, is also applicable to any perpendicular G H 
to the axis terminated in the hypotenuse of the generating 
triangle. Such a line G H moves in a plane perpendicular to 
P A, and its extremity H describes a circle. Hence it follows, 
that every section of a cone by a plane parallel to the base is a 
circle, the centre of which is in the axis, and the radius G H of 
which is to that A B of the base, as their distances from the 
vertex, that is, as P G : P A. 

Pboposition V. 

(201) ' If a plane P A B be drawn through the axes of 
a cone intersecting the conical surface in the 
side P B, and through P B another plane 
C B P D be drawn at right an^es to the 
former, this plane will lie entirely outside the 
conica] sur&ce, except in the line P B, in 
which it meets it 

For let any other plane P A H be drawn throu^ the axis P A 
and intersecting the plane CBPD. In the r^ht 
angled triangle AB H the hypotenuse AH is 
greater than the side A B or the radius of the base, 
and therefore the point H lies outside the base. 
The same may be proved of every section parallel 
to the base, and therefore it follows that the plane 
C B P D meets the conical surface only in P B, x 
lying elsewhere wholly outside it. 

(202) Def. — Such a line is called a tangent 
plane .to the conical surface, which it touches in 
the line PB. 

(203) Cob. 1. — Hence all tangent planes pass through the 
vertex, and the lines of contact are aidet of the cone. 
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i(204) If the circumference of the base be divided at three or 
more points, and lines be drawn from these to the vertex P, as 
also lines joining the points of division so as to form a polygon 
inscribed in the base, these lines will form the edges of a pyramid 
whose base is the polygon inscribed in th'e base, and whose sides 
are the lines drawn to the vertex, and all of which are sides of 
the cone. Such a pyramid is said to be inscribed in the cone- 

(205) If several tangent planes be drawn to the same cone in- 
tersecting each other, and also the plane of the base of the cone 
produced, their intersections with the plane of the base will be 
tangents to the base itself, and the planes may be so disposed 
that these tangents shall form a polygon circumscribing the base. 
This polygon will be the base of a pyramid whose lateral faces 
are the tangent planes. Such a pyramid is said to circumscribe 
the cone. 

(206) It is evident that both the volume and surface of the cone 
are greater than those of any inscribed, and less than those of 
any circumscribed pyramid. 

This observation is applicable to the surfaces whether the bases 
be parts of them or not. 

(207) It is also evident, that the number of sides of the bases of 
the inscribed or circumscribed pyramid may be increased until 
the difference between its volume or surface and that of the 
cone shall be less than any given magnitude. 

Proposition VI. 

(208) If a cone and pyramid have equal bases and 
equal altitudes they wiU have equal volumes. 

This proposition is proved in exactly the same manner as 
(ISO). In fact, the same words may be used here, changing 
cylinder into cone, and prism into pyramid. 

(209) CoE. 1. — Hence the volume of a cone is expressed nu- 
merically by one-third of the product of the base and altitude. 

(210) CoR. 2. — ^A cone is one-third of a cylinder on the same 
base and in the same altitude. 

(211) CoR. 3. — If a be the altitude, and r the radius of the 
base, ^ gr r« a is the volume (182). 

(212) CoR. 4. — ^The volumes of cones are as the rectangle 
under their altitudes, and the diameters of their bases. 

(213) Def. — Simitar cones are those whose axes are as the 
radii of their bases. 

(214) Cor. 5. — ^The volumes of similar cones are as the cubes 
of their altitudes or diameters. 
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{215) Cor. 6.<— Cones with equal bases are as their altitudes, 

and with equal altitudes are as their bases. 

{216) Cor. 7.— -If the volumes of cones be equal, their bases 

and altitudes are reciprocally proportional, and vice versd* Also 

if the volumes be equal, their cdtitudes and the squares of the 

diameters of their bases are reciprocally proportional, and vice 

versd. 

Proposition VII. 

(217) The surface of a circumscribed pyramid, ex- 

clusive of its base, is equal to half of the 
rectangle under the side of the cone and the 
perimeter of the base. 

For let P B (fig. Art. (201)) be the line of contact of one of the 
triangular faces, and let E C be the corresponding side of the base, 
and r A the axis of the cone. The plane r A B is perpendicular to 
the plane of the base, and also to the plane D B C. Hence the 
intersection E C of these planes is perpendicular to the plane 
P A B, and therefore perpendicular to P B. Hence the area of 
the triangle E P C is equal to half of the rectangle under the side 
PB of the cone, and the side E C of the polygonal base of the 
pyramid. The same being true for every triangular face of the 
pyramid, it follows that the sum of its triangular faces is equal 
to half the rectangle under the side of the cone, and the peri- 
meter of the base of the pyramid. 

(218) Cor. — Hence the surfaces of circumscribed pyramids are 
as the perimeters of their bases. 

Proposition VHI. 

(219) A conical surface is equal to half of the rectan- 

gle under the side of the cone and the cir- 
cumference of its base. 

If the conical surface be not equal to half this rectangle^ let 
any other conical surface having the same vertex and axis and its 
base on the same plane be equal to it. The base of this other 
cone being concentrical with that of the given one^ must be either 
contained within the base of the given cone^ or must contain the 
base of the given cone within it. 

First. Suppose that it is contained within the base of the 
given cone. Let the surface of the given cone be S, and let the 
side of the given cone be s, and the circumference of its base c. 
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The surface of the lesser cone will then be ^ » x c. Let a poly- 
gon be circumscribed round the base of the lesser cone, so as to 
be contained within the base of the greater. If this polygon be 
the base of a pyramid circumscribing the lesser cone, its surface 
will be ^y X c', (/ being the circumference of its base, and s' the 
side of the lesser cone ; and this surface will be greater than that 
of the lesser cone, and less than that of the greater ; that is, 
^ s^ X (/ is greater than ^s x c> and less than S. But «' the 
side of the lesser cone is less than s, the side of the greater, and 
c/ the perimeter of the included polygon is less than c the cir- 
cumference of the circle which indudes it. Therefore J «' x c' is 
iess than j^s x c; but it was already proved to be greater than 
it, which is absurd. Therefore the base of the cone whose sur- 
face is equal to ^ s x c is not contained within that of the given 
cone. 

Secondly. Let it contain the base of the given cone within it. 
Let a polygon be circumscribed round the base of the given cone, 
so as to be included within the greater base. As before, let this 
polygon be the base of a pyramid circumscribing the given cone, 
and let the circumference of the base of this pyramid be d, its 
surface will then be ^ « x <?'» and that of the greater cone which 
includes it, and is therefore greater than it, is ^s x c. But </ the 
perimeter of the polygon is greater than c the circumference of 
the circle which it circumscribes ; and therefore ^ ^ x c' is greater 
than j^ 9 X c, the contrary of which has just been proved. Hence 
the base of the cone whose surface is equal to is yc c can neither 
be within nor without that of the given cone, and therefore must 
coincide with it. The surface of the cone is therefore equal to 
half the rectangle under its side, and the circumference of its 
base. 

(220) Cor. 1. — ^The surface of a cone is represented numeri- 
cally by half the product of its side, and the circumference of 
its base. 

(221) CoR. 2. — The surface of a cone is half that of a cylinder 
on the same base and with an equal side. 

(222) Cor. 3. — If a be the side, and r the radius of the base, 
the surface = gr r a. 

(223) Cor. 4. — Conical surfaces are as the rectangles under 
tibeir sides and the diameters of their bases. 

(224) Cor. 5. — Conical surfaces with equal sides are as the 
diameters of their bases, and those with equal diameters are as 
their sides, 

(225) Cor. 6. — Similar conical sur&ces are as the squares of 
their sides^ or the diameters of their bases. 

(226) CoR. 7. — Equal conical surfaces reciprocate theu" sides 
and diameters. 
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{227) Cor. 8. — ^The surface of a cone is equal to a triangle 
^hose altitude is the side and whose base is the circumference of 
the base ; or it is equal to the area of a sector whose radius is 
the side, and whose arc is the circumference of the base, 

« 

Proposition IX. 

(228) The volume of a truncated cone is equal to the 
sum of the volumes of three cones^ having 
the same altitude as the truncated cone^ and 
having bases two of which are equal to those 
of the truncated cone, and the third is a mean 
proportional between them. Also the conical 
surface is equal to the rectangle under the 
side, and half the sum of the circumferences 
of the bases. 

The first part is evident from (143) and (208\ 
Suppose the truncated cone completed. Let tne entire side be 
S, and let that which belongs to the upper part be S', and let 
the corresponding circumferences be C and C, the surface will 
then be i (S X C - S' x C). But S : S' : : C : a,and S - 
S' := OP, X being the side of the truncated cone. By the propor- 
tion we easily obtain 

S:=_^(S.SO= ^" 



C - C ^ - y , C - C * 
and hence we find 



C - C 



Substituting these values of S and S' in the expression for the 
surface it becomes 

* (^3^) * = i (C + CO a:. 

that is, the rectangle under the side x, and half the sum of the 
circumference of the bases. 

(229) ScHOL. — The several results to which we have arrived, 
respecting cylindrical and conical surfaces, may be obtained by 
a more expeditious and obvious process ; although, perhaps, not 
so rigorous an one as might be desired. It is evident, if a rect* 
angle, whose base is equal to the circumference of the base of a 
cylinder, and whose altitude is equal to the side of the cylinder. 
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be described upon a thin flexible plane surface such as paper ; 
and the side of this rectangle, which is equal to that of the 
cylinder, be applied to it, the rectangle may be rolled round the 
cylinder so as to cover it exactly. Thus it appears, that a cylin- 
drical surface is nothing more than a plane rectangle which is 
bent into a round form in one direction. This illustrates the 
result of (190). 

Again, if a circular sector be similarly described on paper, so 
that its radius shall be equal to the side of a cone, and its arc 
equal to the circumference of the base ; this sector may be rolled 
upon the conical surface, so as to cover it exactly in the same 
way as with the cylinder (227) . 

Cylindrical and conical surfaces belong to an extensive class 
of surfaces which are distinguished by the general property to 
which we have just alluded, viz. that a plane flexible surface may 
be applied to them, so as exactly to fit them, or to be in every point 
in contact with them. Such surfaces are called by the general 
name of developable surfaces^ and form an important part in the 
higher departments of geometry. 

The student may, perhaps, conceive that a flexible plane can 
be applied to any surface. He will, however, see his mistake, 
if he attempts applying a piece of paper to a globular surface. 
It will be found to gather into folds, and some parts of it to 
overlay others. 

In elementary geometry it is not usual to extend our investi- 
gations beyond right cylinders and right cones. There are, 
however, oblique cylinders and cones whose axes are not perpen- 
dicular to their bases, and which enjoy properties very nearly the 
same as those which we have established in the present book. 
(230) Def. — ^A sphere is a solid terminated by a curved sur- 
face, all the points of which are equally distant from a certain 
point within it, called its centre. 

A sphere may be conceived to be produced by the revolution 
of a semicircle round its diameter ; tor the surface described by 
the semicircle in this motion will evidently have all its points 
equally distant from the centre of the generating semicircle. 

We shall confine our investigations here to the magnitude of 
the surface and volume of the sphere. For the geometrical pro- 
perties of the sphere in general, the student is referred to the 
Treatise on Spherical Geometry contained in the first three sec- 
tions of the second part of my Trigonometry. 

Lemma. 

(231) Let A B C D, &c. be a regular polygon with an 
even number of sides circumscribed round a 
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circle whose centre is O, and let G F be a 
diagonal of the polygon dividing it into two 
equal parts and passing through the centre O 
of the circle. If the figure be supposed to 
revolve round G F, each side as A B will de- 
scribe the surface of a truncated cone, which 
will be equal to a cylindrical surface whose 
altitude is A N or M L, and whose radius is 
that of the circle. 

For the conical surface described by A B is equal to half the 
sum of the circumferences described by the 
points A and B multiplied by the line A B 
^228). Draw O I to the point of contact I of 
A B. The point I being the middle point of 
AB, the circumferences described by the 
points A, I, and B are in arithmetical pro- 
gression ; and therefore the circumference 
described by the point I is half the sum of 
those described by the points A and B. Hence 
the conical surface described by A B is equal ly 
to the line A B multiplied by the circumfe- 
rence described by the point I. Let the 
circumference described by the point I be c, »' 
and let the circumference of the circle whose centre is O and 
radius O I be C^ and we have 

c:C: :IP:IO. 

But by the similar right angled triangles BAN and O I P we 
have 

IP:IO: :AN:BA. 

•.• c : C : : AN : BA, 

•c X BA=C xAN = C xML, 

that is, the circumference described by I multiplied by the line 
B A, is equal to the circumference of tfie revolving circle multi- 
plied by M L ; but the former is equal to the conical surface 
described by the line A B, and the latter is equal to a cylindrical 
surface whose base is equal to the revolving circle, and whose 
altitude is M L. 

(232) Cor.— Let a tangent TT' to the circle parallel to G F 
be drawn, and from G and F draw GT, FT' perpendicular to 
G F, and meeting this tangent. By the revolution of the figure 
round G F the tangent T T' will describe a cylindrical surface 
having G F for its axis. Let MA> LB, &c. be produced to meet 
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T T at A', B^ &c. The cylindrical surface described by A' B' 
will be equal to its altitude A'^B' or M L multiplied by the cir- 
cumference described by B', which is a circle whose radius is 
B' L which is equal to O I. Hence the cylindrical surface 
described by A' B' is equal to the conical surface described by 
AB. In the same manner the cylindrical surface described by 
B' C is equal to the conical surface described by B C, and so on. 
It follows, therefore, that the sum of the conical surfaces de- 
scribed by any number of sides of the polygon A B, B C, C D, &c. 
is equal to the part A' D' of the cylindrical surface described by 
T T' corresponding to those sides, and that the surface described 
by the entire contour GABCDEFof the polygon is equal to 
the entire cylindrical surface T T'. 

Proposition X. 

(233) The surface of a sphere is equal to that of the 
circumscribed cylinder. 

The surface of the cylinder T T is not greater than that of the 
sphere, for if it were, let it be 
equal to the surface of the sphere 
whose diameter is D£ greater 
than A B. Let a regular polygon 
with an even number of sides be 
circumscribed round the circle 
AB, and so as to be contained 
within the circle D E. The sur- 
face produced by the revolution 
of this polygon on F G is equal to 
a cylindrical surface whose alti- 
tude is F 6, and base is a circle 
equal to A B. Hence this sur- 
face is greater than that of the 
cylinder T T, since its base is the same and it has a greater alti- 
tude, and therefore it is greater than the surface of the sphere 
D £ ; but it is contained within the surface of this sphere, and 
is therefore less than it, which is absurd.' Hence the surface of 
the cylinder TT' is not greater than that of the sphere. 

The circumscribed cylindrical surface is not less than that of 
the sphere ; for if it were, let the cylindrical surface circumscribing 
the sphere D E be equal to the surface of a lesser sphere A B. Let 
a polygon with an even number of sides be circumscribed round 
the circle AB, and so as to be contained within the circle DE. 
It then follows, as before, that the surface of this polygon is equal 
to that of a cylinder which is less than the cylinder circumscribed 
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round D E, but it is greater than the surface of the sphere AB 
which it circumscribes, and which is equal to the cylindrical sur- 
face circumscribed round D E. Hence it follows, that the cy- 
lindrical surface circumscribed round a sphere is not less than 
the surface of the sphere. 

Since the cylindrical surface is neither greater nor less than 
the surface of the sphere, it must be equal to it. 

(234) Cor. 1. — ^The cylindrical surface is equal to the circum- 
ference of its base, which is a great circle of the sphere, multi- 
plied by its altitude, which is a diameter of the sphere. Hence 
the surface of the sphere is equal to the circumference of one of 
its great circles multiplied by its diameter. But the circum- 
ference of the great circle, multiplied by its radius, is equal to 
twice the area of the circle, and therefore, when multiplied by 
the diameter, is four times the area. Hence * the surface of a 
sphere is equal to four times the area of one of its great circles.' 

(235) CoR. 2. — Hence the surfaces of spheres are as the 
squares of their radii or diameters. 



Proposition XL 

(236) If a cylinder be circumscribed about a sphere, 
and they be intersected by any two parallel 
planes, perpendicular to the axis of the cy- 
linder, the parts of the cylindrical surfaces 
intercepted between the planes will be equal. 

Let E F be any arc of the circle described with the radius C E, 
and let F G be drawn ^ 

perpendicular to the 
radius CE. The sur- 
face of the spherical 
segment described 
by the revolution of 
the arc E F round 
C E^ is equal to the 
surface of a cylinder 
whose altitude is 
E G, and whose base 
is a circle with the 
radius C E. 

For, first, let this 
spherical surface be 
less than that of the 
cylinder^ and let it be 
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equal to the surface of a cylinder having the altitude E 6^ and a 
base with the lesser radius C A. In the arc E F inscribe a per- \ 

tion of a regular polygon E M N O P F, whose sides shaJl not 
reach the arc A B, and draw C I perpendicular to one of the 
sides of ;the polygon. By (231) the surfece generated by the 
revolution of the polygon will be equal to that of a cylinder whose 
altitude is E 6, and the radius of whose base is C I. Hence the 
surface produced by this polygon must be greater than the sur- 
face of a cylinder whose altitude is E G, and whose radius is AC. - 
But this last is, by hypothesis, equal to the surface produced by 
the revolution of the arc E F. From whence it follows, that the 
spherical surface produced by the revolution of the arc E F is 
less than the surface produced by the polygon inscribed in it ; 
but the former surface includes the latter entirely within it, and 
therefore cannot be less than it. Hence it follows, that the sur- 
&ce of the spherical segment E F is not less than the surface 
of the cylinder whose altitude is E 6, and whose radius is E C. 

Next let the spherical surface be greater than that of the 
cylinder. Let the proposed spherical surface be that which would 
be produced by the revolution of the arc AB round A C. We 
are to prove that this surface is not greater than that of a cylin- 
der whose altitude is A D, and whose radius is A C. If possible, 
let it be greater than this cylindrical surface. But if the surface 
generated by the arc A B be greater than that of the cylinder 
whose altitude is A D and radius A C, for the same reason the 
surface produced by the arc B H must be greater than that of the 
cylinder whose altitude is D H and whose radius is A C ; and 
hence the whole surface of the sphere would be greater than that 
of the circumscribing cylinder, which is contrary to what was 
proved in (233). Hence the surface generated by the arc AB 
is not greater than a cylindrical surface whose altitude is A D 
and whose radius is A C. 

Hence it appears, that any plane drawn intersecting a sphere 
and its circumscribing cylinder parallel to the bases of the cy- 
linder, divides the cylindrical and spherical surfaces into parts 
which are equal each to each. Hence, if two such planes be 
drawn, the cylindrical and spherical surfaces which they include 
between them will be the differences between the equal cylin- 
drical and spherical surfaces which they cut off towards either 
base of the cylinder, and therefore those differences are equal. 

(237) CoR. 1. — ^The spherical surface included between two 
parallel planes intersecting the sphere is therefore equal to the 
circumference of a great circle, multiplied by the perpendicular 
distance between the planes. 

(238) CoR. 2. — Let the distance between the planes be a, and let 
r be the radius of the sphere. The circumference of a great circle 

u 
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is2vr, and the surface between the planes is 2 « r a. If r' be ^ 
mean proportional between 2r and o, we have 2vra ^ vr'\ 
Hence the surface is equal to the area of a circle whose radius is^ 
a mean proportional between the distance between the planes 
and the diameter of the sphere. 

(239) CoR. 3. — If one of the planes be a tangent plane, the 
surface becomes that of a spherical segment^ and the mean pro- 
portional between the diameter and perpendicular is the chord 
E F of the generating arc. Therefore the surface of a spherical 
segment is equal to a circle whose radius is the chord of half 
the arc formed by a section of the segment by a plane through 
its axis. 

Proposition XII. 

(240) If the triangle BAG, and the rectangle B C E F, 

having the same base and the same altitude, 
revolve together round their common base 
B C, the solid described by the revolution of 
the triangle will be one third of the cylinder 
described by the revolution of the rectangle. 

Draw the perpendicular AD. The cone described by BAD 
is one third of the cylinder 
described by B E A D, and in 
like manner the cone de- 
scribed by C AD is one third 
of the cylinder described by 
CEAD (210). When the perpendicular A D falls within the 
base, the solids in question are the sums of these cones and 
cylinders, and when it falls without the base AD they are their 
differences. In either case the truth of the proposition is there- 
fore apparent. If the perpendicular fall on the extremity of the 
base, the solids in question will be simply a cylinder and cone 
having the same base and altitude, and the proposition is reduced 
to (210). 

(241) CoR. — Since the cylinder is equal to gr . A D" x B C, the 
solid described by the triangle will be ^ fr . A D* x B C. 

Proposition XIII. 

(842) The triangle CAB being supposed to revolye 
round any line C D passing through the ver- 
tex C , to determine the volume of the solid 
produced by its revolution. 
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Produce the side A B untQ it meet the axis in D, and draw the 
right lines A M and B N perpendicular to the 
axis C D. 

The volume of the solid described by the 
triangle CAD is ^^r.AM* x CD (240). ^, 
The solid described by the triangle C B D is 
in like manner J. gr x B N" x C D. Hence the difference of these 
solids, or the solid described by AB C is ^ «• . (AM* — B N*) 
X CD. 

Let I be the middle point of A B and draw I K perpendicular 
to C D. Hence AM, IK, and B N are in arithmetical progres- 
sion, and therefore 2IK = AM 4-BN. Also, if B O be drawn 
parallel to CD, AO = AM - B N. Therefwe 2 I K x A O 
= (AM + BN) X (AM-BN) = AM*~ B N*. Hence the solid 
described by the triangle CAB is equal to f^x IKxAOxCD. 
If C P be drawn perpendicular to A B, the triangles D C P and 
ABO are similar, and we have therefore 

AO: AB=:CP: CD, 

•.AO X CD = AB xCP. 

But A B X C P is twice the area CAB. Hence the solid de- 
scribed by C A B is equal to 1 9r x I K x area CAB; or, which 
is the same, it is equal to f C A B multiplied by the circumference 
whose radius is I K. Hence ^^ the volume of the solid described 
by the revolution of the triangle C A B is equal to two thirds of 
the area of the triangle CAB multiplied by the circumference 
traced by I, the middle point of the base.*' 

We have, in the preceding proof, supposed that A[B produced 
will meet the axis CD. The same result will, 
however, be obtained if A B be parallel to the 
axis. In this case the volume of the cylinder de- 
scribed by A M N B is equal to gr . A M* . M N ; 
the cone described by ACM is equal to 




J-ir . A M" . C M, and the cone described by B C N is equal to 
^ «r . A M* . C N. Add the first two volumes, and subtract from 
their sum the third, and we shall have the volume described by 
ABC equal to tt. AM* (M N + ^ C M - ;^ C N) ; and since 
C N -- C M = M N, the volume is equal to tt . A M' . J M N 
= f«'.CP.MN; which is equivalent to the result already 
found. 

(243) CoR, 1. — If the triangle A CB be isosceles the point P 
will coincide with I, and the area CAB 
will be equal to A B x ^ C I, and the 
Tolwne of (lie solid wiU te ^ ^ x A B C 
xl?:^ orf^X AB xIK xCI. But 
.^iie triangl<es ABO and C I K are similar, 
and therefore 

u2 
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AB : BO = CI : IK, 
or AB : MN=CI : IK, 
•. AB X IK = MN xCI. 

Hence the solid described by the isosceles triangle A B C is eqoil 
to I » X M N X C R 

Proposition XIV. 

(244) Let A B, B C, C D, be several sides 

of a regular polygon, O its centre, and 
OX the radius of the inscribed circle; if 
the polygonal sector AOD, lying all m 
the same side of the diameter F G, be sup^ 
posed to revolve round this diameter, the 
volume of the solid described by it will be 
equal to f«.OP.MQ; MQ being that 
part of the axis included between perpen- 
diculars A M, D Q from the extremes of the 
polygonal sector. 

Since the polyon is regular, the several 

triangles A O B, B O C, are equal and 

isosceles. By (243) the volume described by 
the triangle A O B is equal to f at . O P . M N. 
In the same manner the volume described by 
B O C is equal to | at . O P . N O, and so on. 
Hence the whole solid described by the poly- 
gonal sector being the sum of these is equal to 
t».OP.(MN + NO + ....),ori«,OP 
MQ. 

Proposition XV. 




(245) The volume of a spherical sector is equal to its 

spherical surface multijdied by a third of the 
radius, and the volume of the whole sphere is 
equal to the surface of the sphere multiplied 
by a third of the radius. 
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l«t AB C be the circular sector which by its revelation round 
A, C describes the 
spherical sector. The 
surface of the sphe- 
rical segment de- 
iscribed by the^ arc 
A B is equal to'2 or . 
A C . A D (236). 
Now the volume of 
the spherical sector 
ACB is equal to 
fflr.ACV AD, that 
iSf the surface of the 
spherical segment 
multiplied by a third 
of the radius. 

First, suppose that 
f«, AC" . AD is 
greater than the sector A C B and equal to the sector E C F. In 
tne arc E F inscribe a portion of a regular polygon, so that its 
sides shall not meet the arc AB. Let the polygonal sector 
E C F be supposed to revolve at the same time with the arc E F 
round E C. Let C I be the radius of the circle inscribed in the 
polygon, and let F G be drawn perpendicular to E C. The 
volume described by the polygonal sector will be equal to 
f »,CI* .EG. (244); but CI is greater than AC, and EG is 
greater than A D ; for if A B and E F be drawn, the similair 
triangles E F G and A B D give 

EG:AD=FG:BD = CF:CB, 

and therefore E G is greater than A D. 

Hence it follows, that f . w . C P . E G is greater than fv . C A*. A D. 
Xhe former is equal to the volume described by the polygonal 
sector, and the latter is, by hypothesis, that of the spherical sector 
E C F. Hence the volume described by the polygonal sector is 
greater than that of the spherical sector E C F, of which it is a 
part, which is absurd. Hence the spherical surface multiplied by 
a third of the radius is not greater than the volume of the sphe- 
rical sector. 

Secondly, this product is not less than the volume of the sphe- 
rical sector. Let E C F be the circular sector which by its revo- 
lution describes the spherical sector, and suppose, if possible, that 
fv . C E* . E G is equal to a smaller sector A C B. The former 
construction being retained, the volume of the polygonal sector 
will be f ^ . C I* . E G. But CI is less than C E, and therefore 
the volume of the polygonal sector is less than }^. C E' • E G, 
whichy by hypothesis, is equal to the volume of the spherical sector 
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A C B. Hence the volatne of the polygonal sector must be less 
than that of the spherical sector AC B, which is a pait of^it^ 
which is absurd. Hence the product of the spherical surfaces by 
a third of its radius is not less than the volame of the spherical 
sector. 

Hence this product must be equal to the voluitoe of the upb^ 
rical sector. 

If the circular sector A C B be supposed to increase by the 
increase of the angle AC B, until it becomes equal to a semi- 
circle, the corresponding spherical sector will become equal to the 
whole sphere. Hence the volume of the entire sphere is equal 
to the product of its surface by a third of its radius. 

(246) CoR. 1. — ^The volume of a spherical sector is equal to 
diat of a cone whose altitude is the radius, and whose base is 
equal to the spherical base of the sector ; for the volutne of the 
cone is equal to its base multiplied by a third of its altitude* 

This may also appear from considering the spherical sector to 
be formed of an infinite number of cones having the same vertex, 
equal altitudes, and infinitely small bases, which bases may be 
conceived to form the spherical base of the secton 

(247) CoR. 2. — ^The volume of a sphere is equal to that ot a 
cone whose base is equal to the surface of the sphei^^ and whose 
altitude is equal to the radius. 

(248) CoR. 3. — ^The volumes of spheres are as the cubes of 
their radii or diameters. For their surfaces are as the squares of 
the radii, and these being multiplied by one third of the rAdii 
give products which are as the cubes of the radii. 

Proi^sition XVI. 

(249) Let a square and an equilaiteral triangle be cir- 

cumscribed round the same circle, the base 
of the equilateral triangle coinciding with a 
side of the square, and let the whole figure 
revolve round the altitude B A of the trian- 
gle. A sphere will thus be described cir- 
cumscribed by a cylinder and cone; the 
entire surfaces of this sphere, cylinder, and 
cone, are in continued proportion, the com- 
mon ratio being 2 : 3, and their volumes are 
also in continued proportion and in the same 
ratio. 
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The surface of the sphere is equal to four times one of its 
great circles (234). The cylindrical surface is 
equal to this ; and as each of the bases of the 
cylinder is a great circle, the entire surface of 
the cylinder is equal to six times a great circle. 
Hence the ratio of the surface of the sphere 
to the entire surface of the cylinder is 4:6, 
or 2 : 3. 

If the radius C A of the circle be r, half the base of the equi- 
lateral triangle will be *^^.r; hence the area of the base of 
the cone will be 3 r* gr. Th^ circumference of the base will be 

2. ^3. Tit, and the side of the cone is 2 . -^^.r; therefore 
the conical surface is 2 . 3 . r* gr, or 6 r* gr (222) ; to which if the 
base be added, the entire surface of the cone will be 9 r* gr, or 
nine times the area of a great circle. Thus it appears, that the 
entire surfaces of the sphere, cylinder, and cone, are respectively 
equal to 4, 6, and 9 great circles, and are, therefore, in continued 
proportion, the common ratio being 2 : 3. 

The volume of the sphere is equal to 4r^gr(245). The 
volume of the cylinder is 2r^it, The base of the cone being 
Sr^w, and its altitude 3r, its volume is 3r'gr. Hence the 
volumes of the three solids are as the numbers ^, 2, 3, or 
4, 6, 9, which are in continued proportion, the common ratio 
being 2 : 3. 

(250) Cor. — ^The base of the cone is equal to three great cir- 
cles, and its conical surface to six. Hence in such a cone the 
conical surface is double its base. 



APPENDIX 

No. I. 

GEOMETRICAL ANALYSIS. 

SECTION L 

Introdtiction. 

(1) Analysis, or resoluUoih is a name given to a species of mathe- 
matical investigation, which commencing with the assumption of that 
which is sottght as if it were given^ a chain of relations js pursued 
which terminates in what is given (or may be obtained) as if it were 
sought. Synthesis, or composition^ is a process the very reverse of 
this ; being one in which the series of relations exhibited commences 
with what is ^ven, and ends with what is sought. Consequently 
analysis is the instrument of invention, and synthesis that of in- 
struction. 

The analysis of the ancients is distinguished from that of the 
modems by being conducted without the aid of any calculus, or the 
use of any principles except those of Geometry, the latter being con- 
ducted entirely by the language and principles of Algebra. The 
ancient is, therefore^ called tibe Geometrical Analysis. 

The interest which the Geometrical Analysis derives from its anti- 
quity, and from having been the instrument by which the splendid 
residts of the andent Geometry were obtained, would alone be suffi- 
cient to render it an object of attention even after the discovery of the 
more powerful agency of Algebra. But this is not its only nor its 
principal claim upon our notice. Its inferiority, compared with the 
modem analysiis^ in power and fecility, is balanced by its extreme purity 
and rigour ; and though its value as an instrument of discovery be 
losty yet it must ever be considered as a most useful exercise for the 
mindof a student; and it maybe fairly questioned, whether it may 
not be more conducive to the improvement of the mental faculties 
than the modem analysis, unless the latter be pursued much farther 
than it usually is in the common course of academical education, in 
which the student acquires littie more than a knowledge of its nota- 
tion. Newton was ftilly aware of the advantages attending the cul- 
tivation of this brandi of mathematical science, and in many parts of 
his works laments that the study of it has been so much abandoned. 
He considered, that, however inferior in power and despatch the 
andent method might be, it had greatly the advantage in rigour and 
purity ; and he feared, that by tiie premature and too frequent use of 
the modem aaalysb the mliid would becmne debilitated and the taste 
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vitiated. We must however confess, that the pretensions of the ancient 
method to superior rigour do not seem to us to be as well founded as 
they are sometimes considered. It would be no very difficult matter 
to expunge the algebraical symbols from a modern investigation, and 
substitute for them their meaning expressed in the language used in 
geometrical investigations ; but would such a change confer upon 
them ' greater rigour, or would it give to the conclusions greater 
validity ? And yet this is precisely what Newton himself has done in 
many parts of his great work, the Principia, His theorems are, evi- 
dently, investigated algebraically ; but in demonstrating them, the 
process is disguised by the substitution of lines and geometrical 
figures for the algebraical species and formulae. It cannot but excite 
astonishment, that a man of his extraordinary sagacity could so far 
deceive himself, as to suppose that by such a proceeding his reasoning 
acquired greater rigour. 

But without reference to the modem analysis, we conceive that the 
ancient method has sufficient claims to our attention on the score of its 
own intrinsic beauty. It has this 'further advantage, that we can 
enter at once upon its most interesting discussions without the repel- 
ling task of learning any new language or system of notation. 

In the application of the Geometrical "^ Analysis to the solution of 
problems, or the demonstration of theorems, no general rules nor 
invariable directions can be given which will apply in all cases. The 
previous construction to be used, and the preparatory steps to be 
taken, depend on the particular circumstances of the question, and 
must be determined by the sagacity of the analyst; and his skill and 
taste will be evinced in the selection of the properties or affections of 
the given or sought quantities on which he founds his analysis ; for 
the same question may frequently be investigated in many different 
ways. 

In submitting a problem to analysis, its solution, in the first 
instance, is assumed ; and from this assumption a series of conse- 
quences are drawn, until at length something is found which maV be 
done by established principles, and which if done will necessarily lead 
to the execution of what is required in the problem. Such Is the 
analysis. In the synthesis^ then, or the solution^ we retrace our steps; 
beginning by the execution of the construction indicated by the final 
result of the analysis, and ending- with the performance of what is 
required in the problem, and which constituted the first step of the 
analysis. 

When a theorem is submitted to analysis, the thing to be deter- 
mined is, whether the statement expressed by it be true or not. In 
the analysis this statement is, in the first instance, assumed to be true; 
and a series of consequences is deduced from it until some result is 
obtained, which either is an established or admitted truth, or contra- 
dicts an established or admitted truth* If the final result be an esta- 
blished truth, th^ theorem proposed may be proved by retracing the 
steps of the investigation, commencing with that final result, and con- 
cluding with the proposed theorem. But if the final result contradict 
an established truth, the proposed theorem must be false, since it leads 
to ft false conclusion* 
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These general observations on the nature of the Geometrical Analy- 
sis, and the methods of proceeding in it, will be more clearly ap|»re- 
hended after the investigations contained in the subjoined treatise have 
been examined. 



SECTION II. 

Problems respecting right lines. 

(2) Def. — A point is said to be given when its position is either given 
or may be determined. 

(3) Def. — ^A right line is said to be given in position when it is either 
actually exhibited and drawn, or may be exhibited and drawn by pre- 
viously established principles. 

Proposition. 

(4) To drdw from a given point a right line intersecting two right 
lines given in position^ so that the segments between the point and 
the right lines shall have a given rcUio. 

Let the given point be P, A B and C D the right lines given in 
position, and m : n the given ratio. 

Let P M : P N = m : TO. If any other line as P L 
be drawn intersecting A B and C D, and a parallel to 
C D be drawn from N, that parallel will divide P L 
similarly to P M, and therefore in the required ratio. 
This parallel may, or may not, coincide with the line 
N EL First, let us suppose that it does. In that 
case the two lines given in position will be parallel, and the line PL, 
or any other line, drawn intersecting them, will be cut similarly to 
P M, and therefore all such lines will be cut in the required ratio. 
Hence it appears, that in this case the problem is indeterminate, since 
every line which can be drawn intersecting the given lines will equally 
solve it. 

Secondly, if the given lines AB, CD be not parallel, let the 
parallel to C D from N meet P L in G, so that P L : P G c= m : n. 
But P L may be drawn, and the point G therefore may be deters 
mined ; and since the direction of C D is given, the direction of G N 
is determined, and therefore the point N may be found. Hence, the 
solution is as follows : let any line P L be drawn. If P L : P K rs 
m: n, the problem is solved. If not, let PL be cut at G, so that 
P L : P G := m: n, and from G draw GN parallel to C D, meeting A B 
in N, and through N draw P N M. Then PMrPN = PL : PG ss 
m : 71. 

(5) Cor. 1. — The same solution will apply if the line A B be a curve 
•of any kind. 

(6) CoR. 2.— If the parallel to C D through G do not meet the line 
A B, the solution is impossible. If A B be a right line, this happens 
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when it is parallel to C D. And therefore we conclude in general, 
that when the two right lines A B and C D are parallel, the problem 
is either indeterminate or impossible. 

Proposition. 

(7) From two given points to draw to the same point in a right line 
given in position, two lines equally inclined to it. 

Let the given points be A and B, and let C D be the line given in 
position. Let P be the sought point, so that the 
angle A P C shall be equal to the angle B P D. 

Produce the line BP beyond P, until PE is 
equal to P A, and join A E. The angles B P D 
and E P C are equal ; but also (hyp.) B P D and 
A P C are also equal, therefore the angle A P C is equal to the angle 
E P C. But also the sides PA and P E are equal, and the side PF 
is common to the triangles A PF and EPF. Therefore the angles 
AFP and E F P are equal, and therefore are [right angles, and also 
A F is equal to E F. 

But since A and C D are given, the perpendicular A F is given, and 
hence the solution of the problem may be derived. 

From either of the given points A draw a perpendicular A F to the 
given right line C D, and produce it through F, until F £ is equal to 
A F, and draw the right line E B meeting the line CD in P. Draw 
A P, and the lines A P and B P are those which are required. For 
since A F and FE are equal, and P F common to the triangles AFP 
and EFP, and the angles AFP and EFP are equal, the angles 
A P F and E P F are equal. But B P D and E PF are also equal, 
therefore the angles A P F and B P D are equal. 

Scholium. — If the given points lie at different sides of the given 
right line, the problem is solved by merely joining the points. 

Proposition. 

(8) To inscribe a square in a triangle. 

Let A B C be the triangle, and D F E the required square. Draw the 
perpendicular B G, and draw A E to meet a parallel 
B H to A C at H. It is easy to see that D F : 
FE = GB:BH; for the triangles AFD and 
A B G, A F E and A B H are respectiv^y similar 
each to each. Hence, since D F is equal to F E, 
G B is also equal to B H. But G B is given in magnitude and posi- 
tion, and therefore B H is given in magnitude and position. To solve 
the problem therefore it is only necessary to draw B H and join A H, 
and the point E where A H meets B C will be the vertex of the angle 
of the square. 

(9) Cor. !•— It is evident that the same analysis will solve the more 
general problem, ^' To inscribe in a triangle a rectangle given in spe- 
des/' For in this case the ratio B H : B G is given, and therefore 
B H is as before given in position and magnitude. 
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(10) ScHOL. — If B H be drawn equal to B G end on the same side of 
the vertex with A, then it will be necessary to pro- 
duce A H and C B, in order to obtain their point 
of intersection E. In this case, however, D F E will 
still be a square, for the corresponding triangles will 
be similar, BGA to FDA, and HB A to EFA. 
Hence GB:BH:=DF:FE. 

(11) Cor. 2. — In the same manner the more general problem, *' To 
inscribe a rectangle given in species," may be extended. 





Proposition. 

(12) To draw a line from the vertex of a given triangle to the base^ to 
that it mil be a mean proportionul between the segmenis. 

Let A B C be the triangle, and let B D be a mean proportional 
between A D and D C. Produce B D to E, so 
that D E shall be equal to B D, and join C E. 

Since AD : BD =ED : DC, 
and the angles B D A and E D C are equal, the 
triangles B D A and C D E are similar. There- 
fore the angles E and A are equal, and are in 
the same segment of a circle described on C B. 
If from the centre of this circle F D be drawn, 
the angle F D B will be a right angle, and the point D will there- 
fore be in a circle described on F B as diameter. But the point 
F is given, since it is the centre of a circle circumscribed about the 
given triangle, and the line F B is therefore given, and the circle on 
it is as diameter is given, and therefore the [point D is given. The 
solution of the problem is therefore effected by circumscribing a circle 
about the given triangle, and drawing from its centre to the angle B a 
radius. On that radius, as diameter, describe a circle; and to a point 
D, where this circle meets the base, draw the line B D, and it will be 
a mean proportional between the segments. For the angle B D F 
in a semicircle is right, therefore B D = D E ; and therefore the square 
of B D is equal to the rectangle under A D and D C. 

If the circle on B F intersect A C, there will be two points in the 
base to which a line may be drawn, which will be a mean proportional 
between the segments. If this circle touch the base there will be but 
one such line^ and it may happen that the circle may not meet the 
base at all, in which case the solution is impossible. 

If the centre F be upon the base A C, the angle ABC will be 
right, and the point F itself is one of the points which 
solve the problem ; for in that case A F, B F, and C F 
are equal. The other point D is the foot of a perpen- 
dicular B D from the vertex on the base. 
(13) CoR. — Hence, in a right angled triangle, the per- 
pendicular on the hypotenuse is a mean proportional between the 
segments ; and it is the only line which can be drawn from the right 
angle to the hypotenuse which is a mean, except the bisector of the 
hypotenuse. 
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ScHOL.— It has been observed by some elementary writers* that the 
solution of the problem to draw a line to the base which shall be a 
mean proportional between the segments is impossible when the 
vertical angle is acote. Thai this is ennmeous« must be evideni from 
the preceding analysis. For let one circle be described upon the 
radius of another as diameter. Let any line, as A C, be drawn not 
passing through F, but intersecting the inner ctrde ; and so that the 

Sifnt of contact B and the centre F shall lie at the same side of it. 
raw A B and C B, and also B D. It is evident that B D is a mean 
proportional between A D and C D, and yet the angle A B C is acute, 
being in a segment greater than a semicircle. 

The possibility of the solution of this problem does not at all depend 
on the magnitude of the vertical angle. It may be obtuse, right, or 
acute, and may be equal in fact to any given angle, and yet the solu- 
tion be possible. 

Let it be required to determine the conditions on which the solution 
is possible. If the circle on B F meet the base, the per- 
pendicular distance of its centre from the base must be 
less than its radius; that is, less than half the radius of 
the circle which circumscribes the given triangle. From 
F and B draw perpendiculars F I and B H on A C, and 
firom the centre of the lesser circle G draw the perpendicular G K. 
Since G F is equal to G B, G R is equal to half the sum of F I and 
B H. Hence it follows, that the solution will only be possible when 
half the sum of F I and B H is not greater than B G, or when the sum 
of F I and B H is not greater than B F ; that is, when the sum of the 
perpendiculars on the base from the vertex and the centre of the cir- 
cumscribed circle is not gpreater than the radius of that circle. 




SECTION III. 

Propositions respecting circles. 

(14) Problems of contact of right lines and ciccles fiimished the 
ancients with an extensive subject for the exercise of the Geometrical 
Analysis. In general three conditions gLte necessary to determine a 
circle. In the class of problems to which we allude, one at least of 
Uiese conditions is, that it should touch a given right line or a given 
circle. The other data may be, that it should pass through one or two 
given points, or that it should have a given radius or centre^ or that 
Uie locus of its centre should be a given right line or circle. It would 
not be easy to enumerate all the problems of this class ; but by com- 
bining the following data for the determination of a circle, a con^der- 
able number of them may be found. 
To describe a circle 

1. Passing through a given point. 

2. Passing through two given points. 

3. Passing through three given points. 

4. Touching a given right line. 
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5. Touching two given right lines. 

6. Touching three given right lines. 

7. Touching a given circle. 

8. Touching two given circles. 

9. Touching three given circles. 

10. Having a radius given in magnitude. 

11. Having its centre on a given right line. 

12. Having its centre on a given circle. 

13. Having a given centre. 

Every combination of three which can be formed from these data, 
may be taken as the limiting circumstances in problems for the deter- 
mination of a circle. In the invention of such problems it should 
however be observed that 2, 5, 8, and 19 are each to be counted as 
two data, and 3, 6, 9 are each to be counted as three data. Each oi 
the latter is, therefore, itself sufficient to determine the circle, but each 
of the former ought to be combined with some one of the data 1, 4, 7, 
10, 11, 12. 

We cannot here enter at large on this class of problems, we shall 
therefore confine ourselves to a few examples. 

Proposition. 

(15) To describe a circle passing through two given points^ and touch' 
ing a right line given in position. 

If the given points be at different sides of the given line, the solution 
is manifestly impossible. 

Let them then be A, B at the same side of the given right line C D. 
Let the required circle be ABC, and let A B be pro- 
duced to meet the right line at D. 

The square of C D is equal to the rectangle A D 
X D B. But this rectangle is given, therefore the 
square of C D is given, and therefore C D itself is given 
in magnitude and position, and hence the point C is 
given. But also the points A, B being given, the circle through these 
points A, B, C is given. 

The solution, therefore, is effected by producing A B to D, and 
taking D C equal to a mean proportional between A D and D B, and 
then describing a circle through A, B, C. 

But it may happen, that the line AB is parallel to C D, and will not 
meet it when produced. 

In this case draw A C and B C. The angle B C D is equal to the 
angle A in the alternate segment, and also equal to the 
alternate angle B. Hence the angles A and B are equal, 
and therefore the sides A C and B C are equal. Draw 
C E perpendicular to A B, and A E and B E are equal. 
The point E is therefore given, and the perpendicular E C 
is given in position, and therefore the point C is given. 

To solve the problem in this case therefore, bisect A B at E, and 
draw the perpendicular through E» intersecting C D in C. A circle 
passing through A, B, C will be that which is required. 
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PiBOPOSinON. 

(16) To dacribe a circle passing through a given pointy and touching 
two right Unea given in position. 

1^. Let the given right lines be parallel. In this case it is necessary 
that the point should be between them, for otherwise the solution 
would be impossible. 

Let the lines be A B, C D, and the point be P. Let A P C be the 
required circle, and draw A P and 
the diameter AC. Through P 
draw P P' parallel to the given 
right lines, and describe any cir- 
cle B P' D, touching the right 
lines at B, D, and intersecting 
the parallel at P', and draw P' B. Since the circle B P' D may be 
drawn, the point P is given, and therefore the line P'B is given in 
magnitude and position. But the triangles BPD and A PC are 
similar, and since B D and AC are parallel, BP and AP are parallel. 
Therefore the line P A is given in direction, and since the point P is 
given, it is also given in position. Hence the points A and C are 
gfiven, and therefore the circle A P C is given. 

To solve the problem therefore, describe any circle touching the two 
lines, and draw the parallel through P to meet it at P. From P draw 
P B, and draw P A parallel to it. Draw A C perpendicular to A B, 
and it will be the diameter of the required circle. 

9,°. Let the given lines A B, C D intersect at E. 

As before, describe 
any circle B P' D 
touching the right 
lines, and from £ 
draw E P intersect- 
ing this circle at P', 
Draw the radii GA, 
GP,FB, and FP'. 
Since G A is parallel to F B, we have 

GA: FB=GE : FE. 
Therefore GP : FP = G E : F E. 

Therefore G P : G E = FF : F E. 

Hence the lines G P and F F are parallel. But F F is given in posi- 
tion, and therefore G P is given in direction, but P is given, and there- 
fore G P is given in position. But the line E G bisects the angle 
A E C under the given lines, and is therefore given in position, and 
therefore the point G where it intersects P G is given. Hence the 
centre G and the radius G P of the required circle are given, and 
therefore the circle itself is given. 

To solve the problem, draw E P, and also E G, bisecting the angle 
E. Describe any circle B F D touching the given right lines, and 
draw F F. Through P draw P G parallel to F F, meeting the bisec- 
tor E G in G. With G as centre and G P as radius, let a circle be 
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described. This circle will touch the right lines. The demonstration 
is obvious. 

It is evident, that in each of the preceding cases there may be two 
circles drawn, which will solve the problem. This circumstance arises 
from the line P P' meeting the circle B P in two points,. The prin- 
ciple used in the solution of both cases is the same. The parallel in 
the first case corresponds to the bisector of the angle in the second. 

Proposition. 

(17) To describe a circle passing through two given points (A, B) and 
touching a circle given in magnitude and position* 

It is evident that if one of the given points be within, and the other 
withouty the given circle the solution is impossible. 

Since the right line joining the centres must pass through the point 
of contact, it follows that if the right line joining the given points pass 
through the centre of the given circle, it must be a diameter of the 
required circle, and consequently in this case the solution is only pos- 
sible when one of the given points is on the circumference of the given 
circle. The line joining the given points is then the diameter of the 
required circle. The only cases that remain to be considered are 
those in which the given points do not lie in the same right line with 
the centre of the given circle, and are either both without or both 
within the given circle. 

Let a right line be drawn from C, the centre of the given circle, to 
the point of bisection of the line A B joining the given points. 

1. Let the points A, B be both with(miihe given circle, and the 
angle C D B be right. 

Since AB is bisected at D and PE perpendicular to A B, PE must 
be a diameter of the required circle, and there- 
fore its middle point C' is the centre. The 
rectangle P D X D E is equal to the square 
of B D, and is therefore given. But P D is 
given, and therefore D E is also given. Hence, 
to solve the problem, find a third proportional 
to P D and D B, and take D E equal to it, 

and on P E as diameter describe a circle. This will be the required 
circle. Since the line D P meets the given circle in two points there 
will be two solutions, in one of which the constructed circle touches the 
given circle externally, and in the other internally. 

2. Let the points A B be both loithout the given circle, and let the 
angle C D B be acute. 

Through the point of contact P draw the common tangent P O, and 
produce it to meet A B at O. Draw O C, and firom O draw O E per- 
pendicular to C D. 

The square of P O is equal to the rectangle A O X OB, and also to 
the rectangle F O X O G. But the former is equal to 
the difference of Uie squares of D O and D B, ^and 
the latter is equal to the difierence of the squares of 
C O and C G. Therefore these differences are equal, 
or what is the same, the difference of the squares of 
O D and O C is equal to the difference of the squares 
of D B and C G. But these latter quantities are both 

X 
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^yen, the former being half the given line AB, and the latter being 
the radius of the given circle. Hence the difference of the squares of 
D O and C O is given, and therefore also the difference of the squares 
of C E and t> E is given. Hence the point of section E may be deter- 
mined, and the solution of the problem thence effected. 

Let the given line C D be divided at E, so that the difierehce of the 
squares of C E and D E shall be equal to the difference of the squares 
of C G and D B ; and through E draw E O perpendicular to C D, to 
meet A B produced at O. From O draw the tangent OP. A circle 
described through the points A, B and P will solve the problem i The 
demonstration will be easily obtained by retracing the preceding 
analysis. 

Since two tangents may be drawn from O, there are two circles 
which will solve the problem, one touching the given circle internally 
and the other externally. 

3. Let the points A B be both within the given circle, ahd let the 
angle C D B be right. 

Since C D bisects A B at right angles, it passes through the centre 
of the required circle. Hence P E (or P' EO is a dia- 
meter. Therefore D E (or D E') is a third propor- 
tional to PD (or P'D) and BD; and is therefore 
given. Hence the problem is solved by two different 
circles on the diameters PE, FE'in a manner ana- 
logous to the first case. 

4. Let the points A, B be both within the • circle, and the angle 
C D B acute. 

Produce the line B A to meet the tangent at O. Draw O C, and 
perpendicular to C D produced draw O E. 

The square of P O is equal to the rectangle F O x O G, and also 
to B O X O A. The former is equal to the difference of 
the squares of C O and C G, and the latter to the differ- 
ence of the squares of D O and D A. Hence the dif- 
ference of the former squares is equal to the difference 
of the latter ; and therefore the difference of the squares 

of C O and D O is equal to the difference of the squares 

of C G and D A. But also the difference of the squares of C O and 
D O is equal to the difference of the squares of C E and D E. Hence 
the difference of the squares of C E and D E is equal to the difference 
of the squares of C G and D A which are given, and therefore the 
point E is given, from which the solution is derived, as follows. 

Produce C D to E, so that the difference of the squares of C E and 
D E is equal to the difference of the squares of C G and D A ; and 
from E draw the perpendicular E O to meet B A produced to O. 
From O draw the tangents O P, and either of the circles through the 
points P, A, B will solve the problem. 1^ demonstration will be 
apparent by retracing the analysis. 

In the solution of this problem given in some works, none of the pre- 
ceding cases, exce^ the second, are incltided. 
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Proposition. 

(18) To draw the shortest tangent from a right line (A B) given in 
position, to a circle (C D) gi-ven in magnitude and position. 

If the right line meet the circle, it is evident that there is no limit to 
the leni^h of the tangent. 

Let D E be a tangent at D. The squares of 
D £ and D C together are equal to the square 
of C E. Whatever be the position of the points 
D, E the length of C D is the same ; and there* 
fore the square of D E must increase or de- 
crease with that of C E ; and therefore if D E 
be a minimum, CE must also be a minimum. Hence CE is per- 
pendicular to A B when D E is a minimum. Hence the solution is 
evident 

Proposition. 

(19) Given the three sides (c, </, cf^) of a triangle, to determine the 
radius (R) of the circumscribed circle. 

Let p be the perpendicular on the side c/' from the opposite angle. 
By the Elements we have 

2 R : e ss c : p. 
But also 

c" X (/ : c'' X i> = c' : j9. 

But cf' X p is equal to twice the area (A). Hence 

2 R : c = c' X c" : 2 A. 

The sides being known the area is also known, and from this propor- 
tion R may be found. 

If the lines be given in numbers, by multiplying the means and 
extremes we haye 

4R X A = ccV 

^-TaT 

That is. • The radius of the circumscribed circle is equal to the pro- 
duct of the three sides divided by four times the area.* 



SECTION IV. 

On Loci, 

(20) When a point is required to be determined in a problem with 
data which are insufficient for its solution, the problem is said 
to be indeterminate, because the position of the point caimot be found 
by it. But although the position cannot be absolutely determined, 
yet it may be so restricted by the conditions which are prescribed in 
the problem, that it may be known to be on some line, the nature of 
which may frequently be determined. This line is called the 
locus of the point. This will easily be understood by the following 
examples : suppose that the base of a triangle were given in magni- 

X 2 
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tilde and position* and that its area were given in magnitude, to deter- 
mine its vertex. In this case, it is evident that the problem is 
indeterminate, since innumerable triangles may be constructed on each 
side of the given base having equal areas. But since the area is equal 
to the rectangle under the perpendicular and half the base, it follows 
that the perpendiculars from the vertices of all these triangles on the 
base must be equal, and therefore these vertices must all lie on 
parallels to the base at such a perpendicular distance that the rectan- 
gle under it and half the base shall be equal to the given magnitude. 

The locus of the vertex [is therefore in this case two right lines 
parallel to the base, and at equal perpendicular distances at opposite 
sides of it. 

If the base of a triangle be given in magnitude and position, and 
the vertical angle be given in magnitude, to determine the vertex, 
the problem is evidently indeterminate ; for an unlimited number of 
different triangles may be constructed on the same base whose vertical 
angles are equal. But the vertices of all the triangles on the same 
side of the base will in this case be placed on the arc of a circle con- 
taining an angle equal to the given angle. Hence the locus will be 
two segments of circles containing an angle equal to the given angle, 
and constructed on opposite sides of the given base. 

(21) The investigation of loci is of very extensive use in the solution 
of determinate problems. In cases where the determination of a point 
is required from certain data, by omitting any one of the data the 
point will have a locus which tnay be found by the remaining data. 
This being successively applied to two of the data, two loci will be 
found, the intersection of which will determine the point. 

This may be illustrated by the examples already given. Let the 
base of a triangle be given in magnitude and position, and the area 
and vertical angle in magnitude, to determine the vertex. If we omit 
the vertical angle, the locus is the parallels already described. If we 
omit the area, the locus is the segments of the circle. The vertex 
being then at the same time on^^both loci must be at the intersection of 
the two loci, and will therefore be at the points where the parallels meet 
the circle. In general there will be, in the present case, four such 
points, and consequently four triangles, but these triangles will differ 
only in position, being equal as to their sides and angles. 

The following propositions will illustrate the theory of Geometric 
loci. 

Proposition. 

(22) Given the base of a triangle, and the vertical angle^ to determine 
the locus of the intersection of perpendiculars to the sides fti/m the 
extremities of the base. 

These perpendiculars intersect at an angle supplemental to the ver- 
tical angle. The latter is given, and therefore the former. Hence the 
sought locus is a segment on the base containing an angle equal to 
the supplement of the vertical angle. 

If the perpendiculars intersect below the base, which will happen 
when one of the base angles is obtuse, the locus is a segment on the 
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opposite side of the base containing an angle equal to the vertical 
angle. 

Proposition. 

(23) A right line is drawn from a given point to the circumference of 
a circle given in m^ignitude and position^ to determine the locus 6f a 
point which cuts it in a given ratio. 

If the'given point be the centre of the given circle, it is evident that 
the locus sought is a concentric circle which cuts the radii 
of the given one in the given ratio. 

If the point P be not at the centre of the given circle 
draw P C to the centre, and draw any line P B to the 
circumference. The ratio of P B : P A is given. Draw 
B C, and from A draw A D parallel to B C. Hence we have 

PB :PA = BC : AD. 

Hence the ratio B C : A D is given, and since B C is given in mag- 
nitude, A D is also given in magnitude. But because of the 
parallels, 

PA : PB=PD : PC. 

Hence P C is cut in a given ratio at D, and therefore the point D is 
given. Since then the point D is given and the line D A is given in 
magnitude^ the locus of the point A is a circle whose centre is D and 
radius D A. The demonstration is evident. 

The same reasoning will apply whether the point P be within, or 
without, or on the circle. 

Proposition. 

(24) A circle is given in magnitude and position, and a chord passes 
through a given point, to find the locus of the intersection of tan- 
gents through the extremities of the chord, 

' Let C B A be the circle, P the given point, A B any chord 
through it, and D the correspond- 
ing point of the locus. Draw 
C D, which will evidently bisect 
B A at right angles, and we have 
by the known properties of the 
circle C E : C F : C D. Hence 
the rectangle D C x C E is equal 
to the square of the radius C F. 

Draw D G perpendicular to C P produced, and the angles G and E 
being right, the quadrilateral D E P G may be circumscribed by a 
circle ; therefore the rectangle D C X C E is equal to the rectangle 
G C X C P, and therefore the rectangle G C X C P is equal to the 
square of the radius. Hence the point G is independent of the point 
D, and a perpendicular from any point of the locus will meet C P 
produced at the same point D. Hence to construct the locus, find a 
third proportional to C P and the radius, and take C G equal to this 
third proportiopal, and through G draw a perpendicular to C G. This 
perpendicular will be the locus sought. 
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The nearer the g:iven point P is to the centre, the more remote will 
be the locus G D, and when P coincides with Uie centre, C G will be- 
come infinite, so that in this case the locus may be considered a right 
line at an infinite distance. 

There will be no difficulty in establishing the converse of this prin- 
ciple, viz, • If tangents be drawn from each point in a given right 
line to a given circle, the chords joining the points of ocmtact will all 
pass through a certain given point.'* 



SECTION V. 
Porwns. 

(25) The term porism f has been variously defined by Geometers. 
Pappus states, that Euclid wrote three books on porisms» (which have 
been lost,) but is so obscure and indistinct on the sul^ct, that it is 
impossible merely from what he has stated to determine to what spe- 
cies of geometrical proposition the ancients applied this term.| It is 
certain*that it was sometimes used synonymously with corollary ; thus 
Euclid, in his Elements^ calls the corollaries of his propositions 
iropiff/Mna, In an elaborate dissertation on the subject of porisms, in 
the Tramactions of the Royal Society of Edinburgh^ Playfair has, 
however^ succeeded in giving the word a meaning more worthy of the 
importance which is evidently attached to this class of propositions. 
The porisms of Euclid are said to be ' coUectio arti/lciosissima mid'' 
tarum rerum qua spectant ad aruUiynn difficiUorum et generalium 
problematumJ 

According to Playfair, a porism is ' a problem in which the data 
are so related to each other liiat it becomes indeterminate^ and adnaits 
of numberless solutions.' 

It][ is easily conceived that a problem which, in general, is deter- 
minate, will, when its data are submitted to certain conditions, become 
indeterminate. In such cases it becomes a porism ; and it may be 
proposed in a porism to determine what condition or restriction will 
render a determinate problem indeterminate. 

Thus, if it be required to draw a right line through a given point, 
subject to some given condition, the problem may be in general deter- 
minate ; and it may be possible to draw but one such right line. 
But, on the other hand, such a position may be select^ for the given 
point, as that every line passing through it will fulfil the given con- 
dition. When this position is assigned to the point, the problem 
becomes a porism. The following examples will render these observa- 
tions more intelligible. 

^ A numerous collection of Local problems will be seen in my treatise on Algebraic 
Oeomeiry, The solutions there ^ven are, however, by the Algebraioail Analysis, 
t From fTd^/^AT, I establish; or, according to some, from Tti^^St a transition, 
X Pappus defines a porism to be something between a theorem and problem, or that 
in which something is proposed to be investigated. Simson follows Pappus, and says, 
that a porism is a theorem or problem in which it is proposed to investigate or demon- 
strate something. 
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the given right line, it is given in position. Also G H and G I are 
given in magnitude, and therefore G D, which is a mean proportional 
between them, is given in magnitude^ and therefore the point D is 
given in position. 

(28) There is between local theorems and porisms a close analogy. 
In fact, every local theorem may be converted into a porism ; but, on 
the contrary, every porism cannot be converted into a local theorem. 
In local propositions the indeterminate is always a point, the position 
of which is restricted, but not absolutely fixed by the given conditions. 
Such may always be expressed as a porism. But this class of propo- 
sitions is more general than geometric loci ; the indeterminate may 
be a line, the direction of which is not restricted by the conditions^ but 
which is otherwise limited, as, for example^ to pass through a given 
point, or to touch a given circle. It may also be a plane similarly 
restricted to pass through a given point, or to touch a given sphere. 
Instances of these have been given in (26). 

Porisms, in common with geometric loci, take their rise from the 
conditions of a problem becoming indeterminate. This may happen 
in two ways. The number of conditions may not be sufficient, or 
among the given conditions there may exist some particular relation, 
by which some one or more of them may be deduced from the others. 
Thus, for the determination of a triangle, three conditions are neces- 
sary ; and such a problem becomes manifestly indeterminate, if only 
two conditions be given. But even though three be given, the problem 
will still be indeterminate, if any one of the three can be inferred fi-om 
the other two. For example, suppose the base of a triangle, the point 
where the perpendicular intersects it, and the difference of the squares 
of the sides be given, the problem to determine the triangle is inde- 
terminate, because the difference of the squares of the sides is equal 
to the difference of the squares of the segments of the base, and may, 
therefore, be inferred from the base and the point of section. 

The geometrical circumstances by which determinate problems in 
Geometry are converted into porismatic and local problems, are pre- 
cisely similar to those under which the solution of an algebraical 
question becomes indeterminate. In such a question there should 
be as many equations as unknown quantises, and the problem is in- 
determinate evidently if there be less. But it may also be indeter- 
minate, even if the number of equations be equal to that of the unknown 
quantities, and will be so when any one of the equations can be 
deduced from the others. It may in general be observed, both in 
geometrical and algebraical problems, that the number of independent 
conditions should be equal to the number of quantities sought, and 
should neither be more nor less. If they be more, th6 results may 
be inconsistent, and if they be less, the solution will be indeter- 
minate. 
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In this case, it may be proved that the line must be a tangent to a 
circle, whose centre is the centre of mean distances, and whose radius 
is equal to the given line divided by the number of given points. 

If the given points be not in the same plane, the porism may be 
made still more general : ' Given any number of points in space, to 
determine a plane passing among them, so that the sum of the perpen- 
diculars from the points on one side shall exceed the sum of the per- 
pendiculars from the points on the other side by a given line/ ^ 

In this case the plane much touch a sphere whose centre is the 
centre of mean distances, and whose radius is the given line divided 
by the number of points. 

If the sum of the perpendiculars on one side be equal to those on 
the other, the given line and the radius of the sphere vanish, and the 
sphere is reduced to its centre, «. e. the centre of mean distances. 
Hence, * if a plane be drawn through the centre of mean distances, 
the sum of the perpendicular from the points on the one side is equal 
to the sum of the perpendiculars from tibe points on the other side.' 

Proposition. 

(27.) A circle and a straight line being given in positionj a point may 
be found such that any right line drawn from it to the given line 
shall be a mean proportional between the parts of the same Une^ 
intercepted between the given right line and Ae circumference of the 
given circle. 

Let A B be the given right line, H K F the given circle, and D the 
sought point. Draw GDI perpendicular to A B through D, and 
also any other line CDF. Also join CI and draw H K. 

The square of C D is equal to the rectangle C E X C F ; but it is 
also equal to the squares of C G and G D, and the 
rectangle C E X C F is equal to the rectangle C K x 
C I. Hence the rectangle C K X C I is equal to the 
sum of the squares of C G and G D. The square 
of G D is equal to the rectangle G H X G I ; there- 
fore the rectangle G H x G I, together with the square 
of C G, is equal to the rectangle C K x C I. Also 
the square of C I is equal to the sum of the squares 
of C G and G I. But the square of C I is equal to the rectangle 
C K X C I, together with C I X K I, and the sum of the squares of C G 
and G I is equal to the square of C G, together with the rectangles 
G H X G I and G I X H I. Taking away from these equals the rect- 
angle C K X C I, and its equivalent the rectangle G H x G I, to- 
gether with the square of G C the remainders, the rectangles CI x 
I K and G I x I H are equal. Hence we have 

GI:1C;:IK:IH. 
Therefore, in the triangles C I G and H I K the angle I is common, 
and the sides which include it are proportional, and therefore the trian- 
gles are similar ; but G is?a right angle, and therefore H K I is a 
right angle, and therefore H I is a diameter. Since, then, H I passes 
through the centre of the given circle, and is perpendicular to AB 
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the given right line, it is given in position. Also G H and G I are 
given in magnitude, and therefore G D, which is a mean proportional 
between them, is given in magnitude^ and therefore the point D is 
given in position. 

(28) There is between local theorems and porisms a close analogy. 
In fact, every local theorem may be converted into a porism ; but» on 
the contrary, every porism cannot be converted into a local theorem. 
In local propositions the indeterminate is always a point, the position 
of which is restricted, but not absolutely fixed by the given conditions. 
Such may always be expressed as a porism. But this class of propo- 
sitions is more general than geometric loci ; the indeterminate may 
be a lincy the direction of which is not restricted by the conditions^ but 
which is otherwise limited, as, for example^ to pass through a given 
point, or to touch a given circle. It may also be a plane similarly 
restricted to pass through a given point, or to touch a given sphere. 
Instances of these have been given in (26). 

Porisms, in common with geometric loci, take their rise from the 
conditions of a problem becoming indeterminate. This may happen 
in two ways. The number of conditions may not be sufficient, or 
among the given conditions there may exist some particular relation, 
by which some one or more of them may be deduced from the others. 
Thus, for the determination of a triangle, three conditions are neces- 
sary ; and such a problem becomes manifestly indeterminate, if only 
two conditions be given. But even though three be given, the problem 
will still be indeterminate, if any one of the three can be inferred from 
the other two. For example, suppose the base of a triangle, the point 
where the perpendicular intersects it, and the difference of the squares 
of the sides be given, the problem to determine the triangle is inde- 
terminate, because the difference of the squares of the sides is equal 
to the difference of the squares of the segments of the base, and may, 
therefore, be inferred from the base and the point of section. 

The geometrical circumstances by which determinate problems in 
Geometry are converted into porismatic and local problems, are pre- 
cisely similar to those under which the solution of an algebraical 
question becomes indeterminate. In such a question there should 
be as many equations as unknown quantilies, and the problem is in- 
determinate evidently if there be less. But it may also be indeter- 
minate, even if the number of equations be equal to that of the unknown 
quantities, and will be so when any one of the equations can be 
deduced from the others. It may in general be observed, both in 
geometrical and algebraical problems, that the number of independent 
conditions should be equal to the number of quantities sought, and 
should neither be more nor less. If they be more, thd results may 
be inconsistent, and if they be less, the solution will be indeter- 
minate. 
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SECTION VI. 

Invention of Exercises, 

I SHALL not attempt here to furnish the student with a collection of 
particular problems for the exercise of his ingenuity. To accomplish 
this would swell the bulk of the volume, and increase its price with- 
out a.ny adequate advantage. I consider it better to offer such obser<- 
vations as may give a facility in the invention of geometrical exercises, 
and which, though applied to particular cases, may be very easily 
generalized. 

In problems respecting the construction of a triangle, three inde- 
pendent data are necessary. Of the various lines anxi angles which 
have remarkable geometrical connection, or relation with a triangle, 
any three may be given to construct the triangle ; and hence innt;- 
jnerable problems arise, which it would be almost as vain to attempt 
to enumerate as to solve. We shall, however, mention some of the 
most remarkable magnitudes thus connected with a triangle, and which 
most commonly form the data in such problems : 

6, the base. 



"}• 



the sides. 



B:, the vertical angle. 

•D [-, the base angles opposite to a, b. 

Pi the altitude. 

R, the radius of the circumscribed circle. 

r, the radius of the inscribed circle. 

6', the line irom the vertex bisecting the base. 

B^ the line drawn to the base bisecting the vertical angle. 

S, the area. 

P, the perimeter. 

In general, any three of these may be assi^med ^s data ^r the con- 
struction of the triangle. It is obvious, however^ that relations may 
be instituted between innumerable other magnitudes and the triangle* 
so as to increase the number of data without limit. 

Besides this, the data may be, not any of the single magnitudes 
above mentioned, but some magnitudes which dc^pend on their com- 
bination in pairs by certain geometrical operations. Thus to determine 
the triangle, we may be given the base, the sum of the sides, and the 
difference of the base angles. In general, new data may be found by 
combining the above in pairs, by addition^ or subtraction ; or, if they 
be lines^ by rectangles, squares, or ratios. By combining the two sides 
ay c alone, we obtain the following additional data : 

a X 0, the rectangle under the sides. 

a + c, their sum. 

a — c, their difference. 

a : c, their ratio. 

«• -f- c', the sum of their squares. 

«• — cS the difference of their squares. 
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Without pursuing this subject further, the student will perceive how 
he may invent for himself numberless problems respecting the con- 
struction of triangles. 

In addition to the properties of right-angled triangles proved in the 
Elements, the student will find the following an useful exercise : 

Let a, bhe the sides> c the hypotenuse, «, a^ the segments of the 
hypotenuse, p the perpendicular on the hypotenuse, and let the other 
letters retain the significations already assigned to them ; the square 
of a line being signified by the number 2 placed above it. 

1. (a*'+ 6«) — (a« + «^) = 2 /?«. 

2. (c + r)=:iP. 

3. rP = c/}, (this is a property of every triangle.) 

4. given r and c, to find the triangle. 

5. given r and a + b 

6. given r and a 

7. a 6 = r P = 2 r (c + r). 

8. j3 c = r P = 2 r (c -f r). 

9. c{ip '-r)=z r*. 

10. J c j9 = r*-f" c* 

11. S — r*^cr. 

12! (c + py - (a + by := p*. 

13. {a + b + c + p} X {ic + p)- (a + b) } = p^. 

14. The triangle formed by « -f- 6, p and c -j-jp is right-angled. 

15. (c-py^ ia^by = p\ 

16. {(c-p) + (a--6)} X {(c-/))-(a-6)} = ;>«. 

17. The triangle formed by (c — p), (a — 6), and p, is right-angled. 

A numerous class of problems have for their object to draw a right 
line from a given point intersecting a circle under given conditions. 
The conditions by which the secant may be restricted in this case are 
infinitely various. They may have reference to any of the three inter- 
cepts between the given point and the two points of intersection with 
the circle, and any given relation may be required to subsist between 
any two of these intercepts. Again, in addition to a circle, a right 
line maybe intersected by the line from the given point. This will still 
further increase the number of relations which may be selected as data 
for the problem^ or, instead of a right line, a second circle may be given. 

An extensive class of problems respecting maxima and minima 
arise out of these considerations ; for, in most instances, some of the 
intercepted parts admit of limiting magnitudes. 

Figures inscribed within and circumscribed around each other under 
given conditions, form also a large class of exercises. In these the 
considerations of maxima and minima may be introduced with 
advantage. 



No. II, 

ON THE THEORY OF PARALLEL LINES. 



The theory of parallel lines has always been considered as the , 
reproach of Geometry. The beautiful chain of reasoning by which 
the truths of this science are connected here wants a link, and we are 
reluctantly compelled to assume as an axiom what ought to be matter 
of demonstration. The most eminent geometers, ancient and modern, 
have attempted without success to remove this defect ; and afler the 
labours of the learned for 2000 years have failed to improve or super- 
sede it, Euclid* s theory of parallels maintains its superiority. We 
shall here endeavour to explain the nature of the difficulty which 
attends this investigation, and shall give some account of the theories 
which have been proposed as improvements on, or substitutes for, that 
of Euclid. 

Of the properties by which two right lines described upon the same 
plane are related, there are several which characterise two parallel 
lines and distinguish them from lines which intersect. If any one of 
such properties be assumed as the definition of parallel lines, all the 
others should flow demonstratively from it. As far therefore as the . 
strict principles of logic are concerned, it is a matter of indifference 
which of the properties be taken as the definition. In the choice of a 
definition, however, we should be directed also by other circumstances. 
That property is obviously to be preferred from which all the others 
follow with greatest ease and clearness. It is also manifest that, 
cteteris paribvsy that property should be selected which is most con- 
formable to the commonly received notion of the thing defined. 
These circumstances should be attended to in every definition, and 
the exertion of considerable skill is necessary almost in every case. 
But in the Selection of a definition for parallel lines there is a difficulty of 
another kind. It has been found, that whatever property of parallels be 
selected as the basis of their definition,Hhe deduction of all the other 
properties from it was impracticable. Under these circumstances the 
only expedient which presents itself, is to assume, besides the pro- 
perty selected for the definition, another property as an axiom. This 
is what every mathematician who has attempted to institute a theory 
of parallel lines has done. Some, it is true, have professed to dis* 
pense with an axiom, and to derive all the properties directly from 
their definition. But these, with a single exception, which we shall 
mention hereafter, have fallen into an illogicism inexcusable in 
geometers. We find invariably a petitio principii, either incorporated 
in their definition, or lurking in some complicated demonstration. A 
rigorous dissection of the reasoning never fails to lay bare the 
sophism. 
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Of the pretensions of those who avowedly assume an axiom it is 
easy to judge. When Euclid's axiom is removed from the very dis- 
advantageous position which it has hitherto maintained, put in its 
natural place, and the terms in which it is expressed somewhat 
changed, I think it will be acknowledged that no proposition which 
has ever yet been offered as a substitute for it is so nearly self-evident. 
But it is not alone in the degree of self-evidence of his axiom, if we be 
(permitted the phrase, that Euclid's theory of parallels is superior to 
those theories which are founded on other axioms. The superior sim- 
plicity of the structure which he has raised upon it is still more con- 
spicuous. When you have once admitted Euclid's axiom, all bis 
theorems flow from that and his definition, as the most simple nnd 
obvious inferences. In other theories, afler conceding an axiom much 
further removed from self-evidence than Euclid's, a labyrinth of com- 
plicated and indirect demonstration remains to be threaded, requiring 
much subtlety and attention to be assured that error and fallacy do not 
lurk in its mazes. 

Euclid selects for his definition that property in virtue of which 
parallel lines, though indefinitely produced, can never intersect. This 
is, perhaps, the most ordinary idea of parallelism. Almost every 
other property of parallels requires some consideration before an un- 
instructed mind assents to it ; but the possibility of two right lines 
intersecting, is repugnant to every.notion of parallelism. 

When the possible existence of the subject of a definition is not self- 
evident, or presumed and declared to be so, it ought to be proved so. 
This is the case with Euclid's definition of parallels. How, it may be 
asked, does it appear that two right lines can be drawn upon the 
same plane so as never to intersect though infinitely produced? 
Euclid meets this objection in his 27th proposition, where he shows 
that if two lines be inclined at equal alternate angles to a third, the 
supposed possibility of their intersection would lead to a manifest 
contradiction. Thus it appears, that through a given point (me right 
line at least may always be drawn parallel to a given right line. But 
it still remains to be shown, that no more than one parallel can be 
drawn through the same point to the same right line. And here the 
chain of proof is broken. Euclid was unable to demonstrate, that 
every other line except that which makes the alternate angles equal 
will necessarily intersect the given right line if both be sufficiently 
produced. He accordingly found himself compelled to place the 
deficient link among his axioms. ", 

I have always conceived that the objections which have been urged 
against the twelfth axiom have arisen from the place assigned to it 
in^ the Elements, Standing as it does on the threshhold of the first 
book, it is contemplated without reference to those propositions with 
which it is or ought to be immediately connected, which prepare the 
mind of the student for its reception, and which seem almost indis- 
pensable to render the very terms in which it is expressed intelligible. 
This axiom, as we have stated, is only assumed in the demonstration 
of the 29th proposition. In the 27th it is proved that if B E F (see 
fig. Prop. XXVII. Book I.) and D E F be together equal to two right 
angles E, B is parallel to F D. The axiom declares that no other right 
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line through E can be parallel to PD ; for it is plain^ that any other 
line must make with E F an angle which together with D F E is less 
or greater than two right angles. The twelfth axiom may therefore 
be expressed in any of the following ways : 

• Two diverging right lines cannot be both parallel to the same right 

line/ 

' If a right line intersect one of two parallel right lines it must also 
intersect the other.' 

• Only one right line can be drawn through a giren point parallel to 

a given right line.' 

The axiom expressed by the first of these ways appears to me to be 
as unobjectionable, as any of those which have been received without 
dispute. Playfair, in his edition of Euclid, and before him LtuUatn, 
expresses the axiom nearly in this way, but he does not seem to be aware 
that it is the same axiom as that of Euclid ; for he says in his preface 
that a new asriom is introduced in place of the 12th. In fact, it is 
the same axiom otherwise expressed. 

Prochu objects to Euclid's axiom, that it is less entitled to be con- 
sidered self-evident, because the converse of it (XXVIII. Book I.) 
confessedly requires proof. Are we hence to infer that Proclus con- 
sidered no proposition to be self-evident, unless its converse be 
also self-evident ? If this were admitted, I fear it would be fatal 
to some of the axioms which Proclus himselfj in .common with the 
rest of the world, have refceived. Neither the second nor third 
of Euclid's axioms respecting equal magnitudes could by this rule 
be admitted as such ; for, so far from their converses being self- 
evident, they are not even true. Proclus would seem to have attri- 
buted to an axiom the quality of a definition, which must always 
be"" what logicians call a reciprocal proposition ; but axioms are 
universal a&rmative propositions not necessarily reciprocal, and 
therefore notoriously not logically convertible. 

I shall not attempt to go into the particular dejtails of the 
various theories of parallels which have been proposed, nor even to 
enumerate them. I shall, however, mention some of those which* 
firom the eminence of their authors, if from nothing else, must com- 
mand attention. 

Clavitis rejects Euclid's axiom, and proposes the following as a 
substitute for it. * A line drawn upon a plane from every point of 
which perpendiculars on alright line in the same plane are equal, is 
itself a right line.' From this proposition assumed as an axiom by a 
most complex and embarrassing process, he shows that the properties 
of parallels may be deduced. 

JVolfim^ Boscovich, and Thomas Simsbn, change the definition of 
parallels and substitute for it the following : * Two right lines are 
parallel when perpendiculars fi*om every point in one upon the other 
are equal.' This definition is sophistical, and really assumes the a3uom 
of Clavius. lyAlemberi, with more acuteness, proposes to define 
parallels to be * right lines, one of which has two points equally dis- 
tant firom the other.' But the difficulty of demonstrating that the 
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other points are equally distant, he acknowledges still to remain 
undiminished. * 

Thomas Simson, in his second edition, proposes the following axiom : 
' If perpendiculars from two points of a straight line upon another 
straight line in the same plane he unequal, the two lines will meet if 
indefinitely produced on the side of the least distance.' 

Robert Simson proposes the following axiom : ' That a straight line 
cannot first come nearer to another straight line, and then go further 
from it, without meeting it.' The meaning of which is, that if from 
any three points in one right line perpendiculars be drawn to another, 
they will either be equal, or the intermediate perpendicular will be 
greater than one of the extreme perpendiculars and less than the 
other. 

Varignon, Be2out» and others, propose the following definition as a 
substitute for Euclid's: ' Two right lines in the same plane are 
parallel when they are equally inclined in the same direction to a 
third right line.' By this either of two things is meant ; that the 
parallels are equally inclined to one particular line intersecting them, 
or that they are equally inclined to every line intersecting them. If it 
be taken in the former sense it is insufficient, and if in the latter it is 
sophistical. If they be equally inclined to one particular line, it 
remains to be proved that they are also equally inclined to every other 
intersecting line, which in fact is, and always has been, the whole diffi- 
culty of the question. If it be meant that they are equally inclined to 
every intersecting line, it is a sophism, in which a theorem is presented 
in the garb of a definition. 

Professor Leslie retains Euclid's definition in substance, though 
somewhat changed in expression. By a singular oversight, he has 
appended to the enunciation of Euclid's* 29th proposition, demonstra- 
tions of his 27th and 28th, thus leaving the 29th without a proof. 

From these specimens the success of the various attempts to mend 
Euclid's theory of parallels may be estimated. We must, however, 
make honourable exception of Legendre, His system, considered as a 
part of the most elementary mathematical treatise, is certainly liable to 
objection ; but the objection is of a very dij9erent character from those 
which lie against all the others. Legendre assumes no axiom, makes 
BO change in Euclid's definition, and admits no latent assumption or 
other fallacy in his reasoning. After his first theorem, which is the 
32d proposition of Euclid, his demonstrations are as simple as those 
of Euclid, and even attended with superior advantages. To com- 
prehend his first demonstration, however, requires a greater familiarity 
with the language and principles of analysis than students com* 
mencing the elements of geometry generally possess. It is to be 
regretted that a system mlist therefore be abandoned which is in other 
respects incomparably the best, and, indeed, the only one which is 
altogether free from objections on the score of validity. 

Legendre has given several demonstrations of the 32d proposition ; 
they are, however, all subject more or less to the objection just 
mentioned. We shall subjoin that which is most remarkable for its 
brevity, its elegance, and the importance and extent of its "appli- 
cations. 
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By superposition, it can be shown immediately, and without any 
preliminary propositions, that two triangles are equal when they haioe 
two angles and an interjacent side in each equal. Let us call this 
side p, the two adjacent angles A and B, the third angle C. This 
third angle C, therefore, is entirely determined, when the angles A 
and B, with the side p, are known ; for if several different angles C 
might correspond to the three given magnitudes A, B, j9, there would 
be several different triangles, each having two angles and the inter- 
jacent side equal, which is impossible ; hence the angle C must be a 
determinate fiinction of the three quantities A, B, p, which we shall 
express thus, C = : (A, B,p). 

Let the right angle be equal to unity, then the angles A, B, C 
will be numbers included between and 2 ; and since C := : 
(A, B, p)j the line p cannot enter into the fUnction 0. For we 
have already seen that C must be entirely determined by the given 
quantities A, B, p alone, without any other line or angle whatever. 
But the line p is heterogeneous with the numbers] A, B, C ; and 
if there existed any equation, between A, B, C, /?, the value ofp might 
be found from it in terms of A, B, C ; whence it would follow, that p 
is equal to a number ; which is absurd : hence p cannot enter into 
the function 0, and we have simply C = 0: (A, B).* 

This formula already proves, that if two angles of one triangle are 
equal to two angles of another, the third angle of the former must also 
be equal to the third of the latter ; and this granted, it is easy to arrive 
at the theorem we have in view. 

First, let A B C be a triangle right-angled at A ; from 
the point A draw A D perpendicular to the hypotenuse. 
The angles B and D of the triangle A B D are equal to 
the [angles B and A of the triangle BAG; hence, from 
what has just been proved, the third angle B A D is 
equal to the third C. For a like reason, the angle D A C := B, hence 
BAD+DAC, orBAC = B + C; but the angle B A C is right; 
hence the two acute angles of a right-angled triangle are together equal 
to a right angle. 

Now, let B A C be any triangle, and B C a side of it not less than 
either of the other sides ; if from the opposite angle A the perpen- 
dicular A D is let fall on B C, this perpendicular will fall within the 
triangle ABC, and divide it into two right-angled triangles BAD, 
D A C. But in the right-angled triangle BAD, the two angles B AD, 

* Against this demonstration it has been objected, that if it were applied word for 
word to spherical triangles, we should find that two angles being known, are sa£Scient 
to determine the third, which is not the case in that species of triangles. The 
answer is, that in spherical triangles there exists one element more than in plane 
triangles, the radius of the sphere, namely, which must not be omitted in our reasoning. 
Let r be the radius ; instead of C =: ^ (A, B, p), we shall now have C = ^ (A, B, /», r), 

or by the law of homogeneity, simply C = ^ ( A, B, — Y But since the ratio — is 

a number, as well as A, B, C, there is nothing to hinder -=- from entering the function ^, 
and, consequently, we have no right to infer from it, that Cs= ^(A, B). 
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A B D are together equal to a right angle ; in the right-angled trian- 
gle D A C, the two D A C, A C D are also equal to a right angle ; 
hence all the four taken together, or, which amounts to the same 
thing, all the three, B A C, A B C, A C B, are together equal to two 
right angles ; hence in every triangle, the sum of its three angles is 
equal to two right angles.' 

It thus appears, that the theorem in question does not depend, 
when considered d priori^ upon any series of propositions, but may 
be deduced immediately from the principle of homogeneity ; a prin- 
ciple which must display itself in a relation subsisting between all 
quantities of whatever sort. Let us continue the investigation, and 
show that, from the same source, the other fundamental theorems of 
geometry may likewise be derived. 

Retaining the same denominations as above, let us further call the 
side opposite the angle A by the name of m, and the side opposite B by 
that of 71. The quantity m must be entirely determined by the quan- 

titles A, B, p alone ; hence m is a function of A, B, p, and — is one 

also ; so that we may put — = y^ : (A, B, j?). But — is a number 

as well 9S A and B ; hence the function Y^ cannot contain the line p^ 

m 
and we shall have simply - — = Y^* : (A, B), or w = py^ : (A, B). 

P 

Hence, also, in like manner, n^=pylt (B A). 

Now, let another triangle be formed with the same angles A, B, C, 
and with sides m\ n\ p\ respectively opposite to them. Since A and 
B are not changed, we shall still, in this new triangle, have m' =ipfylr: 
(A, B), and n' := p' yfr : (A, B). Hence mi mf : :n : n' : : p : p\ 
Hence in equiangular triangles, the sides opposite the equal angles are 
proportional. 

The proposition concerning the square of the hypotenuse, is a con- 
sequence of that concerning equiangular triangles. Here then are 
three fundamental propositions of geometry, — that concerning the 
three angles of a triangle, that concerning equiangiilar triangles, and 
that concerning the square of the hypotenuse, which may be very 
simply and directly deduced from the consideration of functions. In 
the same way, the propositions relating to similar figures and similar 
solids may be demonstrated with great ease. 

Let A B C D E be any polygon. Having taken any 
side A B, upon A B as a base, form as many triangles 
A B C, A B D, &c. as there are angles C, D, E, &c. 
lying out of it. Put the base A B = p ; let A and B 
represent the two angles of. the triangle ABC, which 
are adjacent to the side A B ; A' and B' the two angles 
of the triangle AB D, which are adjacent to the same 
side A B, and so on. The figure A B C D E will be il a 
entirely determined, if the side p with the angles A, B, A', B', A", B^', 
&c. are known, and the number of data ^ill in all amount to 2 n — 3, 
n being the number of the polygon's rfdes. This being] granted^ any 
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side or line a, any how draw in the polygon, and from the data alone 
which serve to determine this polygon, will be a function of those 

given quantities ; and since — must be a number, we may suppose 

- = ^ : (A, B, A', B', &c.) or a? = p ^ (A, B, A' B', &c.), and the 
P 

function "^ will not contain p. If with the same angles, and another 
side j/, a second polygon be formed, the line a/ corresponding or 
homologous to x will have for its value a/ = jp' y^ : {A, B, A' B', &c.) ; 
hence x: a/ :: p: p\ Figures thus constructed might be defined as 
similar Jigures ; hence iii similar Jigures the homx)logous lines are pro- 
portional. Thus, not only the homologous sides and the homologous 
diagonals, but also any lines terminating the same way in the two 
figures, are to each other as any other two homologous lines what- 
ever. 

Let us name the surface of the first polygon S; that surface is 

g 
homogeneous .with the square p*^ ; hence — must be a number, con- 
taining nothing but the angles A, B, A', B', &c. ; so that we shall have 
S = |?*0 : (A, B, A', B', &c.) ; fori the same reason, & being the sur- 
face of the second polygon, we shall have S' = y*0 : (A,B, A', B^ &c.) 
Hence S : S' : : p* : y* ; hence the surfaces of similar Jigures are to 
each other as the squares of their homologous sides. 

Let us now proceed to polyedrons. We may take it for granted, 
that a face is determined by means of a given side p^ and of the 
several given angles A, B, C, &c. Next, the vertices of the solid 
angles which lie out of this face, will be determined each by means 
of three given quantities, which may be regarded as so many angles ; 
so that the whole determination of the polyedron depends on one side, 
p^ and several angles A, B, C, &c. the number of which varies accord- 
ing to the nature of the polyedron. This being granted, a line which 
joins to no vertices, or more generally, any line x drawn in a deter- 
minate manner in the polyedron, and from the data alone which serve 
to construct it, will be a function of the given quantities p. A, B, C, 

X X 

&c. ; and since — must be a number, the fimction equal to — will 

p P 

contain nothing but the angles A, B, C, &c., and we may put a? :=: p(/>: 
(A, B, C, &c.) The surface of the solid is homogeneous to |?«; hence 
that surface may be represented by |?'^ : (A, B, C, &c.) : its solidity 
is homogeneous with^, and may be represented by p^U: (A, B, C, &c.), 
the functions designated by Y^ and IT being independent of p. 

Suppose a second solid to be formed with the same angle A, B, C, 
&c.> and a side p^ different from p ; and that the solids so formed are 
cbW^A similar solids. The line which in the former solid was j9 0, 
(A, B, C, &c.), or simply ^0, will in this new solid become|/0; the 
surface which was |?* "^ in the one, will now become p'^yftm the other; 
and, lastly, the solidity which was j9^ 11 in the one, will now become 
|/* n in the other. Hence, first, in similar 99lids, ^ homohg^us Unes 
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ate proportional ; secondly, ihdr 9urface» are as the squares of the 
homologous sides ; thirdly, their solidities are as the cubes of those same 
sides* 

The same principles are easily applicable to the circle Let c be the 
circumference, and s the surface of the circle whose radius is r ; since 
there cannot be two unequal circles with the same radius, the quantities 

c s 

— and — -- must be determinate functions of r : but as these quantities 
r r^ 

are numbers, the expression of them cannot contain r ; and thus we 

c s 

shall have — s= a, and — -- z=: fi, a and fi being constant numbers. 
r 7** 

Let c' be the circumference, and sf the surface of another circle whose 

radius is / ; we shall, as before, have •-r =: o, and --7- = /3. Hence 

r T* 

c : c' : : r : /, and « : / : : r*:r^*; hence the circumferences of circles 
are to each other as their radii, and the surfaces are as the squares of 
those radii. 

Let us now examine a sector whose radius is r. A being the angle 
at the centre, let o) be the arc which terminates the sector, and y the 
surface of that sector. Since the sector is entirely determined when r 
and A are known, x and y must be determinate functions of r and A ; 

hence — and ^ are also similar functions. But — is a number, as 
r r* r 

well as — ; hence those quantities [cannot contain r, and are simply 



X 



functions of A ; so that we have — = [: A, and -~ = "^ : A. Let 



y ^ 



r - jA 



a^ and y' be the arc, and the surface of another sector, whose angle is 
A> and radius / 3 we shall call those two sectors similar : and since 

a/ 
the angle A is the same in both, we shall have --j = : A, and 

r 

^ = yr : A. Hence x: a/ : :r: r', and y : y' : : r* : /* ; hence similar 

arcs, or tlie arcs of similar sectors, are to each other as their radii; and 
the sectors themsdves are as the squares of the radii. 

By the same method we could evidently show, that spheres are as 
the cubes of their radii. 

In all this we have supposed that surfaces are measured by the 
product of two lines, and solids by the product of three ; a truth which 
it is easy to demonstrate by analysis, in like manner. Let us exa- 
mine a rectangle, whose sides are p and q ; its surface, which must be 
a function of j9 and q, we shall represent by : (^p, q). If we examine 
another rectangle, whose dimensions are p-^-p* and q, this rectangle is 
evidently composed of two others, of one having p ajid q for its dimen- 
sions, of another having pf and q ; so that we fliay put : (/? + 1/, g) 
=: : (1?, 9) + : (pfy q). Let p^^p; we shall have (2 p, q) 
=5 2 c (;?, q). Let p* = 2p ; we shall have (3 p, g) = {p, q) 
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4-0(2p, 9) = 3 0(p, 9). Let j/ =i3p; we shall hare 0C4]>«1 
= (p>?) + 0(3i'i ?)^^0(7'. 9)- Hence, generally, if A is < 

0(j'.j | 

,- ? 



whole number, we fihall have (ftp, 9) =; ^0 (p, g), « 



[ from which it follows that 



<P (Pi 1) : 



such a funclionfl 



- must be iiK 



_ ^ jkj), <7) 

ftp 

;> OS n(>t' to be changed by substituting in pla.ce of p any multiple 
it kp. Hence this function is independent of p. and cunaot iiieli 

nny thing except 5. But for the 4"""- ^oc^in ^ 

pendent of q ; hence — JlLJ- includes neither p not 7. and must tlieid 

fore be timilcd lo a constant quantity n. Hence we shall httd 
p (p,q) = apq; and as there is nothing to prevent us from tnldq 
a = I, we shall have f (p, g) = pg; thus the surface of a rectsiif 
is equal to the product of its two dimensions. 

In the very same manner we coulcl show, that the solidity oT 1 
righl-any^led parallel opipeilon, whose dimensions are p, 9, r, is «qui 
lo the product pqr of its three dimensions. 

We may observe, in conclusion, that the docrine of functions, whig 
thus affbrda a very simple demonstration of the fundamental proposf 
tions of geometry, has already been employed with success in detnoa 
strating: Ihe fundamental principles of Mechanics. See the Meato^ 
of Turin, vol. ii. 
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